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Introduction

In the recent revival experienced by business cycle
theory we have witnessed the acknowledged success of some
real equilibrium business cycle (RBC) modelsl.

The goodness of fit they have achieved in mimicking
U.S. post-war data is noticeable. One might be led to think
that now we have a better grasp on the how and why of
economic ups and downs -especially if one belives equilibrium
theories are capable of rationalizing the phenomenon, as
argued by Lucas (1977).

The policy corollary implied by the whole class of
equilibrium models of the business cycle is that no counter-
cyclical policy is desirable since the observed fluctuations
are consistent with agents’ optimality. 1In the originary
monetary-misperception equilibrium business cycle model
(Lucas 1975) policy actions are feasible though welfare
diminishing. In RBC models -implicitly embodying the reverse
causation hypothesis proposed after Sims’ findings (Sims
1980, 1982)- outside money and the institutions in charge of
issueing it are completely disregarded. Such a disruption of
traditional policy analysis, I think, is an additional if not
a primary reason for inquiring into the robustness of RBC
models.

It is certainly reassuring to know that someone, by
simulating a micro-consistent optimizing model, has come
close to actual macro time series data. However, these papers
assume very special features of preferences and technology
over time.

I was puzzled in this connection: what is the role of

these assumptions in the workings of those models and, isn’t

-

1. The two most interesting contributions we considered in
this track of analysis are Kydland and Prescott (1982) and
Long and Plosser (1983).
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it their introduction that gains us the new grasp on economic
fluctuations?

A common presumption maintains that the peculiar time
features of preferences and technology embodied in RBC models
give no substantial contribution in generating the cycle. The
source of the cycling in these models is instead thought to
be the existence of exogenous stochastic shocks to
technology: "... in the study of Kydland and Prescott (1982)
... the only source of cyclical fluctuations is a technology
shock" (McCallum 1986; p. 399). The purpose of the other
non-standard assumptions would be just that of "... obtaining
a good quantitative match between RBC model implications and
actual business cycle fluctuations" (McCallum 1989; p. 13).
In other words, it is the stochastic shock to technology that
determines the qualitative properties of the model. Only a
quantitative role is reserved for the outlined features of
preferences and technology.

It is difficult to rigorously draw any conclusion on
this respect on the basis of RBC models. Indeed, given their
complexity, these models do not lend themselves to easy
analytic solutions. Yet, one may try to shed some light on
this issue by focusing on a simplified version of the model
that embodies analogous features. Accordingly I tried to
determine the impact of the referred assumptions on the
dynamic properties of a standard model.

In particular, focusing on Kydland and Prescott
(1982), I describe the dynamic implications for the model

when one superimposes:

(i) a time-to-build technology for capital;
(ii) a form of time-dependence in preference over leisure.

One would 1like to assess what role each of these
assumptions plays in determining the dynamic properties of
the model. However, this task 1is overwhelming because
assumptions on preferences and technology are inextricably
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tied. Nevertheless, a viable avenue which may be followed is
to single out each assumption and measure its impact on the
motion of an otherwise standard model. This is the approach
taken here.

The first part of this paper establishes global
conditions under which introducing a "time-to-build"
technology for production of capital goods will have a
substantial impact on the dynamic properties of a one-sector
growth model. Unless the economy is already at a steady state
both consumption and the capital stock will in general
exhibit a cyclical behavior.

In the second part I analyze the impact on the
dynamics of a standard model associated with embedding in it
the hypothesis of time-non-separability for preference over
leisure.

In order to keep the problem manageable I was forced
to introduce two simplifying assumptions. In the first part
capital stocks are determined endogenously, but no
intertemporal substitution in labor is allowed -i.e. labor is
an exogenous constant. In contrast, in the second part labor
is completely endogenous -i.e. there may be intertemporal
substitution- whereas the amount of capital is exogenously
given. The relevance of my results would be somehow lessened
by these exogeneity assumptions if one were to consider the
two parts separately. On the other hand, the two results
would be strengthening each other when considered together.

