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I. Introduction

The analysis of the most recent contributions shows that
the authors' attention has definitely shifted from a concern
with the significance of the internal rate of return to an

interest in the more technical aspects of its existence and

wuniqueness {1). This shift seems to rest on the assumption

that the economic meaning of the internal rate of return was

(1) See Kaplan S.(1965), "A Note on a MHethod for Precisely Determinimg the
Uniqueness or Non-uniqueness of the Internal Rate of Return for a Pro
posed Investment", The Journal of Industrial Engineering (January-Febru-
ry), vol. 16, pp. 70-71 § C.J. Norstroe (1972), " A Sufficient Condi-
tion for a Unique Non-negative Internal Rate of Return", Journal of Fi-
nancial and Quantitative Analysis (June), vol. 7, pp. 1835-1839; C.0e
Faro (1973), " A Sufficient Condition for a Unique Non-negative Internal
Bate of Return: a Comment", Journal of Financial and Yuantitative Analy-
siz (September), vol. B, pp. 683-684; O.L. Aucamp and W.L. EcKardt (1976)
"A Sufficient Condition for a Unigue Non-negative Internal Rate of Return:
Comment", Journal of Financial and Quantitative Analysis (June), vol.

11, pp. 329-332; C. De Faro (1978), " A Sufficient Condition for a Unique

Non-negative Internal Rate of Return: Further Comment", Journal of Finan-
cial and Quantitative Analysis (September), vol. 13, pp. 577-584; R.H.

Bernhard (1979), "™ A More General Sufficient Condition for a Unique Inter

nal Rate of Return™, Journal of Financial and Quantitative Analysis

(June), wvol. 14, pp. 337-341; R.H. Bernhard (1980), "“A Simplification

and an Extension of the Bernhard - De Faro Sufficient Condition for a
Unique Internal Rate of Return", Journal of Financial and Quantitative
Analysis (March), vol. 15, pp. 201-209.




established once and for al1l by Solomon and by Hirshleifer
in the late fifties (2).
were

In reality these two authors
quite pessimistic in their conclusions since they denied
that the internal rate of return really means the interest
rate earned by funds invested in a project. This is why re-
cent trends in the literature appear to be rather contra-
dictory: if one denies that the internal rate of return is
an adequate measure of a project's profitability (following
Solomon and Hirshleifer), why should one be interested in
testing its existence and uniqueness?

We beljeve that a logical attitude would involve adopt-
iqg;pneofthetwo following approaches (which we consider mu-
tually exclusive). The first approach would be to consider
the pessimistic ana]ys{s of Solomon and Hirshleifer as con-
clusive, but in this view testing the existence and the
uniqueness of the internal rate of return becomes a pretty
useless exercise. The second approach would be to reject the

Solomon-Hirshleifer analysis, but in this case one should

not 1investigate technical properties of the internal
of return, such as

rate
its existence and uniqueness, before as-
sessing its conceptual validity.

(2) 'See E. Solomen (1956), "ihe Arithaetic of Capital

sions", Journal of Business (April),

Hirshleifer (1958), "On the Theary of Optimal Investment Decisionn J

nél of Political Economy (August), vol. 66, pp. 329-357. Sep also ; :"r'
cinelli (197s), "Aleuni pspetti della Ieo;ia della D' ":'
di Tnvestimentit, Note Economiche (gennaio—?ebbraio) vel, 9 ;:j;3a
and M. Trovato (1872), nsylla Validitd del Tasso d; Ren;in;n::.lntern;
come Criterio di Selezione di Progetti di Investinento", Biornale‘degli

Economisti e Annali dj E i :
o conomia {satlelhre-ottobre), vel. 31, pp. 678-

Budgeting Deci-
vol. 29, pp. 124-120, and .

Controversi

The main purpose of this article 1is to investigate
s imultaneously the significance and the uniqueness of
the internal rate of return, and to show that theese
two aspects are rather «closely vrelated. 1In Section
2 we shall prove a sufficient condition for the uniqueness
of the internal rate of return. In Section 3 we shall

show that this condition is crucial to understanding

the real economic meaning of the internal rate of return.

