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1. Introduction®

In the last two decades or so, business cycle theory has undergone a
radical and rapid change, certainly more impressive than those undergone by
other fields of economic theory. As a result, business cycle theory is nowa-
days a very highly formalized topic to which are continuously applied "purely
technical developments”,' often imported from other fields of scientific re-
search (e.g., physics, biology, ...). Given this situation, an interesting ques-
tion is that of understanding the interactions between the technical develop-
ments and the (conceptual) developments achieved in business cycle theory
in the last few years; in particular, it appears crucial to understand the direc-
tion of causality, if any, in such a relation.?2

According to the dominant view, as expressed most forcefully by Lu-
cas — surely the most representative exponent of the equilibrium approach to
business cycle theory — the direction of causality runs from purely technical
developments, "... that enlarge our abilities to construct analogue economies"”
{Lucas, 1980, p.697), to conceptual innovations in business cycle theory.
From this Lucasian position, it seems to follow that the attention paid by the
profession to the equilibrium approach is to be mainly explained in terms of
the developments achieved in the mathematical theory of stochastic differ-
ence equations.

Our intention in this contribution is to question such a rigid view, and
rather to support a different position according to which the main develop-
ments recently achieved in business cycle theory are due mainly to
"conceptual innovations” in economic theory. Moreover, and more impor-
tantly, our purpose is to show that, in many cases, the acritical application of
given mathematical tools to economic problems may hinder rather than
stimulate "conceptual developments” in business cycle theory.

Among the "theoretical innovations” in economic theory, the one
which helps the most in explaining the passage between business cycle
theories of the past — by authors such as Kaldor, Kalecki, Goodwin and Hicks
— and business cycle theory of the present — for example, by Lucas — is the
idea, now dominant, according to which, in order to obtain a "theoretically
sound” aggregative economics, we must search for its micro-foundations in
the traditional sense. As a consequence of this search, we have nowadays
macroeconomic theories of the business cycle which are based on the analy-
sis of the behaviour of an optimizing representative agent and which disre-
ggrd ang( assumption not derived from an individual optimization process as
ad hoc.

The result of such a concentration on the problem of the micro-foun-
dations of macroeconomics is that the "ad hockery” of other very special —
and, as such, unsatisfactory — assumptions is rarely discussed. These as-

* Financial assistance from M.U.R.S.T. 60% and M.U.R.S.T. 40% is gratefully ac-
knowledged.

1 See Lucas, 1980, p.697, where we read that these developments include improve-
ments in both mathematical methods and in computational capacity.

2 An important contribution which tries to answer this question is contained in
VELUPILLAI, 1991.

3 See, for example, Lucas, 1977, pp.8 and 14.
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sumptions are often required to "force" the structure of a given economic
model into a pre-determined mathematical structure. Although assumptions
of this kind may allow the use of existing mathematical results which guaran-
tee an "elegant" analysis of the model, the consequence is that often the
main economic problem for the solution of which the model was constructed
loses its priority. Such a situation appears to be particularly evident in busi-
ness cycle theory and has already been the object of some discussion.* Qur
purpose here is to contribute to the discussion by analysing the problem in
connection with some recent (and less recent) nonlinear models of the busi-
ness cycle.® In doing this, the various models will be classified on the basis
of the order of their final dynamical equation.

First of all (Section 2), we briefly consider two early applications of
chaos theory to dynamical economic models. As we will see, in both models
the final dynamical equation can be reduced to a one-dimensional difference
equation. Our purpose in doing this is to show that in this case, the
"technical developments” — which are sufficiently understood only for one-
dimensional dynamical systems — cannot lead to relevant "theoretical devel-
opments” in business cycle theory, apart from showing that irregular paths
can be generated from purely deterministic models. In order to obtain
"conceptual developments" in business cycle theory, it is necessary to study
higher-dimensional dynamical systems.

Then, in Section 3, the problem of the interaction between "technical
developments” and “theoretical developments" in business cycle theory is
analysed with regard to higher-dimensional continuous-time models. First, we
analyse two nonlinear models of the business cycle formalised in terms of
two-dimensional differential equations, namely, Goodwin's 1951 model and
the model recently (and repeatedly!)® proposed by Benassy. Our purpose in
doing this is to show that in these models the crucial (and very unsatisfac-
tory) special assumptions are the ones which make it possible to use the
Poincaré-Bendixson theorem and all associated concepts of planar dynamics.”
Second, to understand what are the consequences of the relaxation of such
assumptions, Goodwin's model is analysed as a "forced" oscillator.

Some conclusions are then drawn in Section 4.

2. Nonlinear Models of the Business Cycle in Discrete-Time

It is nowadays well established that very complex (chaotic) behaviour
can emerge in one-dimensional, discrete-time dynamical systems.

After May's 1976 article, attention has concentrated mainly on the so-
called /ogistic equation:

X1 = %1 - %) =f(x), x € [0,1]), u € [0,4],

4 Apart from Velupillai's contribution already quoted in footnote 1, see also VERCELL,
1991, in particular Chs 8-9.
& There has recently been @ renewed interest in nonlinear dynamics, stimulated by the

ok

a¢inal mvenms N rhantinr dunaminal cvetnrme Crn dha latendyimslnn T | ameii= ANnAA
v-nf chagtic dy ystems, Se2 the Ftreducyion I Lorexs, 1932,
8 See, for example, BENASSY, 1984a,b; 1986a,b.

7 On this point, see FiToussI-VELUPILLAI, 1987, p.31.
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the mathematical properties of which are sufficiently well understood, at
least as compared to those of higher-dimensional systems.? It is not surpris-
ing, therefore, that also most of the economic models with chaotic dynamics
have a final dynamical equation which can be reduced to an equation of the
logistic type or of a qualitatively equivalent type.® However, what /s surpris-
ing is that the pretty special assumptions, which are required to "force" the
structure of a given economic model into the structure of the logistic model,
are often introduced without any economic motivation, and, what is even
worse, without any discussion of the extent to which the results obtained in
the model depend on them.

