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1.Introduction.

An effectivity function (EF) models the allocation of
povwer among coalitions under a given game form.

EFs were first introduced in a strategic social choice
setting, to deal with implementation problems (see
Moulin,Peleg(1982)).

Therefore, the underlying sets of the players and of the
alternatives were at first taken to be finite (but see
Ichiishi(1986) for a fairly general survey including
results on EFs of extensive game forms).

Necessary and sufficient conditions for core stability
and implementability in strong Nash equilibrium of EFs
defined over finite sets have been established (see
Keiding(1985) and Moulin,Peleg(1982) respectively ).
Applications in a sensible economic setting and/or to
general game forms have provided motivation for some of
these results to be extended to the case of infinite sets
of alternatives and/or players(see Abdou(1987 a, 1988).
Abdou,Mertens(1989) ; see also Rosenthal(1972) and
Andjiga,Moulen(1989) for some even more (general
extensions of the EF concept ).

Topological EFs have also been defined in this context
whenever the set of _alternatives is a topological space
(see Akdou (1987 b)).An EF is said to be topological in
that sense if it happens to be "consistent” with the
topological . structure of the underlying alternative

space.
The aim of this note is to point out that EFs may also
induce a topology in a natural way over the sets of all
families of coalitions and issues, respectively.

This task is accomplished by pointing out that a Galois
connection can be attached in a natural way to any EF .
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Therefore a pair of closure operators are attached to
any EF .

Some simple properties of the closure operators of an EF
are established.

In particular, it is shown that:

i) the cardinality of the set of closed families of
issues is a sensible,if 1rough, measuwre of the
"gmoothness” of the power allocation induced by the EF —
taking its minimum value,3,on simple EFs .

ii) Lack of specialized decision tasks turns out to be a
sufficient condition in order to ensure that a nonsimple
monotonic EF has topological closure operators .

2. Definitions and results .
Throughout this paper we shall wuse the following
notation:for any set X, P(X) will indicate its power set,
and 2% the set of all non empty subsets of X .
let Nand A be two non empty sets,called the set of
players and the set of alternatives,regpectively.
We also assume that both INi>2 and 'A!>2, in order to
avoid trivialities.
Furthermore,subsets of N are also called coalitions;
subsets of A, issues.
An effectivity function (EF) on Nand A is a function
£:P(N)—>P(P(A)) s.t.

(EF 1) £(@)=-0

(EF 2) forany Sc N, @ €& £(S)
.(EF 3) for any Bc A, B E f(N)

“(EF 4) for any'S c N, A € £(9).
We denote by EF(N,A) the set of all effectivity functions
on N and A.

Effectivity functions may be classified according to the
sharpness of the power allocation among coalitions they
represent. .
Thus.,an EF f is said to be simple iff a set W of non
empty coalitions exists s.t.:i) W@, W#P(2V);i1) £(S)=2°
whenever S € W and £(S)=(A)} otherwise.
The next ingredients for our analysis are closure
operators and Galois connections.
A closure operator over a preordered set (X,&) is a
function i
k:X—>X s.t.

k i) for any x € X , x<k(x)

k ii) for any x,y € X , if x<y then k(x)<k(y)

k iii)for any x € X , kk(x))< k(x) .
The elements belonging to k(X) are called k-closed .
We denote the set of all closure operators of a
preordered set (X.<) by C((X.2)) -or simply C(X) .,
whenever the relevant preordering is clearly identifiable
from context.
Let the relevant preordered set be ( P(X),c ) .for some
arbitrary set X. Then a closure operator k is said to be
normal iff k(@)=@. It is said to be topological (or
Kuratowski) iff it is normal and additive, i.e. such that
k(YUZ)=k(Y) U k(2).for any Y.Z ¢ X. :
A Galois connection -between two preordered sets
<X, £0,¢Y,¢3> — is a pair of functions g:X—>Y, h:Y—>XX
s.t. :
i) both g and h are monotonic —i.e. for any Xi.xX=€ X,
Yi.¥Y2 €Y ,st;x: implies g(x1)<2g(x2) and yi<=y= implies
h(y:)<ih(y=2)
ii) for any pair (x,y) € XXY, y<ag(x) iff h(y)<.x .
The following are well-known facts about Galois

