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ABSTRACT . A version of the proportional lottery rule in the spirit of approval voting is defined and

characterized on the domaiu of all dichotomic preference profiles.
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1. Introduction.

This short paper provides a simple characterization' of a "new” procedure for social choice on an
exogenously fixed agenda - called proportional approval lottery rule (PALR) - when the relevant
domain is the set of all dichotomic preference profiles. PALR is very simple to operate : each voler is
asked 1o list her k best allernatives; then the final choice is the oulcome of a lottery that attaches to
any alternative a probability which is proportional to the voles it has won. As the name suggeats, this
method is a version of the proportional lottery rule as combined with a basic feature of "approval
voting”, namely the allowance to vote for several alternatives ( see e.g. Brams,Fishburn(1983) ). The
restriction to dichotomic profiles can be motivated as follows. First, dichotomic preferences are
particularly interesting in view of their simplicity, and are indeed amenable to a plausible justification
in terms of satisficing behaviour. Second, it is well-known that, under dichotomic preferences,
(plurality) approval voting is strategy-proof. It can be easily shown that the same is true of PALR,
under a straightforward adaptation of the notion of strategy-proofness ( based upon the probability
mass attached to the preferred set ). However, atrategy-proofness is not needed in the characterization
offered below. Undoubtedly, this circumstance partly reflects the fact that, under dichotomic
preferences, strate;.gy—proofness is a relatively mild requirement.

As mentioned above, PALR is meant for application to voting problems with an exogenously fixed
agenda. This is g0, because otherwise a strong incentive to manipulate by duplicating alternatives is
produced by PALR 1 in a manner of speaking, PALR is not clonation-proof. Obviousy, this fact
narrows down the scope of PALR. However, it should be emphasized that the need to be restricted to a
fixed agenda setting ( or, alternatively, to be endowed with a suitable agenda formation rule ) in order
to overcome perverse agenda manipulation effects ~ other than clonation - is a shortcoming that is
shared by virtually all the procedures studied in the literature on strategic voting (see e.g.
Vannucci(1992)).

2. Definitions and main result.

Let X denote the universal finite set of aliernatives : it is assumed that #X >3 . 2% ig the set of all
non-empty subsets of X, and (for any positive k<#X) 2X(k) is the set of k-element subsets of X.
J6(X) is the set of all probability measures defined over X, and for any m € Ab(X) supp(m)={ x€X:
m(x) > 0 }. The countable set of potential volers is denoted by Q. A dichotomic preference relation
over X is simply a set a € 2% to be interpreted as the set of best - or good - alternatives in X, For any
N C Q, with [N|=n an N-profile of dicholomic preferences is a list a=( al,..,an) € [ZX]N . A lottery
rule for dichotomic preferences (LRD) is then a function fD—M(X) , where
8#DC Uy c 2X17 . Porany k <#X, a LRD fis k-restricted whenever DC | J MEE@IY .
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The following properties for LRDs are most relevant to the ensuing analysis.

k-Universal Concerned Domain (k-UCD) . A (k-restricted) LRD f: D -— M(X) salisfies k-UCD iff
p=Uy c ol

Anonymity (AN) . A LRD f: D —s M(X) salisfies AN iff for any n € Q, for any permutation ¢(n) of
the set { 1,..,n}, and for any profile « €D : f(aa(n))=f(a) , where aa(n)z( 30(1)""'aa(n)) .

Neutrality (NT) . A LRD f: D — M(X) satisfies NT iff for any permutation 7 of X, for any n € Q,
and for any profile «a€D : {(ra) = nf(a) , where rra:(';r[al]....,'r[an]) and for any x€X
()] (x)=[{(e)](n(x)) -

Fx-Post Pareto Efficiency (PE) . A LRD f: D — A(X) satisfies P iff for any N C Q and any proﬁle
a€ Dn[ZX]N ¢ supp(f(a)) € U =13

Independence of Symmetric Substitutions (ISS) . A LRD {: D — M(X) satisfies ISS iff for any
N C 9, for any profile a € [2X]N and for any pair of distinct playersij €N : if x € a}\ a;,y€ aj\ 3

b= (25 \ (XDUY} and bj=(a;\ {y}) U{x}, then fla; byb)=ila) .

