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A _REMARK ON INCOMPLETE MARKET EOQUILIBRIUM!
By Frank Hahn
Introduction
Let S be the set of "Savage" states of nature. A state of
nature describes the history of the environment which is
independent of the action of agents - it is exogenous. Now

consider a pure exchange economy with £ goods which lasts for two
£(s+1)

periods. The consumption set C of agent h is a subset of R+

where § now stands for the cardinality of the Savage stage space.
Let there be S Arrow-securities which span.S. Then by a famous
theorem of Arrow [1953] the equilibria of this economy coincide
with those of an Arrow-Debreu economy, that is, one which at the
first date has a full set of contingent goods markets.

This result is at first sight counter-intuitive since the
economy with Arrow securities is a sequence economy (Radner
[1972]) while the Arrow-Debreu economy is not. But in a seguence
economy agents in the first period must act on price expectations
while in an Arrow-Debreu economy price expectations play no role.
The mystery disappears when we notice that Arrow's theorem
implicitly makes an assumption concerning price expectations:
agents are taken to have perfect foresight. That is, in the
initial period agents know for sure the value of the price vector
p(s) € mf which in equilibrium is market clearing. Even so there

is the difficulty that second period equilibrium at s may not be

I have discussed this note with a good many people. Andreu
Mas-Collel when given the problem at once saw the sunspot
connection. David Cass believes that this is all obvious from
the sunspot literature. (Private correspondence).




unique. So the assumption is even stronger: agents in some way
have coordinated their expectations on one particular
equilibrium. In this note I want to drop this assumption
partially: agents know the set of second period equilibrium

prices but do not know which will prevail.

Once we allow agents to be uncertain of second period
equilibrium prices we must add "endogenous uncertainty" to the
exogenous uncertainty represented by Savage states. Kurz [1974]
a long time ago drew attention to price uncertainty as at least
as significant as Savage-state uncertainty. Recently
Chichilnisky, et al [1991a, 1991b, 1992] have also examined
economies with endogenous uncertainties and it appears that my
"Remark" and their work overlap.

But the most relevant earlier discussion of the matter is to
be found in the sunspot literature. 1In equilibrium sunspots can
be taken as signals of which of a number of equilibria will
prevail. Agents' probability distribution over sunspots
coincides, in equilibrium, with that over the set of price
equilibria. Sunspots are thus a kind of coordinating device.
However should there be a full set of Arrow-Debreu markets
conditioned on Savage states as well as on sunspot, no sunspot
equilibrium is possible. (E.g. Cass and Shell[1983]) In this
remark I want to make the connection between this result and the
recent literature on incomplete securities markets. We shall see

that the result analogous to "no sunspots are possible" has

certain ramifications.

Ihe Model
Let there be B securities and let a® € RP be the portfolio

of agent h (h = 1...H). Let a € XRB be the matrix of portfolios.
H

A security j pays a return in pumeraire and rj is the vector of
these over the states in which the security pays. I write R as
the matrix formed by the column rj. Let

A = {a]ZaP = 0y

First we consider the second period economy once a has been
chosen in the first period. Let xh(p.a) € Rts be the second
period excess demand vector of agent h given p € Rfs and a. The
agent's budget set is

B, (p.3) = (x"|p(s)ox"(s) < Ra™)
where p(s) is a price vector in Savage state s € S, xh(s) an
excess demand vector in this state and p(s)th(s) denotes the
vector in R® with components p(s).xh(s).

Let E(é) denote the set of possible second period
equilibrium prices and excess demand allocations given 5, that is
each element B, (x™(P,a)}, in E(3) satisfies

TxP(B,a) = 0 (1)
h
and for each h, <0 € Bh(ﬁ,é) implies xg < xh(i,a) (2)
Of course in the second period some particular s is realised. So
E(a) is the set of possible second period outcomes as viewed from
the first period when a has been chosen. In general E(é) will

have more than one member (p,{xh(s)}s); there are multiple




second period equilibria. I shall use
Assumption 1 For all a € A the second period economy is regular.
(It has countably many equilibria.)

Let n(a) be the number of second period equilibria given a.
Then I use
Assumption 2 For all a € A, n(a) is finite so that

n = max n(a)
a

is well defined.