connections:
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a) the composition functions hog:X—>X, goh:Y—>Y are
closure operators:;
b) whenever the relevant (X,<) is a complete lattice-
i.e. for any subset of X both a <~ greatest lower bound
and a <¢-least upper bound exist— the kfclosed elements of
X also form a complete lattice w.r.t. set inclusion;
c)for any binary relation R C XxY we can define a Galois
connection  (ge.he) between (P(X).c) and(P(Y).c) by
posing—for any B € P(X).C € P(Y):

gr(B)={y €Y /for all b€ B:(b,y) ER }

he(C)=({x € X /for all c € C:(x.c) ER } .
(gr.hr) 1is also referred to as the classical Galois

connection of R .

We now adopt the terminology of Abdou(1987b) and
introduce the following :

Definition : A pseudo-effectivity function (PEF) on N and
A is a function f:P(N)—>P(P(A)) satisfying (EF 1) and
( EF 2)

It can be easily shown that the following proposition
holds true:

Froposition 1 :Iet £ be a PEF on N and A.Let us define
two functions Ke:P(P(N))—>P(P(N))).
K*«:P(P(A))—>P(P(A)) as follows:

Ke(a)={ScN/B € £(S) for any BcA s.t.B € £(T) for all TEo}
for any o c 2¥;

K*+ (a)={BcA/B € £(5) for any SN s.t.CEf(S) for all Csx}
for any a c 27.
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Then, both K. and K*: are normal closure operators
w.r.t.set inclusion.
Thus,in particular, K- (K*«) is topological iff
Ke(01Uoz) ¢ Ke(91)UKe(02) ,foF any 01,02 ¢ 2M
(K*e(@Uaz) ¢ K*«(aa)UK*+(02), for any a..q= c 2°).

Proof.Let - us notice that PEF(N,A) is bijective to the set
PER(N.A) of binary relations R ¢ P(N)xP(A) s.t. (5.B) € R
if @ € (5,B} .

The natural bi jection is,obviously,
F(£)={(S.B)EP(N)xP(A)/BEL(S) }.

It is immediately seen that Ke=he e oge o

K*e=ge cesohmcer  where (gece>,hrcer) 1is the classical
Galois connection attached to F(f).

Therefore, by virtue of the property c) of Galois
connections pointed out above, K. and K*. are actually
closure operators. The same conclusion can be obtained,of
couwrse, by checking that both K. and K*: satisfy the
properties of a closure operator.

Furthermore, {BcA/ B € f(S) for all S € @ } =P(A).
Thus,Ke(@)={(ScN/ B.E€ £f(S) for any BcA} = @,by EF2.
Similarly,K*+(@)={BcA/ B € f(S) for any ScN)= @ .by EFl
and EF2.,

Corollary 1. Let f,K.,K*+ be defined as in Proposition 1.

Then the set of closed families K<(P(P(N))}. K*+(P(P(A))
tun out to be complete lattices (w.r.t. the usual set-
theoretic join and meet operations).

Moreover, ! Ke(P(P(N)) ! = ! K*.(P(P(A)) !

Definition . An EF f on N and A is said to be
regular, or proper, iff for any S € 2¥,B € 2* :B € £(9)
implies A-B €f(N-S) .
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Definition. An EF f on N and A is said to be reduced iff
{BcA/ B € £(8) for any ScN}={A}.

Remark 1. If f is a regular EF(N,A) , then it can be
easily seen that 0.K*«({A}).2* are three distinct K%.—
closed families of issues,whereas @,K.({N}),2" are three
distinct Ke—closed families of coalitions.Moreover, if f
is a reduced EF between N and A .then K*«({A})={A}.Also,
as we shall see in a moment, the cardinalities of such
sets of closed families . regularity , reduction, and
"simplicity” of an EF are strictly related.