Limited Manipulative Uniformity (LMU) . A LRD f:D — M(X) satisfies LMU iff for any N C €,
af eDXN, ieN, and cd e 2X st Jel=ld]:  f(a ;0) - Har_yd) = €(A_j0) - £(4_;d) -

The conditions k-UCD,AN,NT,PE need little comment. k-UCD requires that the relevant LRD be
defined at any conceivable profile of k-element ballots over X. AN and NT are standard social-choice
theoretic symmetry conditions requiring equal treatment of agents and alternatives, respectively. PE is
a weak version of Pareto efficiency cnsuring that the sclected lottery does not result in a Pareto
dominated alternative. ISS was first introduced by Baigent,Xu(1991) in a quite different setting in
order to obtain a simple axiomatization of (plurality) approval voting, It amounts to an invariance
condition which forbids sensitivity of the decision rule to an exchange of two alternatives between the
choice sets of two agents. LMU is a version of an axiom first introduced by Barbera’(1979) - under the
name of Individual-Independence - in order to characterize "point-voting decision schemes” ( a class of
-lottery rules defined over profiles of prefercnce rankings ). It requires that differences of outcome
probabilities due to a certain change of the message chosen by any single agent be independent of the

message profile chosen by the other participants.

The Proportional Approval Lotlery Rule (PALR) f* attaches to any alternative a probability which is
proportional to the number of favourable votes gained, namely for any N C{Q, profile

a=(ay,.a,) EDC [ZX]N and alternative x € X :

I{i € N: x € a;}

(f*(@))(x) = m
i=1lal

The main result of the present paper is the following characterization of PALR .

Theorem. For any positive k<#X, PALR is the unique k-testricted LRD that satisfies conditions
k-UCD,AN,NT,PE,ISS,LMU.

Proof. PALR obviously satisfies k-UCD,AN,NT,PL,ISS,LMU. In order to prove the uniqueness part
of the thesis, let us consider a k-restricted LRD which satisfies k-UCD,AN,NT,PE,ISS and LMU. First,
we observe that for any k-restricted LRD { which satisfies UCD, NT, ISS the following holds true: for
any NCQ, profile a € [2X(k)]N, and alternatives x,y €X, if ny(a)={ieN: x€a}| = |{ieN:
y€a}l=nyla)  then  (f(a))(x)=(N())(y) - Thus, f(a)(x) only depends on ng(a), i.e.
(f())(x)=h(n4()). This can be shown by a straightforward adaptation of the proof of a similar lemma
by Baigent,Xu(1991), and is thercfore omitted.

Next, cousider any N C Q, profile « € [ZX (k)]N , and alternative x € X. If x¢ U, € N&jp then
(f(a))(x)=0, by PE. Hence let us assume w.l.o.g. that x € Ui c N3; 1t is to be shown that

ng(a)

MW=y 2

We proceed as follows. First, put i€ N :x € ai}:{il(x,a),..,inz(a)(x,a)}. Then take a set b € 2X(k)
s.t. x ¢ b. Notice that , by assumption, ail(x,a) #X . Therefore, by LMU,

(D)) - (s, oy B)E) = (10530 ) - R 3,01y PV =

= (f(a_lz(x,a)|,_|i )(x'a))b»"xb))(x) - (If(a_il()(‘a)',_,i )(xla))bl"vb))(x) .

ng(x na{a




Now, at any profile A € 2X\{X} : (£(8))(x) = h(nz(B)) ( from the first part of this proof). Since {
also satisfies AN, it follows that

(fa))(=) - (f(a_il(x'a)vb))(x) =(f(a_i1(x'a)vb))(?‘) _,(f(a-il(x,a),i2(x,a)'b‘b)(x)=

=(f(a'i1(x'a)'"'inz(a)-1("'“)'b’ ............. b)) (x) - (f(a‘il(x'“)""inx(a)("'a)'b’ ......... b)(x)= r(x)
\ng()-1 times/ \nz(a) times/

where r(x) €[0,1].
Summing up the foregoing equations, and using PE, it follows that
(Ho)()= nge)- x(x) -
Hence, for any x s.b. ng(x) #0, -
x)=r=1/ Zz € xPz{(@)
and

(f(@))(x) = E_% QED. O
TEANT

3. Concluding remarks.

As mentioned above, the proportional approval lottery rule is strictly related to the proportional
lottery rule ( also known as uniform random diclatorship ). Several characterizations of the latter as
defined on profiles of linear orderings are known ( see e.g. Barbera’ (1978) for the fixed agenda case,
and Pattanaik,Peleg(1986) for a variable agenda setting). In particular, Fishburn,Gehrlein(1977)
provides a characterization of the proportional lottery rule with two alternatives. To the best of the
author’s knowledge, PALR has not been previously considered in the literature. A straightforward
adaptation of the proportional lottery rule to the dichotomic domain of the present paper might consist
in the following meth(;d : first use an equal chance lotlery o select a ballot :and then choose on
alternative according to an equal chance lottery amongst the allernatives included in the randomly
selected ballot. This method, however, while clearly enjoying clonation-proofness, would violate the ISS

condition.

Notes
1) Thanks are due to R. Myerson and J.Kelly for calling my attention on this point.
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