In fact, both (i) and (ii) prove to be causes of a
fluctuating pattern for the variable they directly affect,
when the other factor of production is kept exogenously
fixed. An optimal pattern of capital accumulation is likely
to be monotonic only if labor supply grows along with
capital. On the other hand, if both consumption and leisure
are normal goods, labor supply cannot keep growing for ever;
rather, at a certain point the agent will inqrease his
leisure. Then, the -optimal capital path will ne;essarily
become an oscillatory path. In other words, a shrinking -as
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opposed to a constant- amount of labor fortifies the case for
fluctuations.

Indeed, one should not be astonished by this result.
Barro and King (1984) point out that non-time-separable
preferences (and also some "richer specifications of
intertemporal production opportunities”) should be embedded
in EBC models to build in autocorrelation over consumption
and leisure choices and also Kydland and Prescott (1982)
admit that this is the scope for time-to-build and
substitution over labor-leisure across time.

My result proves, via a global dynamic analysis, that
non-time-separability of preferences over leisure
(time-to-build capital is a sufficient condition for
generating such an autocorrelation among the flow and stock
variables of this simplified model.

Barro and King (1984) justify such a time structure
of preferences (and likewise for a non-time-separable
technology for capital accumulation) on the grounds of the
economic behavior they hypothesize for the rapresentative
agent (and for available production techniques). Whereas
these assumptions may be accepted or refused on a theoretical
level, it is apparent that the only avenue to evaluate how
realistic they are lies with little known empirical evidence.

Indeed, even the policy conclusions implied by RBC
models that no effective welfare increasing counter-cyclical
policy c¢an be performed because there is simply no need for
it seem to be weakened by my results. If the simulations of
the model gain a good fit to the actual data on the basis of
assumptions that are not supported by clearcut evidence, then
the associated model is also jeopardized.

Doubts are also cast on the exclusive role commonly
assigned to the stochastic shock to productivity in
generating the cycle. According to my results, it is clear
that the outlined assumptions on preferences and technology
do play a part in shaping the qualitative (and not only the

quantitative) dynamics of RBC model solutions.

-4 -

1. Statement of Problem I.

I consider a neoclassical one-sector growth model
with a representative agent maximizing wutility over an
infinite horizon. The agent derives his wutility £from
consumption of the only good in the economy and also form
leisure. He has perfect foresight. The single commodity is
produced by a concave production function f(kt—Z’kt-l'lt)
which is twice differentiable and increasing in its
arguments; where 1, is labor supplied at t, ke_, and k,_, are
the capital goods operating at t whose production was
originally initiated at t-2 and t-1 respectively. At each
point in time the individual has to decide how much to
consume out of current output. Saving is identically equal to
investment. Unlike the standard one-sector growth model, I
assume that a multiperiod technology is used in producing
capital goods. s time periods are required to transform the
original inputs into new finished capital. Without loss of
generality, I set the time-to-build s=2, in order to preserve
analytical manageability. Investment projects initiated at t
deliver finished capital only at t+2.

The last paragraph can be condensed into the

following equation

(1.1) kt = f(kt—Z’kt-l’lt) - c. + (1-g)kt_1
where kt—(l_g)kt—l is gross investment today and g is the
rate of depreciation. The same vintage of capital enters
production in heterogeneous forms for two periods in a row.
First it enters as young (unfinished) capital one time

period after its own production started. At this stage it
carries out production jointly with the old capital. It
contributes to production to a lesser extent than the old

capital, but its contribution is nevertheless non-negligible.
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Next period (i.e. two periods after they started building it)
it will be a fully productive (old) capital, and only then
will it pay depreciation at a rate 92. The time subscripts
attached to each capital stock refer to the time period when
its production is undertaken.

The representative agent faces the following
intertemporal optimization problem

(1.2) max ", [ u(ey) +rF - 1)1 g%

{kp,le}
subject to:
(1.1);
ki > (1-g)ky 47
0 < lt < 1%;
ko, k1 given.

R(.) is strictly concave, whereas I take U(.) to be a linear
function for the sake of clarity. l# is the maximum amount of
per period work. The discount factor is constrained in the
range 0 < B8 < 1.