Proposition 2 ., ILet £ € EF(N,A). Then : i) f is regular
and simple entail K« (P(2V))i=iK*¢(P(2*))!=3 ;ii) f is
reduced and Ke(P(2V)) =iK*«(P(2*)):=3 entail that f is

simple.

Proof. i) let us assume that £ is regular and simple.
Hence,a non empty set W of coalitions— WeP(N)- exists
s.t. f(5)=2 if S € W, and £(S)={A} otherwise.let us
consider now a non empty set of coalitions,g . By the
definition of K. and our hypothesis, it turns out that we
only need consider two basic cases:either a)o does
contain a coalition S'€ 2¥-W or b) ocW .

If a) is the case,then—obviously— K. (g)=2M.

If Db)is the case instead it is easily seen that Ke(g)=W .
Thus, Ke(P(2))=(@,W,2"}. g

Turning now to K*:,let us consider a non empty set of

igsues.a .Here again we need only consider two cases.
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If o reduces to (A} then obviously K*«({A})=(A}.
Otherwise,it is immediate to check that K*«(a)=2~.
Therefore,K*« (P(P(R)))={(@, (A}, 2%} e

ii) Let us suppose that iK.(P(2M))i=1K*+(P(2"*))!=3 while
f being reduced but not simple . Then.for some B.,.B; €
2*~{A},and S € 2" the following holds true: B: € f(S) and
Ba & £(S) .It follows that Bz & K*+({B.}).

Hence K*«({B.})#2".

Furthermore, by reduction, K*e ({R})={A}+K* < ({B1}).
Obviously.K*s({B:.})+@. Therefore K*=(P(27))1>3.a
contradiction. -

Corollary 2. Let f be a reduced regular EF on N and A.
Then, £ is simple iff I[Ke(P(2V))!=IK"+(P(2*))!=3.
Moreover, if £ is not simple then

Ka(P(2V)) 1= K" (P(2#))! > 3

Remark 2. Proposition 2 and Corollary 2 tell us that
both K«(P(P(N)): and K"-(P(P(A))! belong to the
interval (3, min(IP(P(N)):.!P(P(A))!} )

Thus,as claimed before, the cardinalities of the sets of
closed families of coalitions (and issues) represent a
measure of the ‘'smoothness” of the power allocations
induced by different EFs .

Remark 3. It should be noticed that EF(N,A) is bijective
to the subset of PER(N,A) (see the proof of Proposition
2) consisting of relations RcP(N)xP(A) s.t.{(N.B)/
@#BcA}cR and ((S.A)/@*ScN}cR ( the natural bijection
being, obviously, the function F occurring in the proof
of Proposition 1 ). Let us call it ER(N.A).

It is easily checked that ER(N,A) is bijective to the set
{gF ey :P(P(N))—>P(P(A)) / f € EF(N,A) }
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(see the definitions above and recall that ,by
definition, gr e (0)=Neer£(S) .for any ocP(N) ).
Similarly, EF(N,A) turns out to be bijective to the set
{ hecer :P(P(A))—>P(P(N)) / £ € EF(N,A) } .

Finally,it is worth mentioning the following fact :

for any RcP(N)xP(A), R € ER(N,A) iff R~*€ ER(A.N).

As a result ,it should be clear the connection between a
theory of duality of EFs in owr own framework and the.
theory of duality presented in Peleg (1984).

The two of them turn out to be equivalent, actually.

In fact, for any given f € EF(N,A), Peleg's dual of f is
the restriction of he¢e to singleton-families of issues,
which in turn essentially coincides with hece> .

However,it seems to us that tr;e present framework makes
it a bit clearer how the duality theory of EFs merges
into general residuation theory .

Let us now turn to topology-inducing EFs .

Example 1. Let f be a regular simple EF on Nand A , i.e.
a representation of order iA! of a proper simple game.
Then., bearing in mind Proposition 2 i) and its proof ., it
is easily seen that both K¢ and K*« are U-additive .
Hence,they are topological closure operators.