Our purpose is now to discuss this problem with reference to two early
applications of chaos theory to business cycle models.

2.1. Day's Neoclassical Growth Model

One of the first examples of economic models which can generate
chaotic dynamics is contained in Day's 1982 article, where the author refor-
mulates in discrete time Solow's 1956 neoclassical growth model.° In doing
this, Day's purpose is to show that complex behaviour can emerge from
quite simple economic structures.

When the standard neoclassical growth model is modified by introduc-
ing a production lag, and by assuming that the capital stock exists for ex-
actly one period, we can write:

(1) Y,=C, + I,

(2) L = Kiyre

{3) S ;=Y,-C,=8Y,5>0
(4) Y, = FIK,Ly),

(5) L=(1+n'len>0

where Y is income; C, consumption; I, investment; K, capital stock; S, sav-
ing; FIK,L), a linear-homogenous production function; and L, the labour em-
ployed.

From (1)-(5) we obtain the following relation in per capita terms:

Kis
L

s Akl ___s
(6) = ket = T30 F[L‘,1] = T T

t+1

Under the usual convexity assumption on the. produc}ion function, the
model possesses two equilibria: one, at the origin, is repelling; the other, at

8 gee, for example, LoreNz, 1989, pp.103-129.

9 To replicate the qualitative features of the dynamics of the logistic equation — such
as the "period doubling route to chaos™ — one has only to assume that, in a relation of the
type x,,, = Fix;u), the map is hump shaped with a unique maximum that increases in the
*tuning” parameter u. See BROCK-DECHERT, 1991, p.2212. For a survey of economic models
with chantie dunamice sep Ratmn -RenHarig. 1989: BROCK-DECHERT. 1991: GOODWIN-PACINI.
1992; and KeLsey, 1988.

10 5pp also DAY, 1983; Bennasis-DAY, 1980, 1981, 1982,




4

the point k* — where k* is such that k*(1 + n) = sf(k’) — is asymptotically
stable. In this case, taking k, as the initial capital-labour ratio, we obtain the
graph shown in FIGURE 1.1
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FIGURE 1

Having seen this, it is not difficult to understand how the mode! needs
to be modified in order to obtain a dynamical equation similar — and qualita-
tively equivalent — to the logistic map. Indeed, we know that, under the
usual assumptions on the production function, the right-hand side of (6) is a
monotonically, strictly increasing function of the capital-labour ratio. In con-
trast, as shown by Day (1982, pp.409-411), assuming that there is a pro-
ductivity inhibiting effect caused by increasing concentration of capital, such
that the production function is:

Y
T = flk) = B(m - k), k< m,
t

(6) becomes a unimodal map:

sB

Keoy = 1+ n)

B8
Kfim - k)7.12

11 For the simulation we have used a production function of the Cobb-Douglas type —
YN, = flk) = B — with B= 2.8 and 8 = 0.5.

12 Day considers also other two examples to show how the standard neoclassical
model can be modified to obtain the representation of chaotic dynamics, one in which there

Thus, assuming that 8 = y = m = 1, we obtain a dynamical equation
formally equivalent to the logistic equation with u = sB/(1 + n):

sB
Kest . mkt“ -k,

which can be easily simulated. For example, for values of s, B and n such
that the ratio sB/(1 + n) is above a certain critical level, we obtain the phase
dia%ram and the solution trajectory shown in FIGURE 2 and FIGURE 3 respec-
tively.

k't:+1

45°

FIGURE 2

2.2. A Discrete-Time Version of Goodwin's 1967 Growth Cycle Model

Another economic mode! the final equation of which can be reduced to .
an equation of the logistic type is contained in POHJOLA (1981), where the
autgolr analyses a discrete-time version of Goodwin's 1967 growth cycle
model.

is a variable savings ratio and one in which the substitution of capital and labour is con-
strained by a maximal potential growth rate.

13 Far tha simulatinn wa hava taken e = N4 R = 12 28 and n — N2 Eunn far sha
general five-parameters case, DAy (1982, pp.409-11), by applying the Li-Yorke theorem,
shows that the above map is chaotic for appropriate values of the parameters.
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As in Goodwin's original model, Pohjola assumes that the labour sup-
ply (N,) grows at a constant rate (n):

(7) , Ney1 = (1 + nN, n= 0;

that the technical progress is labour-augmenting at a constant rate (o):

8 Yesr _ s .
(8) L. (1 + O)L:' o= 0;

and that the capital-output ratio is constant (u):

K
(9) 'Y—l=p.,y.>0.

However, in other respects, Pohjola's model deviates crucially from
Googwm's original one. Indeed, not only does he consider a discrete-time
ver_slon_of the model, but he also takes a different specification of the way in
whlph income distribution reacts to the employment situation: Goodwin's
original specification — a Phillips-curve in which the relative change of real
wages depends on the employment rate (E = L/N) — is replaced by KUH's
(1967) specification which makes the /eve/ of wages depend on E:

Y
w, = h{E) T h' > O,
t
of, taking a linear approximation of h{E,):
Yt
(10) w, = (-a + BE()r.14
t

Although this modification of the model is introduced by Pohjola with-
out any further discussion, it is not difficult to understand that this is the
crucial assumption which ensures that the final dynamical equation of the
model is one-dimensional.!5

From equations {7)-(10), assuming, as in Goodwin's model, a saving
function of the classical type, we can write the condition for the equilibrium
in the product market as:

(11 Kier - K = (1 -A)Y,,

where A is the workers' share of total output:
(12) A =— = -a + fE,.
Thus, we obtain:
El+1'Et= Lt+1 & -1 =
Et Nl+l Lt
1 Y

- t+1 -1
T+ n1+al Y, '

from which:18

E,
(13) E“1=Et1+r1--§ ’
where:
_ 1-pg + o
p(l + g’

g=o0+ n+ no,

E’=1'E§+a.‘7

14 5ee PoHJOLA, 1981, p.29.
15 A discrete-time version of Goodwin's original specification would contain the term

- w)Mw, on the left-hand side.

anms . AN AN

Wy n
VUG | WiNTMNy WMy e e

17 Moreover, itis assumed that 1 -pg + @ > 0, -a + §> 1 + p,r< 3, andr> 0.
From these assumptions, it follows that 0 < E, < 1 and -a < A, < 1 + pin all periods.




Finally, from (13), writing x, for £/(1 + HE®, we obtain the following

equation of the logistic type:

(14) Xper = (1 + Ax,(1 - x,).

As was the case for Day's model, also for Pohjola’ iti i
i AS | , jola’s model it is not dif-
guﬁlt lo find values of the parameters such that the solution has a chaotlic
ehaviour. For example, with r = 2,94 we obtain the phase diagram and the

solution trajectory of the model shown in FIGURE 4 and FIGURE 5 respectively.

X

t+1

el

FIGURE 4

Thus, the discrete-time version of Goodwin's 1967 model, with the

Fr:;c:ggfcatlon introduced by Pohjola, is capable of generating chaotic growth

2.3. Concluding Remarks

The models we have analysed in this Section — which
as significant, although not exhaustive, examples of the applic\g’teioﬂag? éﬁ'ﬁgg
theory to economic modeling — were proposed right at the beginning of the
Eighties, when economic investigations of chaotic dynamics were still in their
infancy. Thus, they had, together with a few other contributions, ¢ the im-

18 An earlier model which gives rise to chaotic dvnamics is cantainad in Grirrarn
1980, where the author analyses a discrete-time version of Haavelmo's 1954 growth model.

9

portant role of showing to economists that purely deterministic models can
generate very irregular behaviours, strongly resembling random processes.1®
However, besides that, these models do not seem to offer us the possibility
of improving our understanding of the dynamics of capitalist. economies. On
the contrary, as we have seen, they show very clearly that strong (ad hoc)
assumptions are required to "force" the structure of a given business cycle
model into a pre-determined mathematical structure.

x 1.800a800

|]z'o{

T ; L
—
=
—

FIGURE b

Both Solow's 1956 growth model and Goodwin's 1967 growth cycle
model, with the modifications introduced by Day and Pohjola, have a final
dynamical equation of the logistic type to which all known techniques can be
easily applied. For example, once the final dynamical equation has been re-
duced to an equation of the logistic type, one can easily find the values of
the parameters for which the equilibrium is stable, the values for which there
are stable cycles of period 2%, or the values for which there is chaotic behav-
jour. However, although the use of these techniques makes a very "elegant”
analysis of the models possible, it is important to understand that the modifi-
cations of the original models have above all a mathematical motivation and
seem rather unsatisfactory from an economic theory point of view. First of
all, it is necessary to consider discrete-time versions of models that, as was
the case for the two models we have considered above, were originally
framed in continuous-time. Second, it is necessary to ensure that the map is
one-dimensional, even in the cases in which the original version of the mod-

Also in this case, the final dynamical equation is a nonlinear, one-dimensional difference
eauation gualitatively equivalent to the logistic equation. '

19 perhaps, an even more influeniial article in this sense was that of GRANDMONT
{1985}, which showed to cconomists that this is true also for general equilibrium models.
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els had a higher-dimensional dynamical system. Finally, it is necessary — in-
troducing very special assumptions — to ensure that the map is unimodal. All
this seems to reduce considerably the relevance and generality of the results
obtained analysing models of this kind. Thus, this is an example in which the
use of "technical developments” — which are sufficiently understood and
widely known only for one-dimensional dynamical systems — does not seem
to lead to relevant developments in business cycle theory.

3. Nonlinear Models of the Business Cycle in Continuous-Time

i There are at least two good reasons why, to analyse higher-dimen-
sional dynamical systems, we prefer to consider models of the business cycle
framed in continuous- rather than discrete-time. First of all, doing this, we
can take account of an important interaction between purely "technical de-
velopments” and "theoretical innovations" in business cycle theory: in 1951,
Bichard Goodwin — who had learnt most of the necessary theory of oscilla-
tions from the physicist Ph. Le Corbeiller?® — published his celebrated con-
tinuous-time, nonlinear accelerator model, the dynamical system of which
can be reduced to an equation of Lord Rayleigh's type (LRT) or, equivalently,
of van der Pol's type (VDPT).2! Second, complex behaviour in continuous-
time dynamical systems requires an at least three-dimensional state space.
Continuous-time, therefore, appears to be the natural framework in which to
study higher-dimensional nonlinear systems in the same way as discrete-time
is the natural framework to study one-dimensional systems.

What is relevant for us here is that, in the opinion of the exponents of
the dominant approachies) to macroeconomics, the problem with Goodwin's
model is that its macro-behavioural relations lack any micro-foundations in
the traditional sense and must therefore be disregarded. Jean-Pascal Be-
nassy, for example, has recently criticized, for the ad hockery of their as-
sumptions, all models — and thus also Goodwin's — with @ sigmoid-shaped
investment function or Phillips curve.?? As an alternative, he has then pro-
posed a (nonlinear) non-Walrasian model with the purpose of showing that it
is possible to obtain the representation of endogenous, persistent fluctuations
assuming only traditional shapes for the various functions.