The above may be stated as a dynamic programming problem

#
(1.3) w(kl’kz) = Max {f(kl,k2,13)+(1-g)k2+R(l -13)+ﬁw(k2,k3)}
{k3,15}
The value function W(kl'kz) is strictly concave since R(.) is
strictly concave, and U(.) is concave. Hence, the values k3
and 13 in the optimal solution are unique. They only dpend on
the set of initial conditions (kl’kz) and it is possible to

express then as continuous functions

k3(k1,k2) and 13(k1,k2).

2. The time-to-build technology assumed in Kydland and
Prescott (1982) does not allow for unfinished capital to
be productive at all. That would be a limiting case of the

model we analyze here.
-6 -

Accordingly, since at optimum 13-13(k1,k2,k3), (1.3) may be

represented as

(1.4) W(kl,kz) - ?ix}{ V(k1:k2'k3) + ﬁw(k21k3) }
3

or, alternatively,3

: | 2
(1.4°) Wlky kg) = Max (Vlky kg kg)e8¥(ky kyokeg)+6 W kg k)
3

2. A General Dynamic Property of the Model

Since the capital good is the only stock variable in
this economy, the dynamics of the model is characterized by
the pattern for accumulation. By wusing the optimality
requirement for the accumulation path it is possible to
derive sufficient conditions for the syséem to obey an
oscillatory (monotonic) 1law of motion through time. These
conditions hinge on the properties of the return function
V(kt’kt+l’kt+2)' More specifically, they depend on a
particular configuration for the signs of Viar Vi30 and Vas
-where V.. represents a second cross-partial derivative of

4
Vike ke qrkeip)s

Proposition 1l: Consider problem (1.2):
(i) If Visr Vi3 Va3 < 0, for all (kt’kt+1'kt+2) > 0
then an interior optimal trajectory {kt} cannot be

strictly monotonic;
(ii) If [V23 + bV12] <0 (>0) and V13=0
for all (kt’kt+1’kt+2) > 0 then an interior optimal

~

3. Henceforth we drop the{Ea¥ symbol. It is assumed to hold.
3

4. The type of global analysis used here is related to the
one in Benhabib and Nishimura (1985).
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trajectory {kt} is strictly oscillatory (monotonic):

((kp,n = k) (keyq = k)1 <0 (50)  for ky#ky .

Proof: see appendix.

3. The Impact of the Time-to-build Technology

Here I am going to assume that the representative
agent supplies inelastically a fixed amount of labor for each
and every period. This is done in order to insulate the
impact of the time-to-build technology, while ruling out any

possible effect from substitution in leisure.

I1f we keep labor exogenous, problem (1.2) becomes

» t
(3.1) Max L _, ¢, B

kt
subject to:
(3.2) kt - h(kt-Z'kt—l) - Cp + (l—g)kt_l;

. 5
ko, k1 given.

(3.1) and (3.2) are expressed in per capita variables. lt is
an exogenously given constant which I set equal to one for
each and every t. Accordingly, the originary production

function f(kt’ kt+1' lt+2) collapses to h(kt, kt+l)'

5. When we drop leisure choices from the agen;'s agtimal prob
one might think that interiority of solutions is lost. ?n
the contrary, we must point out that al;hough Fhe aggnt s
utility Ffunction is linear, consumption itself is strictly
concave with respect to past investment dec1§10ns due to
strict concavity of the production function. Hence,
concavity of the problem is always guaranteed as long as
we restrict our analysis to strictly concave branches of
the production function.

- 8 -

(3.1) may be recast as the dynamic programming problem in
(1.4)

(3.3) W(kl,kz) = Max { V(kl,kz,k3) + ﬁW(kz,k3) }
where V(kt'kt+l'kt+2) = h(kt’kt—l) + (l--_g)kt+l - kt+2’

The associated cross-partial derivatives V12’ V13' and V23
are easily computed:6

Vi3 = V3 = 0;
Vig = Byalkerke ).

It turns out that part (ii) of proposition 1 applies to this
problem, as long as hlz(kt'kt+l) # 0.