In fact we shall see that such a condition represents
a sort of boundary between two different categories of
internal rates of vreturn which have partially different
economic meanings. Despite this minor difference, we
shall argue (against Solomon and Hirshleifer) that all
the internal rates of return have a basic common meaning,
which is the interest rate earned by invested funds (3).
In Section 4 we shall discuss some major consequences
of Sections 2 and 3., In Section 5 we shall summarize
and criticize briefly the Solomon - Hirshleifer analysis.
Finally in -Section 6 we shall prove that the sufficient
condition established din Section 2 generalizes Soper's
well-known condition (4). Since our proof in Section
2 is much simpler than Soper's, a minor result of this
article 1is that it provides a simpler prdof for a more

general proposition.

(3) Some aspects of the ideas expressed in Section 3 can be
found in embroyonic form in M.J. Bailey (1959), " Forasal Criteria for
Investment Decisions", Journal of Political Economy {October), vol. 67,
pp. 476-488.

(4) see C.S. Soper (1959) "The Marginal Efficiency of Capital: a Further
Note",The Econonic Journal (Karch), vol. 69, pp. 174-177.




2. A sufficient Condition for the Uniqueness of the Internal
Rate of Return

The following definition of a productive project has
been adopted in this paper.

Definition 1 - We define a productive project as a

vector of dated cash flows (ao,..., an) such that a <o,

a, # o, aj > o for at leat one je {1,...,n} .

Moreover we have adopted the following definition of an inter-

nal rate of return attached to a project.

Definition 2 - An interest rate r > -1 (5) 1s defined

as an internal raté of return attached to a project (ao;...an)

if its transformation R = 1 + r satisfies the following
equality:
n I3
(M a, R =g
j=0 + J

In this section we shall prove the following proposi-
tion.

(5} Following the nost general of the common practices, we consider all
interest rates smaller than or equal to - 1 as economically meaningless.

Proposition 1 - An dinternal rate of return r attached

to a project (ao,..., an) is unique if the following inequal
ities are satisfied:

a R+a, < o

o 1
2
.(2) a, R+ a]R ta,< o0
. ..n:i ..... b a8 g
a, R *a, R™ “+...+ an_zR ta o

Proof - Let r be an internal rate of return, attached
to a project (ao,..., an), which satisfies inequalities (2).
Its transformation R [since R satisfies equality (1)] is a
distinct,real and -positive - root of the following n.th degree

polynominal:

n
Alx) = X a, x" .
j= 3
The ' same is true for the transformation R' of another

internal rate of return r' (if any) attached to the same
project (ao, cees an). Therefore , in order to prove that r
is unique, we need to prove that the polynominal A(x) has
no distinct, real and positive root other than R. We consider
the n-1.th degree polynominal Q(x) = A(x) =+ (x - R),whose
distinct, real and positive roots (if any) are the same as
the distinct, real and positive roots of A(x) other than R

(6). Moreover we indicate by qo,...,qn_]'the coefficients

(6) See for example A. Kurosh (1971), Cours d'Algebre Superieure, Moscou:
Editions Mir, esp. pp. 14B8-152.




of Q(x). It is well known that the following equalities hold
true (7):

9% T 3
4 = 3R+ 2,
B n-1 n-2
qn-] = aoR + a]R + ...+ an-ZR + an_] .
Since N a°< 0 according to Definition 1, and since by hy-

pothesis inequalities (2) are satisfied, all Q(x)'s coef-
ficients are non-positive. Therefore Descartes' rule of signs
(8) guarantees that Q(x) has no distinct, real and positive

root. The proof is thus complete.

3.- The Economic Meaning of the Internal Rate of Return

Definition 2 is known to be an attempt to formalize the
intuitive idea of an interest rate earned by funds invested
in a project (9). In this section we shall show that this
attempt is rather successfull. We shall also show that the

economic meaning of the internal rate of return changes

(7) See for example A. Kurosh, Op.cit., esp. pp. 148-152,

(B) See for example A. Kurosh, Op. cit., esp. pp. 263-267.

(9) See J.H. Keynes (1936), The General Theory of Employsent, Interest
and Money, London: Macmillan and Co., Limited, esp. Chapter 11,

partially depending on whether it satisfies the uniqueness

condition proved in Section 2.

OQur starting point is the following proposition.