To appreciate the relevance of Benassy's criticism, it is necessary to
understand the role which, in a model of the business cycle, is played by the
choice of a given nonlinearity. In the attempt to answer this question we first
analyse, in Section 3.1, the problem of the conditions for a limit cycle in
Goodwin's model. Then, in Section 3.2, we consider the same problem with
regard to Benassy's model.

20 Goodwin and Le Corbeiller were colleagues during the Forties at Harvard Univer-
sity. See PALAzzI, 1982, pp.18-20.

21 15 this case, the causality does not seem to run from purely "technical develop-
ments” to "theoretical innovations” in business cycle theory (i.e., from the van der Pol oscll-
lator to the nonlinear acceleratorl): Goodwin's purpose was that of representing en-
dogenously persistent economic fluctuations; had he not had this purpose, his relation with
Ph. Le Corheiller would not have rasultad in such an imnortant innovatinn in hieinece ruetn
theory.

22 5ge Benassy, 1984a,b; 1986a,b.
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3.1. Goodwin's Nonlinear Accelerator Model

Our purpose is now to show, with reference to Goodwin's 1951 arti-
cle, the role which the choice of a given nonlinearity plays in a continuous-
time model of the business cycle. In order that the attention of the reader is
not diverted from the main point we want to make, however, the mathemati-
cal steps, when necessary, are presented in the Mathematical Appendix
{from now on referred to as MA). )

In his celebrated 1951 model, Goodwin obtains, as a final equation de-
scribing the dynamics of the economic system, the following (non-autono-
mous) nonlinear equation {see MA.i):

(15) Y + {le + SO - $(Y)} + sY = Alt+0),

where Y is national income; ¢, the time-lag between income and expenditure;
8, the time-lag between investment, orders and investment expenditures; s,
the marginal propensity to save; ¢(Y), induced investment; Alt+0), autono-
mous investment; and where Y = dY/dt, and Y = d*Y/dt%

The induced investment is assumed to react nonlinearly to changes in
output and to be such that:

¢lo) = 0,
délo) _

a — Vv
Y'L"L olY) = -1,

Jim, $(Y) =1,

where I* is a positive constant corresponding to the maximum rate of invest-
ment allowed by existing productive capacity, and -I'* a negative constant
corresponding to zero gross investment.

Equation (15) is a nonlinear differential equation of Lord Rayleigh type
(LRT). Assuming for the moment, as Goodwin does, that the autonomous
component of investment is constant and equal to A" for all t, taking the de-
rivative of both sides, and writing y for (Y - A*/s) and x for y, we obtain the
equivalent equation of van der Pol's type (VDPT):23

(16) X + f(x)x + glx) =0,
where we have chosen the time-unit so as to have § = 1, and where:
f1x) = (e + ) - $'x)},

gix) = [‘E] X.

<3 For a discussion ot the relation betwesn these two lypes O equalions, $6e Lt
CoRrBeILLER, 1960.
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Using an intuitive attitude to the question, we can assemble qualitative
evidence that, in the case in which the equilibrium is unstable {see MA.ii),
there is a limit cycle.

To this end, let us use an analogy from mechanics24 and consider
equation (16) as an equation describing the displacement — x — of a particle
of unit mass under a force system containing a conservative element — alx)
— and a dissipative or energy-generating component — f(x)k. From energy
considerations (see MA.iii), i.e., studying the exchange of energy along a
phase path, it is not difficult to understand that the shape chosen for the in-
vestment function, together with the relatign among parameters implied by
the stability cgndition, is such that whenc]x is "small", x must increase,
whereas when |x| is "large”, x must decrease. This means that, a though the
origin is locally unstable and thus in the region near the origin x| increases
sooner or later a region will be reached in which ¢'(x) < (¢ + 5) so thath]
decreases.

This appraisal of the regions of the phase plane in which energy loss
and energy gain take place gives grounds for expecting a limit cycle and
makes it possible to understand the role played by the choice of that nonlin-
earity: the nonlinearity — in this case that of the investment function — is
such that, over a given trajectory, the exact balance of regions in which the
energy decreases and regions in which the energy increases is guaranteed at
least once. In this sense, we can say that, in order to obtain in the phase
plane a limit cycle solution, an ad hoc nonlinearity is always required. Keep-
ing tr'\is in mind, it is now interesting to turn our attention to Benassy's
medel.

3.2. A Standard Criticism of the (Nonlinear) Accelerator Model

In his contribution, Benassy's purpose is that of achieving a synthesis
between models of the non-Walrasian equilibrium type and ftraditional
Keynesian models of the IS-LM type with fixed wage and flexible price.

In such a framework, the IS curve is obtained while taking account of
the fact that aggregate demand, which is always equal to sales, is equal to:

{17) Y = C{Y,p) + I(X,r),

where Y is income (output); p, the price; X, the expected demand; r, the in-
terest rate; and where all usual assumptions on the signs of the derivatives of
the various functions are made, namely, C, > 0,C, < 0,1, > 0, and |, < O.

Firms, which are assumed to be not rationed at all, have a demand for
labour equal to their notional demand and, as a consequence, also a short-
run supply of goods equal to their notional supply. Thus, given the short-run
production function with decreasing returns which, for a given level of the
capital stock, relates output to the level of employment — Y = F(L), with F’
= dF/dL > 0 and F" = d*F/dL? < 0 — we have:

e o= e[ 2] - st

24 ggg, for example, JORDAN-SMITH, 1987, pp.16-20,
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where w is the money wage and where (see MA.iv):
S, <08S,>0.
With regard to the LM curve, it is assumed that it is of the form:
(19) LiY,r,p) = M,
where L, Lp > 0, L, < 0 and where M is the (fixed) quantity of money in the

economy. . o
Thus, the short-run equilibrium values of the variables are determined

by the following system:

(20) Y = ClY,p) + (X0,
(21) Y = S(w,p),
(22) L(Y,r,p) = M.