Let us consider a Cobb-Douglas production function
a1 %2 .33
(3.4) f(Kt’Kt+l’lt+2) = Ky Kei1 1t+2 (a1+a2+a3)>0.

and in my case, assuming constant returns to scale, let it

6. If we were to let the agent determine labor endogenously

as in (1.2) the resulting cross-partials would be:
Vig = Vy3 = 0 and
Viz® {flz(kt’kt+l’it+2) .
*lEg3(P)+RM(LT-1p ) 181, o/ Bk} 3Ly, 5/ 3k,
where
leya/3ky = ~E31/[£33+R™(7) 15
Wy p/3kp g = —£3/0E53+R"(°) ]

Accordingly, the trajectory for capital will Dbe
oscillatory if any of the two following conditions is
satisfied:

(1) f13(°) <0 and f12(°) > f23(°) >0.
(I11) f13(°) >0 and f12(°) < f23(°) <0.
Both conditions (I) and (II) are compatible with constant

returns to scale. We will 1limit the discussion to the
exogenous labor model because the complementarity and
substitutability relations among the three factors of
production would require a deeper analysis in order for us
to draw precise conclusions from (I) and (II).
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collapse to7

(al+a2)
(3.5) h(kt’kt+1) = [kt + bkt+1] b < 1.

Here I am assuming b < 1 in order to be consistent
with a time-to-build technology in giving account of the fact
that young ‘'capitals are unfinished, and do contribute to
production to a limited extent. An alternative way of looking
at my model would be to interpret it as a vintage growth
model. Capital goods would enter production for two
consecutive time periods, but would pay a depreciation only
in the second period. Young capitals would be more productive
than the old ones as the former would supposedly embody a
technological progress. The higher productivity of the young
capital goods would then be reflected in a b > 1, in the
above expression (3.5). However, I must point out that my
results are robust to this change, and would carry over to

the case of b greater than unity.

In general h12 is negative, but this result depends
on the returns to scale that obtain. If there are constant or
decreasing returns to scale, h12<0. On the oﬁher hand,
although necessary, increasing returns to scale are not a
sufficient condition for non-negativity of the cross-partial

of h(°).

7. Indeed, suppose that if we assume CRS the production
function that applies is

(a1+a2) —(a1+a2)

E(Ry Ky pqrlpgn)=h(Ke Re )1 =KD 4] )

and finally,
(a1+a2)
h(ky ke g)lpg = lhe + byl

this kind of production function takes into account the
fact that the contribution to production by the young
capital is not the same as the one by the old capital, as

b#l.
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Here the cross-partial of h(°) is clearly negative since
(al + az) <1l:

](al+a2—2)
tE+1°°
The rationale for this result lays with the fact that when I
raise the amount of young capital (kt+l) this will have an

hlz(kt’kt+l) = b(al+a2)(al+a2-l)[kt+ bk

impact on the marginal .product of the old capital via the
change in the quantity of the fixed labor factor which joins
it for production. The increment in per-capita old capital
engenders a tendency for its marginal contribution to
production to decrease.

Why is the oscillatory accumulation path optimal for the
agent? This may be easily tracked from the first order
condition of the problem via a heuristic proof. The agent’s
choice for any kt must satisfy the condition

2
(3.6) Valky prky 1ok )*BVy(ky g okpoky 0 )48°V) (ke ke g ik, )=0

Suppose he were to raise kt-l' Since V32=0, there would be no

impact on V3(kt_2,k and the only change, as far as kt

p-1ke)
is concerned, would be in the marginal benefit of kt when it
enters production as young capital, sz(kt_l,kt,kt+l), which
would decline, because V21 < 0. But then condition (3.6)
could only hold if the agent were to lower kt’ whereby

increasing its marginal benefit in each one of the three

periods. Furthermore, updating (3.6) one period ahead
requires
(3.7) V3(kt—1'kt’kt+l) +

2
* BV (kpokp gk ) + B Vilkeyprkeparke,3) = 0.

The increase in kt-l would have no impact here since
v = 0, but the d i i i
31 . e decline in kt would raise ﬁvz(kt’kt+l’kt+2)
as V21 ¢ 0. Accordingly, kt+l would have to increase in
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order to preserve the -equality in (3.7). In other words,

considering that
Valke gokeoprke) = Valkepokpakeyy) = =1

Vz(kt_l,kt,kt+1) - hz(kt_llkt) + (l-g)f

Valkprkepyrkeyp) = Bplkerkeyy) + (12903
Vilkpokeygokera)d = Bylkeike, )i
Vi(RppgoRepgekea) = Bylkeygikea)

(3.6) becomes
(3.67) =1 + Blhy(ky_;,kg) + (1-g)1 + B2hy(ky ke yq)] = 0.