_ -Proposition 2 < An interest rate r > -1 is an internal rate
of return attached to a project (ao,... an) if and only if

there exists an ordered set of n pairs of déted cash flows

B - {(bm, bm)’_“’ (b(n) , b(n))}
o 1 n-1 n

(the higher index indicates the pair, the lower one indicates
the date ) such that

(1) L ()
1 0
(3) ® o & % 5 ¥ e o .
p{m) - _p(n) o '
n n-1
and that
(v _
(4) bo = a,
(1) (2) _
b1 + b] = a]
(5) - - - L ] L ] [ ] L ] * L ] L]
(n=1) (n) _
boop * Pay T,
(6) b(n) = a .

n n



Proof - First we shall prove that the condition is suf-
ficient. Given a project (ao,..., an), let. r > -1 be an
interest rate such that there exist a set B satisfying equa-
Tities (3) to (6). By substituting the first n - 1 equalities

(3) in equalities (5), and the n.th equality (3) in equality
(6), we get:

(1)
o 0
p{2) o (0 o
1 o 1
(7) " ® 6 & ® B B 3 B ® ® = e
(n) _ . (n-1)
ooy = bpp R -1
b(") R+a =90,
n-1 n

Finally ,. by substituting the first equality (7) in the
second one, the second one ( so obtained) in the third one,
and so on, we get equality (1).

We now want to prove that the condition is necessary.
Let r be an internal rate of return attached to a project
(ao,..., an). ‘We consider the following ordered set of n
pairs of dated cash flows:

(n-1) _ n-2 (n-1)_ n-1
(b n-2 = aoR + ... + a , b = -aOR —...-an_zR)

). n-1 (n) n )
-1 - aoR +oae. + an_1 A bn = aoR -...—an_]R.

One can easily verify that these pairs satisfy equalities
(3) to (5). Furthermore, equality (6) is satisfied as well
;fnde R safisfies eQué]ity (1) by hypothesis.»The'proof is
ﬁSQ complete.

Proposition 2 is the first step toward a full under-
standing of the economic meaning of Definition 2. Infact,
according to Proposition 2, an internal rate of return at-
tached to a project can be redefined as an interest rate
r> - 1 such that this project could be broken down into n
consecutive one-period.investment, financing or null oper-
ations performed at the (uniform) interest rate r itself.
These operations are represented by pairs in set B. A pair
in this set represents an investment operation if its first
cash flow is negative and the second one is positive. On the
contrary, a pair in set B represents a financing operation
if its first cash flow is positive and the second one is
negative. Finally, a pair in set B represents what we call

a ‘'null' operation if its first cash flow is null as well
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as the second one.

For example, the interest rate r = 0.2 is an internal
rate of return attached to fhe project (-10, +16, +5, -20
+24) since this project can be broken down into the following
four consecutive one- period operations performed at the (uni-
form) interest rate r = 0.2 itself: (-10, +12), (+4, -5),
(0,0), (-20, + 24)} .

Let us now consider an internal rate of return r at-
tached to a project (a 0? e 3, ). The necessity part of Prop-
osition 2 implies that at least one set B exists which sat-
isfies equalities (3) to (6). On the other hand, by examining
equalities (3) to (6) themse]veé,one sees immediately that
at most one set B satisfying these equalities is associated
with a given interest rate. Therefore set B associated with
r is unique. Moreover the procedure used to prove the necess-
ity part of Proposition 2 also proves that such a (unique)

set B is set (8). Therefore the following proposition holds
true.

Proposition 3-Given an internal rate of return r at-

tached to a project (ao,..., an), there exists only one set
B which satisfies equalities (3) to (6), and this set is
set (8).

Let us now go back to condition (2) . On the basis of

Proposition 2 and Proposition 3, we can rewrite condition

11
(2) as follows:

(2)
b] <
(3)
b2 =<

® & o & & @»

(n)
n 1

0

(1)

Since b0 < o (see Definition 1), this rewriting of condi-
tion (2) allows us te recognize it as the condition that no
operation in set B be a financing operation. If this is the
case, the internal rate of return means simply the rate of
interest earned by funds invested in a project. On the con-
trary, if condition (2) is not satisfied, then at least one
operation (but not the first one) in set B is a financing
operation, so that the ihterna] rate of return means both
the interest rate earned by funds invested in a project and
the interest rate paidbon funds financed by the project. One
should note that funds invested in the project are those con-
tained in the set Hb{‘]} (;j:, ;‘j))eﬂ, “])<o while

funds financed by the proJect are those contained in the set

[ (A0 oo, fidoe)

Therefore, if we interpret mathematical condition (2)
economically, it proves to be a sort of boundary between two
classes of 1nferna1 rates of return that have partially dif-

ferent economic meanings.
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4. Furtiner Comments