In the case considered by Benassy, with fixed wage and flexible_price,
the above system determines the equilibrium values of Y, r, and p for given x
and w. Thus, its solution in Y is a relation of the type:
(23) Y = z(X,w),

such that (see MA.v):

Y
X = 2, >0,
aY
3w = 2w < 0.

The crucial step is now to specify the two equations governing the be-
haviour in time of the mcney wage and of the expected demand..

With regard to the nominal wage, Benassy assumes that it evolves ac-
cording to a Phillips Curve of the type:
(24) w = H{u), H'(u) < O,

where, writing L, for the (inelastic) supply of labour, the level u of unemploy-
ment is given by:

u=Ly-Fy,
and where the function H is assumed to be such that:25

lim H{u) = + o0,
u~0

25 Tha farmilatinn rhacen hv Renacav takae arnnnnt of tha assumntinn arrcardina ta

which the firm is not constrained on the labour market, i.e., that full employment is never

re__ached.
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H{d) = 0.

From (24), we obtain a relation between the increase in nominal wage
and output:

(25) W = H(u) = H(L, - FY(Y))=
= G{Y), G'Y) > 0,

where, writing Y, for the full employment output F(Ly) and Y for FllLy - ),
the function G is such that: -

lim GlY) = lim H{Ly- F'(Y)) = + oo,
Y=Y, Y-Y,
G(Y) = H(L, - F'(Y)) = H(T) = 0.

Finally, with regard to the dynamics of expected demand, Benassy as-
sumes that it "adapts” to actual demand with a speed of adjustment equal to
u, ie.:

(26) X=puY-X),n>O0.

lowi Thus, the system describing the dynamics of the economy is the fol-
owing:

(27) w = G(Y),
(28) X = pulY - X),
where:

(29) Y = z(X,w).

Writing (Y*,X*,w") for the long-run equilibrium values of the variables,
we find that;

Y'=X =Y,
and that w* is the value of w which satisfies the relation:
2(Y,w*) = Y.

Benassy's contention is that this (long-period) equilibrium — which ex-
ists and is unique — is either stable or unstable, in which case there will be at
least one limit cycle.

The equilibrium point is locally unstable or locally stable according as
to whether (see MA.vi):

(30) plz, - 1) 2 -G'(V1z,,

On the basis of the assumptions made by Benassy, we can conclude
that tha nartial darivative » ie nncitivea Howaver it ie nat nasaibls oo aa.

e o ew ey

anything about its absolute ‘value, namely, whether it is less ‘or greater than
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one. Thus, there are different, alternative cases which must be considered.
For example, when z, is less than one, the left-hand side of the condition is
negative so that the equilibrium point is stable. However, when z, is greater
than one, there are two possibilities depending on whether the positive dif-
ference ulz, - 1) is less or greater than the right-hand side of the conditions
we have obtained: i.e.:

z,-1>0,

is a necessary — although not sufficient — condition for the equilibrium point
to be unstable.

If this is the case, Benassy shows, using the Poincaré-Bendixson Theo-
remn, that there exists at least a limit cycle.28

Having seen this, however, it is not too difficult to understand that in
Benassy's model, the crucial role in the generation of limit cycles is played by
the (ad hoc) specification of the nonlinear dependence of the equilibrium level
of income on expected demand. In order to concentrate our attention on
such a crucial nonlinearity, we consider a simplified version of the model.

To this end, we replace the Phillips curve with its linear approximation,
obtained by expanding the function G(Y) in Taylor's series at the equilibrium
point and then neglecting all terms of order higher than the first.

In doing this, the dynamical system determining the evolution of the
economy becomes:

(31) w = o(Y-Y),
(32) X = ulY - X),

where Y = z(X,w) and 0 = G'(Y) > O.
From (31)-{32), we obtain (see MA.vii):

(33) X + {ul1-2) -0z }% - poz,,x = 0.

To simplify still further, we assume that all functions (20), {21) and
(22) are linear in all arguments except the investment function which is non-
linear in the expected demand, and such that:

k!

'ax—z=lxx¢0,
L _#
axor ~ arz "

From this assumption, it follows that the short-run equilibrium value of
Y is such that its partial derivative with respect to X depends only on X
whereas its partial derivative with respect to w is constant. As a conse-
quence, we can write:

z, =Z'(X) > 0,
z,, = z,, < 0 (constant),
2, =2"(X) #0,

28 See, for example, BeNASsY, 1984a, pp.86-88.
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Zow = Zy, = 0.7

Thus, equation (33) becomes:
{34) X+ f,(x)x + g,ix) = 0,
where:
falx) = pl1 - Z'(x+X°)] - 0z,
gz(x) = -;LGEWX,
which is an equation of (generalized) van der Pol's type.
In spite of Benassy's claim, also for his model we can easily under-
stand the role played by the choice of that nonlinearity.
To see this, let us write equation (34) as:

(35) X =u,
{36) U = -fo(x)x - g,(x)

For this dynamical system, the total energy is given by:

uz
E= 7 + Gy(x),
where:
X
G,(x) =fgz(‘r)dr,
o]
so that:
dE
Gt = X Z0,

according as to whether:

27 In the case in which all functions are linear in all arguments except the investment
function which is nonlinear in the expected demand variable, we obtain:

dy |“dX’
J|dr | = 0
d’p 0

where J is the same matrix of coefficients we have considered above. Thus, 3y/ax? is differ-
ent from zero and such that:

AG/AvE — = =1 L@ nil
- an AR ¢ P

For an analogous simplifying assumption, see SCHINAsI, 1981.
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f,0x) = ul1 - Z'(x+X*)] - 03, § O.