Raising kt-l lowers the marginal benefit from kt as a young
capital since the marginal product of kt at time t+l1 is
decreased as h12 < 0. Then the only way to satisfy (3.6') is
via reducing kt which will engender higher marginal returns
for it both at t+l and at t+2. By the same token, optimality
of the agent’s plan requires that also the following be true

(3.77) =1 + Blhy(ky, ke, q) + (1-9)] + B2hy (ky g ke, p)] = 0

In other words, having decreased kt, the agent has an
incentive to consume less and invest more at time t+l.

I may conclude that, unless the agent is already at a
steady state, both consumption and the capital stock will
follow a two-period cycling path. I must then remark that the
nature of these fluctuations is solely technological. If it
were possible to obtain fully productive capital goods
available tomorrow out of investment projects initiated today
the optimal accumulation path for the agent would be

- 12 -

monotonic.
It is the presence of the time-to-build technology

which, by raising the cost of hedging across time, makes the
cycling path for capital optimal to the agent. Therefore, it
is evident that introducing such an assumption in the process
for building capital is likely to have an impact on the
mechanics of the model in which it is embodied.

4. Statement of Problem II.

I consider an economy where an infinitely lived
representative agent optimizes his utility across time. At
each moment in time the individual enjoys consumption and
leisure. There is only one commodity in this economy which is
produced according to a concave production function that
employs no capital, f(lt) -alternatively one may think of
capital being exogenously given and fixed. The commodity is
perishable and no technology is available for carrying it to
the future. At each point in time the utility function ios
separable and additive in consumption and leisure.

For ny specific purposes, I assume that the
jndividual holds time-separable preferences on consumption.
This is not the case for leisure. Indeed; the agent’'s ability
to gain wutility out of any given amount of leisure today
depends on the whole stream of his labor choices during the
past n-1 periods. This assumption may be justified on the
grounds of being more in line with the prediction of consumer
theorya, although, as I argue, it should be supported also by
empirical evidence. Without loss of generality, I set
n = 3. The agent’s objective is to maximize the following

8. See Barro and King (1984) who present a detailed case on

this respect.
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™ ~ # t
(4.1) ?it} Lo (Ulcy) + RI1T = Tl 5,1 5,1 )1)8

subject to:

(4.2) Cp < f(lt);
# 9
0 < r(lt—Z'lt—l'lt) < 17; r(o) = 0
-] [} . .
(4.3)  Ty(°),Tp(°),T3(0) 305 Ty5(°) T35(°),Ty3(%) >0;
0 < lt <1 (all the above holding for each t);
1_2, l-l given.
Under usual circumstances10
in (4.1) may be formulated as a dynamic programming problem:

(4.4) zZ(l_,,1_;) = sup ({¥(l_,,1_y,14) + B2(1_;,14)}
2 1 {10}>0 2 1’=0 1’0

where Z(l;_4,1;) is the value function of the optimal

problem at time i+1, and the return function

(4.5)  ¥(1__,, 1. 1,1,) = {(UIE(1 )] + R(L o, 1 5,100}

£-27"t-1"’
where R(1,_,,1._;,1.) = R (1%¥ - (1 5,1 ,.101.

In order to <characterize the dynamic pattern for
consumption, output and employment in this simple economy I
am allowed to focus on labor only. In the implicit assumption
of a constant intensity of his effort, the agent, in
optimizing (4.1), is solely concerned with his flow of dated
labors to be supplied. Given his preferences over leisure and
consumption, the value of the problem is completely

determined by the pattern for his labor supply.

9. The simplest case I can imagine for function Tr'(°) is a
quadratic time-~dependence such as G(lt—Z'lt—l’lt) =

[alt_2 + blt—l + dlt]lt for some proper weights a,b,d>0.

10. Boundedness of the utility function, continuity and stric
concavity of both wutility and production functions.

- 14 -

, the infinite horizon optimization

5. The Impact of Non-time—separable Preferences

I am interested 1in characterizing how this economy
will behave after, for any reason, it is taken away from its
rest point. In particular, I am going to ask the following:
after a shock occurs, will the agent converge monotonically
to the stationary level or will there be fluctuations in his

labor supply about its rest point?