Section 2 and 3 can be summarized as follows:
(1) any internal rate of return means the interest rate
earnad by funds invested in a project;
(i1) an internal rate of return that has this economic
meaning and no other one is unique;
(iii) an internal rate of return that also means the interest
| rate paid on funds financed by the project may be uni-
que or may not be.
Point (iii) is due to the fact that condition (2) is suffi-
cient, but not necessary, for the uniqueness of the internal
rate of return. In order to prove this, let us consider the
counter-example represented by the internal rate of return
r = 0.7 attached to the project (-100, +270, -170). One can
easily verify that such an internal rate is unique (10).
Nevertheless it does not satisfy condition (2) since we have:
aOR + ay = 100.
{n this section we want to discuss some rather relevant
consequencas of Sections?2 and 3.
First of all, let us call A the set of all projects

to which at least one internal rate of returnis attached (11).

.2
(10) Infact the other root of the z.nd degree polynomial 100x + 2702170
is economically meaningless (see footnote 5).
{(11) It is well known that there are projects to which no internal rate
of return is attached. These are the proejects such that no root of the
n . . -
n-
polynomial b a, x 1

=) be economically neaningful (see footnote 5).
= ] .

13

Inside set A, let us distinguish between set A. of projects

to which one and only one internal rate of returl is attached
and set % of projects to which al least two internal rates
of return are attached. According to points (ii) and (iii),
there may be two alternative economic interpretations for

an internal rate of return attached to a project contained

in A]. Such a rate may have the simple meaning of an interest

rate earned by invested funds. On the contrary, such a rate
may have the double meaning of an _interest rate earned by
invested funds and paid on financed funds. Moreover points
{i1) and (iii) also imply that any internal rate of return
attached to a project contained in A2 has the double meaning
of an interest rate earned by invested funds and paid on
financed funds. Infact, let us suppose that at 1least one
internal rate of return attached to a project contained in
A2 mean only the interest rate earned by invested funds.
According to pojnt (ii), this internal rate should be unique;

and this contradicts the hypothesis that the project belonges
to A2 }
Since no two internal rates of return having (partially)
different economic meanings can be attached to the same pro-
ject, set A may be partitioned into set A] of investment pro-
Jects (whose internal rate of return, necessarily unique,
means only the interest rate earned by invested funds), and
set Az of investment-financing projects (whose internal rates
of return, one or more, mean both the interest rate earned

by invested funds and the interest rate paid on financed

3
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funds). We already know that o' e A, and that (A]-A])UA2= a2

Another point we want to make c¢lear

is the following.
Our analysis implies that it

is sensible to apply baoth the

so-ca]]ed,acceptabi]ity criterion and the so-called ranking

Criterion only within set A‘. For projects contained in set

A] - A] some conceptual difficulties

meaning of their (still unique)
Therefo;a;

arise from the double

internal rate of return (12).
the uniqueness of the

is a necessary, but not sufficient,

ity of these two criteria

internal rate of return

condition forthe .viabil-

Finally we want to discuss briefly a

point concerning
projects contained in set A

It is well known that choosing
among the dinternal rates of return

attached to 3 project
contained. in A

Zis an unsolved problem. Let Us now consider

sets % ,...,Bk[satisfying equalities (3) to (6)]

associated
respectively with the

internal rates of return ﬁ y~-.,0 at-

! k
tached to a project contained in A2 . Proposition 3 implies

1 and j contained in {1,...,k}
we havé>Bi~# Bjn Therefore to choose ona

that for any two indices
one intérnal rate of

-_—

(12) one should note that if the internal rate of return attached to a
project contained in Al_ A meant only the interast- rate paid on funds
financed by the project, both the acceptability criterion
criterion (adequately adjusted) would still pa applicabla.
ity eriterion should be adjusted as folloys:
if its internal rate of return
Similarly, the ranking criterion

and the ranking
The acceptabil
a project should be accepted
is smaller than the market interest rate.

should be adjusted as fFollows: a project
should be preferred to another project if jts

internal rate of return
is smaller,

15

return among feasible rates Tyseses " is the same as to choose

one way of breaking down the given project among feasible ways B]""’Bk'

For example let us consider the two internal rates of
return ry s 1 and r, = 2 attached to the project (-1, +5, -6)
(13).5et B] associated with r is {(-1, +2), (+3, -6)}

1
while set B2 associated with r, is {(-], +3), (+2, -6)}

We may choose betwesn the following two statements. The
first 1is that funds invested in and financed by the project
yield 100%. The second statement is that funds investedin and
financed by the project yield 200%. Nevertheless if we choose
the first statement, to be consistent, we must admit that
the project absorbs one dollar at time zero, and that it
finances three dollars at time one. On the contrary, if we
choose the second statement, we must admit that the project

absorbs one dollar at time zero and that it finances two dol-
lars at time one (14).