Having seen this, it is possible to understand that the assumption im-
plicitly made by Benassy according to which there exists a value of X — say
X** — for which Z'(X**) =1 is crucial.?® Given this assumption, we know that
there exists an X =X** < X° for which we have:

,(X*) = -0z, > O,
so that:

dE
gt < 0.

On the other hand, we have seen above that the condition for the
equilibrium point to be unstable requires that:

pll - Z'(X*)] - o2, < O,

f,(X") <0,
so that:

dE
at > 0.

Thus, the proof of the existence of a limit cycle offered by Benassy by
using the Poincaré-Bendixson theorem simply implies that the forms chosen
for the various functions of the model are such that these positive and nega-
tive exchanges of energy compensate each other exactly at least once over a
trajectory. As a consequence, although Benassy is surely correct in saying
that in his model he does not need to assume a sigmoid shape for any of the
functions involved, his solution is subject to the same type of criticism.

Some conclusions can be drawn from the analysis we have developed.

In Goodwin's model a crucial role is played by the specification of the
investment function. This should hardly be surprising given the crucial role
that factors explaining the investment behaviour have in determining the dy-
namics of an economy. In particular, Goodwin gives an explanation for the
reasons behind the assumption of a sigmoid shape for the investment func-
tion which are plausible if seen as part of the very simplified framework
("céosed economy model with no role for govemment") in which they are
made.

On the contrary, assumptions are often not explicitty made by Be-
nassy. In particular, he considers it an advantage of his model that cyclical
fiuctuations in economic activity are obtained without having to assume any
ad hoc shape for the various functions involved. However, on the basis of

- that sucn an assumpuon 1S made Dy Denassy 1$ Il.llpllcu N e pligag digiam
where he draws, for the unstable case, the graph of the locus X = 0. See BenAssY, 1986a,
*pp.182-183. )
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the analysis we have developed above, there are good grounds for disagree-
ing with him. For example, we have seen that, for the existence of limit cy-
cles, the partial derivative of Y with respect to X must be positive but less
than one for "low" levels of expected demand and greater than one for
"high™ levels of expected demand. Although Benassy says nothing about this
matter, this implies that, to have a limit cycle, we must have 32Y/dX? = z
> 0. In the simplified model we have considered, as well as in the original
model, this is the case when I, > 0. However, to require that I is positive
for all levels of expected demand is an (ad hoc) assumption which would
seem to deserve, at least, some discussion.2?

The lack of attention given to the analysis of the investment process
makes itself felt also in another important respect. As we have seen, Be-
nassy's model has the "traditional” structure of short run non-Walrasian equi-
librium which is not abandoned even when Jong run considerations are intro-
duced into the model. For example, given the assumed short run structure,
the production function relates output to the level of employment for a given
level of the capital stock. The resulting short run equilibrium level of output
(income) is then used, together with the two equations describing the behav-
iour in time of w and X, to obtain the dynamical system which governs the
dynamics of the economy. The problem is that, although this is surely a
"traditional” assumption for the short run, it is difficult to understand what it
means to maintain it in the long run. As a result, we have an investment
function which has an important role in determining some features of the dy-
namics of the economy but which has no effect on the level of the stock of
capital and, therefore, not even on the level of output.

To justify his assumption, Benassy says that:

"... {we)} could have added an equation depicting the evolution of the capital
stock, so that investment would have effects on both the demand and supply
sides... The inclusion of these variables, and possibly other relevant ones,
would have however increased the dimensionality of our dynamic system be-
yond that which can be elegantly handled by available mathematical cycle
theory.”

(BenAssy, 1986b, p.144; italics added).

Thus, we again have assumptions which are made to "force™ the
structure of the model into a given mathematical structure. Such assumptions
— which make it possible to employ the Poincaré-Bendixson theorem and all
associated concepts of planar dynamics — allow an "elegant™ analysis of the
model but certainly do not open the way to relevant developments in busi-
ness cycle theory. Developments of this kind seem to require the study of
higher-dimensional dynamical systems. Also this can be easily understood
considering Goodwin's nonlinear accelerator model.

3.3. Goodwin's Model as a Forced Oscillator

As we have seen, Goodwin, in his nonlinear accelerator model, obtains
the following final dynamical equation:

29 An analogous comment is made in GABISCH-LORENZ, 1987, p.138.
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(37) Y+ %{(s + 8V - ¢V} + 3Y = %A(t+1),

but analyses the equation:

(38) Y+ Sfle + 8y - 6} + 3y = 0,

where y represents deviations from the equilibrium level. .

To obtain equation (38) from equation (37), Goodwin assumes that the
autonomous component of investment is constant and it is important to no-
tice that this assumption, which is the crucial one, is not even mentioned by
Benassy — perhaps because it has to do with the dimensionality of the result-
ing dynamical system.

In equation (37), time enters explicitly in the right-hand side and this
causes the dimensionality of the system to increase.*® Thus, although
Goodwin introduces the assumption of constant autonomous outlays without
discussing its implications,?! it is easy to understand that this is the crucial
{ad hoc) simplification which allows Goodwin to write the equation in terms
of deviations from equilibrium as in {38) and then to perform the subsequent
analysis using the Poincaré-Liénard method of graphical integration. However,
this assumption — which seems to have above all a mathematical motivation
— is not very satisfactory from an economic theory point of view.

To understand this, let us stress that innovational investment is part of
Alt+1), i.e., of that component of investment outlays which in the model is
taken as constant. A better alternative is to assume — as in GOODWIN, 1946
— that innovations are a periodic function of time and write:

Alt+1) = bsin(c{t+1)).