In order to answer this question I shall use part (i)
of Proposition 1 stated above that provides me sufficient
conditions for an oscillatory (monotonic) labor supply

pattern after the shock occurs.

in my case, considering (4.5), I obtain:

¥p(ly pelegole) = Ryl prlegrleli

1

Yolleogrlegrle) = Bplle pelegole)e

Hence, I get the following cross-partials:

¥ip = Ryplle grle_1ely)

Y13 = Ryg(le oelpg0ely)

1 1.).

Yo3 = Rpglly prle_grly

This result matches with the hypothesis in the proposition

- 15 -



. 11
above. In fact, le, Y13 and Y23 are all negative™ .

Ry, and R,; measure the impact at the margin of
supplying an extra unit of labor today and tomorrow,
respectively, on the marginal disutility of working the day
after tomorrow, as the agent will perceive it the day after
tomorrow. The more he works today -or tomorrow- the higher
the marginal wutility of leisure, for any given amount, the
day after tomorrow. ’

It is now clear that if I let the agent supply an
amount of labor away from its rest point, consumption, output
and employment will fluctuate in this simple model. This
behavior is optimal for the agent since when lt # ¥ it is
also the case that ¢ # e’ (where * labels steady state
values).

Because of the autocorrelation in his preferences
over leisure, in the near future he will face a higher
(lower) negative impact of lt onto his marginal utility out
of leisure, for any given level of lt+1 and lt+2‘ Then, he
will have to lower (increase) his supply of labor in order
to make up for having "overworked" ("underworked") in the
past. Output and consumption will also move in the same

direction.

.

There is no asset available which enables the

individual to transfer his wealth across time, whereas his

—_—

11. Recall that R(1__,,l,_;.1y) =R (1*-6(1,_,. 1, 1,100
Therefore, in the extended form:
¥Ry (lpgrleogele)= N
=d/dl 1{ -r (lt 2llt lll )R ’[l -r(lt_zllt_lrlt)]}
=T 2(°)R (o] & T ()T,(°)R "(°];
= d/dl {-r (°)R '[°]} --1'13(°)R T(°1+Ty (°)T4 (°)R "[el;

Y13
¥p3= drdlel- f ()R 7[91) ==T,q(*IR /[ 14T, () T3(*)R "(°1.
Provided condltlons (4.3) are satisfied and R [1#-r(°)] is

concave, le, Y13, 23 < 0.
- 16 -

preferences are correlated over time. As a result, whenever
he starts out supplying an amount of labor other than the one
associated with a stationary behavior the only impact onto
his future lies with the associated change in tomorrow's
problem state variable, lt' On its turn this change will
modify the terms of substitution between consumption and

leisure in the near future.

6. Concluding Remarks.

In the 1light of my results I may conclude that, in
general, assuming a time-to-build technology for capital and
non-time-separability in preferences over leisure engenders
fluctuations in the model. Therefore, unless conclusive
evidence is supplied, introducing these assumptions seenms
improper. Otherwise, we might just be dealing with an
interesting exercise but one unable to enhance our
understanding of business cycles.

Indeed, even the policy conclusions implied by RBC
models that no effective welfare increasing counter-cyclical
policy can be performed seem to be weakened by my results. If
the simulations of the model gain a good fit to the actual
data on the basis of assumptions that are not supported by
clearcut evidence, then the associated model is also
jeopardized.

It is my hope that the results described will provide
an additional stimulus for a thorough micro-empirical
research on the time structures of technology in the capital
goods sector and of consumers’ preferences over time.

Doubts are also cast on the exclusive role commonly
assigned to the stochastic shock to productivity in
generating the «cycle. According to my results, it is clear
that the outlined assumptions on preferences and technology
do play a part in shaping the gualitative (and not only the
quantitative) dynamics of RBC model solutioms.
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APPENDIX

Consider the problem,

t
W(k_yokg) = Max Tm o B V(ky gokprkey)

(k150

- Max (VI{k_,.kq.kq) + BW(kg,ky)]
[k1]>0 1’70’1

- max  [V(k_).kg.ky) + BV(kgky kp) + B2W(Ky ko))
(ky /ky}>0

I 1introduce two different sets of initial conditions: {k_l,ko} and
{k‘_l,k‘o}. Let kl and kz be the optimal choices from {k_l,ko} and
k'l and k'2 be the optimal choices from [k‘_l,k‘ol.