Now let i = 1...n. Identify each of the numbers i with an
auctioneer. Each auctioneer "calls" some p € Rfs after a has
been chosen. That is at the end of the first period but before
the Savage state of the second period has been realised. Some
auctioneers may call the same price. Agents now face price
uncertainty. It is therefore natural to enlarge the state space
to

S = {o]o = (s,i), s E s, i E (1,n)}

I am now interested in an economy whose securities are
Y-complete. That is the security pay-offs span .

The formulation of the problem in terms of fictional
auctioneers is a convenient way of introducing price uncertainty
and does not appear to have any further implications. Thus
p(9) = p(s,i) is the price expected (in the first period) to
. .th
prevail in the second period in Savage-state s if the i
auctioneer is "in charge" ;of setting prices. It could equally

th

well be regarded as the i element of price vectors for s which

are in the support of the agents' first period beliefs.

a 9= o

Dafinition An equilibrium for a z—complete economy is
B E Rf(2+1), eRED po gy P eR® no1m g R?
such that when

B%(5) = (™ a"|5(0)x"(0) = 0 ana @ = 0; B(o)oxP(0) = raM},
one has

h

»"i

(x",p) € 8%5) implies x all h (3)

[« S PaN

and

o .

%P = 0 ang B! -
H H

(4)

We now have

Proposgition If an equilibrium exists for the 2—comp1ete economy
P(s,i) = p(s) all i

That is, second period market clearing prices depend only on s,

i.e. are unique for each s.

The proof of this proposition follows exactly the same lines
as that for the proposition that sunspot equilibria are
impossible for a complete Arrow-Debreu economy. Since
preferences are defined on Rg(s+1) and are convex it follows that
if xh(s,i) # xh(s,j) the agent would prefer the convex mixture.
Since the securities are z-complete the agent can indeed insure
so as to have the same consumption at s whatever the prices and
he will do so. But then excess demands depend only on s and
there can only be one rationally expected market clearing price.
We are then back in the traditional model. However there are 3-S

redundant securities.

The redundancy however is special: should it disappear




while agents always correctly calculate the set of second period
equilibrium prices the ¥ would not be spanned and
price-uncertainty would again be present. But then no S-complete
equilibriuim exists.

We can make this more precise as follows. Suppose the
securities spanning % are all Arrow securities: each pays at
only one ¢. (R is diagonal.) Then we have
Proposition If all securities are Arrow securities and agents
only buy securities for which ¢ is in the support of their
distribution of beliefs over 3, then no 2—complete Rational
Expectations equilibrium exists provided the economy with S
securities has multiple second period equilibria.

The proposition is a little counter-intuitive. Agents
realise the possibility of multiple equilibria and in the
2—comp1ete economy insure against price-uncertainty. Once they
have done that there can only be a unique equilibrium for each s.
For Rational Ekpectations equilibrium all previous price
equilibria for s must be given zero probability. But then, by my

assumption they will not insure.

Comment

The above I think gives a better understanding of
"sunspots". So far, multiple equilibria have mainly played a
role in the discussion of the existence of sunspot equilibria.
Sunspots were equated with "extrinsic" uncertainty. But the
possibility of multiple second period equilibria is an intrinsic

feature of the market economy. To that extent sunspots reflect

(are signals for) intrinsic uncer*ainty. Complete security
markets imply that this uncertainty is included in the space to
be spanned. If there is such completc spanning then the price
uncertainty disappears as lcong as it is maintained.

A last remark. The device of a number of auctioneers allows
one to treat each auctioneer as a state of nature. Thus, as far
as existence for an economy with numeraire securities is
concerned, as far as I can see, no problems arise.

October 2, 1992
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A REMARK ON INCOMPLETE MARKET EQUILIBRIUM
ABSTRACT

By Frank Hahn

When in the second period of a two period economy there are
several second period equilibria for any realised Savage-state
the economy is said to have "endogenous uncertainty”. Enlarging
the state space so as to take account of this leads to the
conclusion that it is not possible to have an equilibrium in
which securities span this enlarged space. The relation to
sunspots is discussed.

J.E.L.D. 52
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