Remark 4. By definition, a '"nice" EF does represent an
efficient, fairly symmetric (hence nontrivial, 1i.e.
nondictatorial) and strategically stable collective
decision procedure.

Obviously, a decision procedure may or may not be
strategically stable,depending on the relevant

equilibrium concept.

S
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In fact, "nice" simple EFs happen to be consistent with
a noncooperative environment .perhaps under a complete
information assumption (see Dutta(1984)). much less so
with a cooperative one.

By contrast, "nice" nonsimple EFs are known to exist in a
cooperative environment ( see Moulin,Peleg(1982) )

An outstanding example is the class of maximal additive
EFs which are known to be core-stable, implementable
w.r.t. strong Nash equililrium (see Moulin,Peleg(1982)) ,
and strongly core—stable ( i.e. enjoying a kind of
nonmanipulability property : see Demange(1987) ).

Thus, it is worth asking whether any "nice" nonsimple EF
has a topological closure operator .

We can get a hint from the following example of a "nice"
EF which is not (fully) topology-inducing .

Example 2 . Let N={1,2,..n} , n23 , A={@0.21,...,8n} .
Let us define

£' ({i})=(BcA/ A\{x%o}cB } U { BcA / A\{a:«} } .for any i&N,
and

£ ({S})= Uiea (' ({i})] . for any ScN

f' may be interpreted as a very simple example of a
minimally libertarian decision procedure .

It can be easily checked that f' is nucleus-stable (see
Holzman(1987) for a definition of such a notion .and for
details).

Hence, f£' is core—stable and implementable w.r.t. strong
Nash equilibrium .

Now. K¢ is not a topological closure operator .

In fact, for any i,j €N ,i#j, Ke({i})=(ScN/ 1i€5 1},
whereas Ke({i}.{3})= 2% .
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Remark 5. The key feature of f' is that different players
and coalitions are endowed with very specialized decision
tasks .

The area of decision-making power any pair of them share
reduces to A\{ao} , which belongs to the effectivity
domain of any coalition.

Hence, K. fails to satisfy U-additivity and, as a
consequence, it is not topological.

By contrast, the simple EFs mentioned in example 1 do
represent neutral collective decision procedures ( i.e.
treat the alternatives symmetrically ) .

Thus, one is tempted to conclude that the topology-
inducing properties of an EF may be related in some way
to symmetry properties.

This will be made more precise in the next proposition.

Some more definitions are in order here .

Definition. Iet f bean EFon Nand A . f is said to be
N-monotonic ( A-monotonic) iff for any S,TcN and BcA :
B € f(S) and ScT entail B € £(T) ( for any B,CcA and
ScN : B € £(S) and BeC entail C € £(S) )

Definition. [et f bean EFon Nand A . f is said to be
anonymous iff for any S,TcN : iSi=IT! entails £(S)=£(T).

Definition. let f bean FFon Nand A . f is said to be
neutral iff for any B,CcA and ScN: (Bi=!C! entails
(BE L(S) iff CE £(5) ).
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Proposition 3 . Let f bean EF on N and A ., and K¢, K*.
its own closure operators (see proposition 1 above).

Then the following holds true :

if f is anonymous and N-monotonic then K* is
topological .

Dually, if £ 1is neutral and A-monotonic ., then K« is
topological.

Proof. Let f be an anonymous N-monotonic EF. Then‘we can
define the function k*«:P(P(A)) —> {(0.1......n} by
the following rule : for any BcP(A) ,

k*«(B) = inf { I1S1 / BE £(S) forany BEB } .
It follows that ., for any BcP(A)

K*«(B)= { CcA / C € £(S) for any ScN s.t. iSi=k«(B) }.
Now, for any B.,B2cP(A) ,

k*«(B1UB=z)= max { k*«(B1).k*s(B2) }
(by anonymity and N-monotonicity).
Therefore K"¢(BiUB=)=K*&(B1) U K*+(B=2)
The dual thesis follows from a similar argument which is
left to the reader. '

Remark 6. Clearly the conditions singled out by
proposition 3 are not necessary for the topology—inducing
property . In fact, we know that any simple f has a
topological K*. (see example 1 ).