If k_l # k’_l or k0 # k’0 the following two inequalities must
hold

2
(A1) [v(k_llkolkl).+ ﬂv(kolklikz) + B W(gllkz)} 2

( 2 [ ’
(A2) f[v(k'_l,koo,k:l) + v(k'o'k'l'k'z’ +2ﬂ Wik 1,k 2)} 2
Z {v(k'_llkIOIkl) + ﬂv(kiolkllkz) + B w(kllkz)}‘

Summing up (Al) and (A2) yields, after simplification and

regrouping,

(A3)[v(k—l’kO'kl)_v(k—l'kO’kll)]+[v(k'-—1'k'O'k'l)-V(k'-l'k'0’k1)]
+ﬂ([V(k’oik’llklz)-v(klolkllkz)’+[V(k°lkllk2)_v(kolklllklz)]}20'

condition (A3) may be restated in integral notation as

(Ad) k
({ 1[V3tk_l,ko,sl)-V3(k*_1,k'0,sl)]ds1 +
1 ~—
%o ke, k',)lds, } > O
k{ [vllsotkl;kz)'vllsot 1 2 0 .
0

J.
k!’
B

-+
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By adding and subtracting:
(1) Ia(k_l,k'o,sl) in the first integral;
(11) Jy(sqgrk’yky) in the second integral,
I obtain

k
i’%V3(k_1'k0151)-V3(k_lrk'0,51)+V3(k_1,k10’sl)_va(ki_llkro’sl)}dsl+
(ad)

k
+5£ ?vl(so’kl'kZ)-vl(so'k'l'k2)+vl(so'k'1fk2)-V1(50rk'1-k'2)165020-
0

Finally, condition (AS5) may be restated in a more convenient form
as

ky ko ] s ky k_y .
{ {'lfk'v32( _1r8gr8q)dsyds,y +k{1 i' 1val(s_l, 0rS1)ds_sds; +
(A6) -
ko k6 kO k2
+ B {' Ikr21(s°'sl'k2)ds°dsl s Ik.v31‘so'k'1'sz’dsodszl 2 0.
1 02

(A6) must be satisfied if the path [kt} is to be optimal. By

‘using condition (A3) I can infer some important restrictions

on the shape of the trajectory for capital accumulation. These
restrictions depend on the particular configuration of the
cross—-partials Vige Vigr and Va3 of the return function.

Part (1): If, as in part (i) of the proposition, I have

(A7) Vg < 9, Viz ¢ 0 and Va3 < 0

I proceed as follows.

Consider the two different sets of initial conditions
{k_l,ko} and [k‘_l,k‘ol such that k_1<k0 and k‘_1<k‘°.

Then, without loss of generality, I may set ki+1'k'i3 Hence, the
two paths, if monotonicity holds, will yield

- 19 -



(A8) k_l<k'_1;k0<k' gikq<k’ 1iky<k’ 5 (or k_1<k0<k1<k2<k3) .

1f (A6) holds, not all inequalities in (A8) can be satisfied at
the same time, otherwise condition (A6) would be violated.
Therefore, the optimal trajectory cannot be strictly monotonic,

as in (A8).

Part (ii): If Vi = 0, Via €0 and V,, < 0 (not being both

zero), then (A6) becomes

{V32(so,sl) + 6V21(so,sl)}ds0 ds1 > 0.
0
Thus, if [V23 + BVlzl < 0, k'o > ko implies k’; > kl.

(An argument -just identical to the heuristic proof of the
two-period cycling in the text- involving the first order
conditions shows that the equality cannot hold if
+ 5V12] # 0). Now if I set k'o-kl, it follows that kzuk‘l and

k, k
(a9) [ lf i
kll k!

(Va3
k1>k0 implies k2<k1.
The proof for the monotonic case with [V23 + ﬁvlzl > 0 is

identical.
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