(13) The project considered here is discussed in J.H. Lorie and.L.J.

Savage (1955), "Three Problems in Rationing Capital", Journal of Business

(0ctober), vol. 28, pp. 229-239. )

(14) We want to remark that we are not suggesting how to choose ano?g

r r On the contrary we are simply discussing sone aspects of this
N

choice.
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5. The Common Interpretation of the Internal Rate of Return

Solomon and Hirshleifer investigated the economic mean-
ing of Definition 2 (15). The Solomon-Hirshleifer analysis
can be summarized as follows. Let r be an internal rate of
return attached to a project

(9) (ao,..., an) .

Transformation R = T+r satisfies equality (1) according to

Definition 2. But equality (1) in the same as the following:

N
a R" = }E a, R"7J
0 j=! J

Thus r can be interpreted as the interest rate earned by

funds invested in the following project:

(10) (b° =a’, b, =o0,...,b

o] 1 n-1 n J

One should note that funds invested in project (10) are limi-

n
=0, b = ZI a, R"'J).
J:

ted to /aol, which is invested at time zero. One should also
note that project (10) is obtained from project (9) by post-
poning intermediate cash flows a], eews @ ] to time n by

n—
means of an interest rate exactly equal to r (16).

So far we perfectly agree with Solomon and Hirshleifer,

(15) See E. Soloan, Op.cit., and J. Hirshleifer, Op. cit.

(16) It is quite obvious that project (10) is the same as project (9)
in the special case where all internediate cash flows of project (9)
are null, Therefore in this special case r can be inmediately interpreted
as the interest rate earned by funds invested in project (9).

1

but these authors claim they go much further. Infact, since
r can be dinterpreted as the interest rate earned by funds
invested in project (10), Solomon and Hirshleifer ‘'deduce'’
that r cannot be interpreted as the interest rate earned by
funds invested in project (9) unless external opportunities
allow for the transformation of the latter project into the
former, and unless such opportunities be actually taken by
the investor.

Hirshleifer asserts that the proposition according to
which r is the interest rate earned by funds invested in
project (9) is based upon "...the implicit assumption...that
all intermediate cash flows are reinvested (or borrowed, if
cash flows are negative) at the rate r itself" (17).
Hirshleifer is even more pessimistic in the following passage
where he recognizes that this assumption. is hardly realistic:

There will- not normally be other investment

opportunities arising for investment of intermedi-’

ate cash proceeds at the rate r, nor is it gen-

erally true that intermediate cash inflows (if

required) must be obtained by borrowing at the

rate r. The rate r...will only by rare coincidence
represent relevant economic alternatives (18).

The analysis we have made in Section 3 shows that r can
be interpreted correctly as the interest rate earned by funds

invested in project (9) independently of any external opportunity

(17) See J. Hirshleifer, Op.cit., p. 351.
(18) See J. Hirshleifer, Op.cit., p. 350.
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6. Soper's Sufficient Condition for
Internal Rate of Return

-the Uniqueness of the

A well known sufficient condition for the uniqueness
of the internal rate of return was Proved by Soper (19). Put

into our notation, Soper's condition can be rewritten as

follows:
a + a R_] < o
o 1°
- -2
a°+a]R +aZR < 0
(]]) T8 e e .o..-o..t.a.o.

-1 -2. . 1-n
ao + a] R + a2 R '+...+ an_] R < o0

3 positive real number (see Definition 2), in-
equalities (11) are the same as the following:

Since R ig.

+
aa R a] < 0

a R2+ a.R+ a_<o

0 1 2
(12) ao..oo-o-.otso..-
a_ R"1, a R"-2+...+ a

0 1 n-2 R+ an-l <o.

Inequalities (712) show that Soper's condition is dominated

by - our. condition (2) established in Section 2,

(19) see ¢.5. Soper, Op.cit.

the existence of the internal rate of return ig also established. This
condition is that the last cash flow of a project be nyll,

19

One should note that in the 1light of Proposition 2
i 1
Soper's condition (11) can be interpreted to mean that a
‘e : +
operations in set B, satisfying equalities (3) to (6), mus

be investment operations.
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