Remaxrk 7 . The attentive reader will notice that the
definition of k*+ implicitly assumes finiteness of N .

However,the argument can be easily recasted for infinite
N (and A) . provided that N (and A ) are embedded in a

suitable measure space .
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Remark 8. Under the hypotheses of proposition 3 the
topologies generated by K« and/or K*. have "few" open
sets. In fact.they are not even To ( as a consequence of
neutrality and anonymity,respectively).

In order to obtain To spaces one has to consider some
natural quotient spaces,.namely the 'type''-spaces of an
EF.

This is made precise in the sequel.

Definition. Let f be a PEF on N and A (see the definition
above). Then, for any coalition ScN ( issue BcA) the type

of S (of B ,regpectively) in £ is
a function te.m:Ke[P2(N)]—>{0.1} (a function
t¥e, 2 :K*- [P2(A) ]—>{0.1}) ., defined by the following
rules:

1 if S&o
te,a(0)= , for any oK. ([(P2(N)]

0 otherwise

1 if Be

(tn,.,(a)- . for any BEK™.(P?(A)] ) :

0 otherwise

~ Definition. et f be an EF on N and A . We define two
equivalence relations RecP(N)xP(N)., R*.cP(A)xP(A) by the
following rules: for any S,TcN and B,CcA )
(S,T)E Re iff te.s=te.vr ,and

(B,C)E R*+ iff t*e.p=t*e,c .

Proposition 4 . let £f be an EF on N and A,and R¢,R*: as
in the definition above. Then the following holds true:

i) if £ is anonymous and N-monotonic then the quotient
space P(A)/R*: induced by K*¢ is To ;
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ii)dually, if f is neutral and A-monotonic then the
quotient space P(N)/R¢ induced by K¢ is To .

Proof.i) Let us consider two distinct points of P(A)/R*.,
say [B],{C] . Thus,by definition, t™¢.a=t*s.c , i.e.
without loss of generality

t*s.0(B)=1 and t*:.c(B)=0 for some BEK*«[P(P(A))]

By N-monotonicity and anonymity,it follows that

k*e([B}) < k*<([C]) (where k*. is defined as in the proof
of proposition 3 ).

Next,for any (D] € P(A)/R*+ we define the sets

Df= { [D'IE P(A)/R*« / Kk=+([D'])<k*+([D]) } .

It is straightforward to check that ,under our
hypotheses, the closed sets of P(A)/R*+ turn out to be
sets of that form. namely each of them is equal to (D]
for some [D]€ P(A)/R*s .

Hence, the thesis follows since obviously ([BIE(BIl .
whereas [CI€(B]] . .

ii) the proof of ii) parallels the previous one ard is
therefore omitted.

Remark 9. It should be noticed® that whenever the
relevant EF £ is simple , its ‘'type space"” P(N)/R+ (
endowed with the quotient topology induced by K. ) turns
out to be homeomorphic to the Sierpinski space
( {0.1}, { @,{(1}.(0.1}} )

3.Extensions to general coalitional game forms .
It is worth mentioning that the foregoing analysis is
amenable to further generalizations and extensions.
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In fact., closure operators with the properties mentioned
in proposition 1 can be defined for any coalitional game
form ,provided that the following hold true:

i) the relevant coalitional and outcome structures are
preordered sets with a minimum ( say < @.<.0 > and
<X,<'.,0'> .respectively ).

ii) the coalitional game form is representable by a
correspondence Rc@xX s.t. a) R(0)=0@ .b) R-*(0')=0 .

The foregoing requirements i)-ii) amount to a
generalization of pseudo—effectivity functions ( see the
definition above }: let us call them pseudo general
coalitional game forms (PGOGF).

Extending the notion of an effectivity function to a
general coalitional game—-theoretical setting requires
some more structure.