In this case, the (forced) equation describing the dynamics of the eco-
nomic system is equivalent to the following three-dimensional system:

(39) Yy =Y,

1 s b .
(40) Yy =-%{le + s)Y, - $(Y,)} - Y, + Esin cY,,
(41) Ya’ = 1.

After having specified the investment function ¢(Y) (see MA.viii), it is
possible to simulate the solution trajectory of the dynamical system.

With b = 0 — the "unforced" case — equations (39)-{(41), when the
equilibrium is unstable, describe a stable limit cycle as is shown in FIGURE 6.

However, when b # 0, we may have an infinite set of new phenom-
ena in addition to the equilibrium point and the (stable) limit cycle which can
appear from the planar theory of nonlinear oscillations.32. For example, simu-

30 For an introduction to the study of "forced” equations, see Ch.16 — "Dimension
Two and One Half" — in Hale-Kogak, 1991, pp.497-509. g

31 See Gooowan, 1951, p.12.

32 gge GUCKENHEIMER-HOLMES, 1983, pp.ix-xii, and 66-82. See also Goobwin, 1990,
Pp. 11 £-130; KOGAK, 198Y, pp./-8 and 143-144; JORDAN-DMITH, 1¥8/, Lhapters b, / ang
12; and LoreNz, 1988. Goodwin's model as a forced oscillator is studied in Lorenz, 1987,
‘and LoRenz, 1989, pp.155-1567.
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laging the system fore = 0.5,s = 0.4, v= 1.2, b=1and ¢ = 1, we ob-
tain the phase diagram shown in FIGURE 7. Alternatively, simulating the
equivalent VDPT equation, we obtain the phase diagram and the solution
trajectory shown in FIGURE 8 and FIGURE 9 respectively. In particular, the lat-
ter figure shows that the model, with the values chosen for the parameters,
exhibits the so-called sensitive dependence on initial cenditions — a distinc-
tive feature of chaotic dynamical systems.33 '

FIGURE 6

As we see, the limit cycle behaviour of the "unforced" case is trans-
formed into more complex dynamics. Thus, the impression one has is that it
is only by abandoning all very special assumptions which make it possible to
use the concepts of planar dynamical systems, that we can improve our un-
derstanding of the dynamics of the capitalist economy.

4. Conclusions

This paper has been an attempt to understand and clarify the use of
special assumptions in nonlinear models of the business cycle.

We have seen that there are models in which, on the one hand, as-
sumptions are criticized as ad hoc because of their lack of micro-foundations
in the traditional sense, and, on the other, very special assumptions are in-

trovcliirnd in Ardnr 8 Tavnlais® sha ndiamtamns - %
2} j R e S emen Sre wwssicsmpuv waiviVvM My O YIVGHTD Qb ywen

33 The two initial conditions used in Figure 8 are (5,5,0) and (5.1,5,0}.
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known mathematical structure. In these cases, even if the "mathematical
elegance” is guaranteed by the use of theorems like the Poincaré-Bendixson
Theorem (as in Benassy's model), the robustness of the results is inevitably
weakened. In particular, all assumptions which serve the purpose of keeping
"low" the order of the resulting dynamical system seem to reduce consider-
ably the relevance of a model.

y2

5.07

=-3.85

- 1 L = =
8.30-55% -@,084 @,49 1.2 7

FIGURE 7

The model we have analysed in Section 3.3 is very simple and, as
such, it does not represent a better alternative to models formalized in terms
of one-dimensional or two-dimensional dynamical systems. However, it sug-
gests to us that "forced" models, as stressed by Goodwin himself (1990,
pp.121-123), may have a considerable relevance to economics. First of all,
"forced" models allow us to take account of the fact that the economy con-
sists of a very large number of separate and distinct parts and that, as a con-
sequence, the various parts are subject to continual exogenous forces. Sec-
ond, and more importantly, "forced” models offer us a way of studying the
interaction between cycle and trend. Indeed, although the superposition of a
trend to a linear model of the business cycle is certainly a very unsatisfactory
way of dealing with the problem, the situation is very different when we
consider a nonlinear model. In this case, the superposition of an exogenous
trend may have unforeseeable consequences. For example, in the simplified
example we have considered, the limit-cycle behaviour of the "unforced™ sys-
tem is transformed into chaotic dynamics.

However, as stressed recently bv HAHN (1991). it is possibla that the
analysis of dynamical systems of this kind will make analytical methods im-
possible and that, as a consequence, we shall need simulation.
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Mathematical Appendix

MA.i. GOODWIN (1951, pp.11-12) obtains equation (15) as an approxi-
mation to his original final equation which is an equation of the mixed differ-
ential-difference type. To obtain equation (15) directly, we can reformulate
the model in terms of adjustments to desired levels and write:

(i.1) Y= %{(c +1)-Y},
(i.2) I = 26V - [1- Alt+00},

where, apart from the notation already introduced in the text, C is the level
of consumption; I, the level of investment; Y = dY/dt, and I = dl/dt. The
system (i.1)-{i.2) can be rewritten as:

{i.3) (D +1)Y=C+1,
(i.4) (6D + NI = ¢(Y) + Alt+0),

where D = d/dt. From (i.4):

1

I=mp+ 0t

#Y) + Alt+0)},

and, inserting in (i.3):

—1ﬁ{¢(Y) + Alt+0)},

(aD+1)Y=C+wD+

from which, ignoring the constant part of consumption, we obtain (15).

MA.ii. Linearizing the homogeneous part of {i.3)-{i.4) around the equi-
librium point (y,I} = (0,0), we obtain:

. s 1
. Y| _ & 3 Y|l _ \
1) [1] S HEGHE
g &

where y = Y - Y and where the matrix A is such that:

Det{A) = £ > 0,

-1,50ﬁvgs+s.

+z

[L1IR}

Tr{A) = -
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Thus, if v > s + ¢ as Goodwin assumes to be the case, the equilibrium is
unstable. '

MA..iii. The total energy in equation (16) is defined by:
E=T+U-= [%]x’ + G_(x),

where T = (1/2)%? is the kinetic energy and U = Gix) = jgg(-r)dr,- the po-
tential energy. In our case, as a particular motion progresses, we have:

£ = %{ [%] %2 + G(x)}=

XX +gix)] =
x2[¢'(x) - (¢ + s)).

Integrating this expression with respect to time fromt =7, to t =7, we ob-
tain:

T
E(r) - E(r) = [{#'(x) - (¢ + s)}xdt,
To

where x(t) is the solution of (16) on the chosen path. Given the shape cho-
sen by Goodwin for the nonlinear investment function, we have:

(@) {¢'(x) - (¢ +s)} > O & E(r) > E(ro) for |x| "small"; i.e., the energy
is increasing and f(x)x has the effect of an internal source injecting
© energy into the system;
{b) {¢'{x} - (¢ + s)} < O & E(7) < E{r,) for |x| "large"; i.e., the energy
decreases and f(x)x has a damping effect, contributing to a general
decrease in amplitude.

When, over a trajectory, these counteracting forces cancel out, we have a
limit cycle. Thus we can write the following (sufficient) condition, for the ex-
istence of a limit cycle:

${s'(x) - (¢ + s)}x3dt = 0O,

where the curvilinear integral is taken along the trajectory. This means that it
is always the choice of the function {¢'(x) - (¢ + s)} = -gf(x) — and in par-
ticular of the nonlinearity of this function — such that this condition holds
that guarantees the limit cycle solution.

MA.iv. The partial derivatives of the function S(w,p) are easily ob-

tained by considering the maximization problem solved by the firm. Writing II
far nenfite thie nrohlem ic tha followina:

Max II = pF(L) - wL.
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The first order condition for a maximum is:
w
— = F'{L).
p (
Given that F” < O for all L, we can use the inverse function rule and write:
L=fp" [%] = H(w.p).

From the first order condition, we find:

dwip) _ % - [M [B_L] = F"{L)H,,

ow dL ow
a(\év;p) _ 'ﬁ _ [%J [g—;] = F"(LH,,
from which:
R R
w " pF"(L) '
H, = -pTu:{ﬁ > 0.

Thus, the short-run equilibrium production function is:

Y = F[F"‘ [%” = F(H(w,p)) = S(w,p),
such that:

ay dF| [aH

ow [dL] [aw] =S, <0
and:

ay dF{ |oH
- ] -

MA.v. In (20)-(22), we have:

Y - C(Y,p) - I{X,r) = Fy{Y,r,p;X,w) = 0O,
Y = S(va) o Fz(er,P;xpW) = or
LY,r,p) - M = F{Y,r,p;X,w) = O.

Thus, taking the total differential of both sides for each of the three equa-
tions, we obtain relations of the type:
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oF; oF, oF,
(o + [+ [

o o] 1< e

Calculating all partial derivatives, we obtain the following system:

(1-C)dY - Ldr - Codp = LdX,
dY - S,dp = S,dw,
LdY + Ldr + L,dp = O,

the Jacobian of which is:

1-C, -, -C,
9 =] 1 0 -5 ]|=
L, L L

=ILL,-ClL, + S,(1-CJL, + SIL, <O.

Supposing, for example, that dx # 0 and dw = 0, the system becomes:

aY
1c, 1, ¢, | | oX :
1 0 -8 ol _ o
o | fax| = |9}
L L L ap
x| -

from which, using the Cramer's rule, we obtain:

1, -1, -Cp
00 -S
"’_Y._BZD('\'F\'F)=Z=0LrL =
X~ X x IJl
LS
B IS

Analogously, assuming that dw # 0 and dX = O, we find:

Y Syl + Gl Ay
T |
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MA.vi. The linearized system is:

W
X

G'(Y)z (w - w) + G'(Y)z,(X - X",
Bz {w - W)+ plz, - 1THX - X°),

the characteristic roots of which are:

M2 = %{Tr(A) + [Tr(A) - 4DetlA)]"2},

where:
I:G'(V)zw G'(V)z, :l
A=
pz,  plze- 1)
so that:
Tr(A) = G'(Y)z, + plz,- 1) > O, _
Det{A) = G'(Y)z,ulz, - 1) - G'(Y)zuz,, = -G'(Y)z, > O.

Thus, given that Det(A) is always positive, the stability of the equilibrium
point is determined by the sign of Tr(A): if Tr(A) < O (> 0), the equilibrium is
locally stable (unstable).

MA.vii. Taking the time derivative of both sides of (30), we obtain:

(vii.1) Y=2X+2z,W=
pz Y - X) + 02,(Y - Y) =
gz ly - x) + 02,Y,

wherey = Y - Y and x = X - X*. Thus, inserting in {vii.1) the expression for
y given by (33), we obtain equation (34).

MA.viii. Following ALLEN (1967, pp.378-380), and given that the in-
vestment function must satisfy four copditions, we have chosen a form of
the type:

oy o Ja
gy} = {bexp{-c?} + 1 1}d'

where the four coefficients a, b, ¢, and d are determined as solutions of the
following system:

(vm 1) ¢(’0) = O,m

{viii. 3) $i+¢;°) =i’ '
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{viii.4) &'(0) = v.

Following this procedure, we have obtained the following specification for
the investment function:

I+ 1 P
oly) = rexp[-|_1 e va] +1v (!

which we have then employed for the computer simulation.
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