Namely, both the coalitional structure and the outcome
structure must be preordered sets with a minimum and a
maximum, say <@,<,0,1> and <X,<',0',1')>, respectively.
Then, we may define a general coalitional game form
(GOGF) as follows:

a GOGF is a correspondence Rc@xX s.t. a) R(0)=0
b) R°*(0')=0@ ; c) R(1)=X ; d) R-*(1')=Q . '
Proposition 1 can be easily extended to PGCGFs.
Propositions 2,3.4 can also be extended to GCGFs,but
this task would obviously require a lot of adaptations
from previous definitions.

Hence,the details are left as a topic for another paper.
We conclude with two examples of GCGFs.

1) Constitutional game forms (CGFs).

Given an universal set N of conceivable players and an

universal set A of conceivable outcomes , a OCGF £
specifies for any coalition S , set T of opponents to S
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and feasible outcome set B , the set of all subsets of B
which S has the power to veto.

Thus ,we may define the relevant GCGF as follows:

@{( (5. T) / ScN. TcN, ST=0 }, preordered by the
correspondence < defined as the lexicographic
preordering induced by (c.c™*) (i.e. (S1,T1)<<(8=,T=)
iff S5icS2 or Si1=5> and TacT: . for any
(51,T1),(S2,T2)E8 ).

Clearly, (@.N) and (N,@) are the minimum and the maximum
of < @,<K > ,respectively.

For any (5.T)6Q@ the members of N\(SUT) are meant to
represent "unconcerned" players .

Similarly ,

X={ (B,C) / BcA, CcA , BC=0 } is preordered by <<

( (B1,C1)<<'(B2,C2) iff BaicBz or B:=B: and CicCz ).
Hence, (@,0) and (A,@) are the minimum and the maximum of
< X.<<' > ,respectively .

For any (B,C)&X , BUC is meant to represent the set of
feasible outcomes ,and C the set of rejected outcomes
(given the feasible set BUC)

Obviously ((S.,T).(B.C)) €R iff (B.C) € £((S5.T)) .for
any ((S5.T)x(B.C)) € @X

It is worth mentioning that CGFs generalize both Andjiga—
Moulen's '"games in constitutional form" and Blau-Brown's
"directed sums of simple games” (or ‘“semisimple
games'' :see Packel (1981)).

2) Partitional game forms (PGFs).

Given an universal set N of players and an universal set
A of ‘outcomes, a PGF f specifies for any coalition S as
embedded in a coalition structure 7 the set of all
subsets B of A s.t. (S,wm) can veto outcomes in A\B .

The GCGF attached to such a PGF is defined as follows.
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@=( (8,m) / a set {Si}iar exists s.t. :i) S.cN for any
i€I ; ii) US.=N and SiNS;=@ for arny i+j
iii) S=S, for some JEI )
(i.e. @ is the set of embedded coalitions ).
@ is preordered by the covering relation <<* as defined
by the following rule (see Myerson(1977)) : for any
(S1,m), (Sa,m2)E @
(51,m1)<<™(Sa,m2) iff SicSa and Tidwa=w,
( where midwa={ S:MS= / S:Em ard Sa€ma } ).
Hence the minimum of the coalition structure is
(@,{0,{i}1en ) whereas the maximum is (N, {(@,N}) .
The outcome preordering < X,<'> is defined as follows:
X=P(A) . and <'=c ,the set theoretic inclusion
correspondence .
The correspondence Rc@X is defined as in the previous
example: namely, ((S.w),B) ER iff B € £((S.m)).
Moreover,it is also worth noticing here that PGFs can be
further generalized by specifying the outcome preordering
along the lines of the OGF case as presented above.

4.Conclusions.

In recent years, a growing concern for institutional
design problems and for incomplete information situations
has provided motivation for analysing strategic
interdependence in terms of game forms as opposed to
games.

The main result of this paper consists in showing that
EFs and more general coalitional game forms do have a
fairly rich order-theoretic structure.

In fact .owr preliminary analysis shows that wunder
suitable' synmmetry or éimplicity properties , such an

order-theoretic structure is rich enough  to

"intrinsic" topological structure

coalitional game form.

on

the

17

induce an
relevant
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