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1. Introduction*

An internal rate of return attached to a project can be unam-
biguosly used In decision-making procedures only if such a rate is
unique. This explains two trends in the literature: the first, develo-
ped in the late sixtles and early seventles, aimed to render unique
the internal rate of return by the truncation of productive projects;
the second, particularly successful in recent years, sought larger
and larger classes of projects to which a unique internal rate of
return is attached(1). .

The main purpose of this paper is to point out that uniqueness
is definitely not the only property an internal rate of return ﬁust
have in order to be fully available for decision-making. An additional
property will be shown to be necessary in the light of the outcome
of an investigation that we shall make 1into the economic meaning
of the internal rate of return.

Moreover this property will be proved to be more restrictive

than uniqueness and hence this final result will\ be obtained: full
validity of standard criteria for accepting, or rejecting ény single
project, and for ranking projects, 1is limited to a proper subset
of the set of projects whose internal rate of return is unique.

Researchers should take this into account and not concern

# This Is a fully revised verslon of Quaderno n? 11: the general [rame-
work has been changsd and new results added, | am grateful to Profl. E.
Zaghinl and G. D'lppolita of Rome University and to Prof. G. Patrizl of
Siena University for their most useful comments on the flest draft of this

papet.

(1) Special relerence is made to a conslderable number of contributions
published in the Journal ef Financial and Quantitative Analysls during 1973-
-1980.




themselves solely with uniqueness.

A minor purpose of this paper, achieved as a by-product,
is to generalize sligthtly Soper's well known sufficlent condition
for the uniqueness of the internal rate of return.

The following definitions will be adopted throughout this

paper.

Definition 1. Ve define as a productive project a vector
of expected net outputs (a0 L an) such that a, < 0, aj>

>0 for at least one j=1, ... ,n , and a £0.

Definition 2. We define as an internal rate of return attached

2
to project (a0 0 codlh an) y an interest rate r, > -1 such that( ):
3 =
1= aJ (1+r1) = 0

Both these definitions are the most general to have been

proposed in the literature.

2. A sufficient condition for the uniqueness of the Internal rate
of return
In this section we are going to prove the followlng propo-

(2) An internal rate of return is usually defined as an interest rate r_l >
> -1 such that:

-]
|§0 al (1+r1) = 0 ,

i.e. such that the present values of the ptoject is equal to zero. It is obvious
that this daefinition is equivalent to Deflnition 2.
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Proposition 1. A (given) internal rate of return r1 attached
to a (given) project (a0 y wee an) is unique for such a project

if the following inequalities are satisfied:

i

() X

2 2 (1+r1)1'3s 0  (1=0, cee, n-1)

Proof. According to Definition 2, in order to prove the propo-

sition, we can prove that, if the following inequalities are satisfied:

1-3 .
(1I) j§0 a,x; 7 < 0 (i=0, ...,§-1) ;

then polynomial

n s
(III) A(x) := X a_ x"J
=0 j
has no positive root other than X, = 1+r1 . It is well known(j)

that there exists a (n-1).th degree polynomial Q(x) such that;
A(x) = (x-x1) Q(x)

Therefore the positive roots of. polynomial (III) other than X (if
any) are the same as the positive roots of polynomial Q(x). Moreover
it 1is well known that the i.th coefficient of polynomial Q(x) is

as follows:

i
. i-3 g
qi = jzb aj x1 (=0, ..., n-1)

(3) See, for example, A. Kurosh, Course d'Algabre Superieure, Moscou:
Editions Mir, 1971, pp. 148-152,




Therefore, under condition (II) all qi' s are non-positive, so
that Descartes' rule of signs(a) guarantees that polynomfal  Q(x)
has no real and positive root. Q.E.D..

It is important to stress that condition (I) 1is not necessary

for the uniqueness of r, . To show this, let us consider the counter-

-example represented by1 the 1internal rate of return 0.7 attached
to project (-100 , 270 , - 270 , 170). It can easily be verified
that such an internal rate is unlque, even if it does not satisfy
condition (I) (in fact we have a, (1+r1) +ta, = 170 > 0 and a,

2
(1+r1) + a,l (1+r1) +ei2 = 19 >0 )7

3. On the nature of the Internal rate of return

In this section we shall investigate the meaning of the inter-
nal rate of return. The outcome of this investigation will be applied
in Section 5 to the economic interpretation of uniqueness condition
(I) that we have already established. .

It is well known that Definition 2 is an attempt to formalize
the intultive idea of a rate of growth of the funds invested in a
project (or a rate of interest earned on such funds).

(5)

While some authors believe that such a formalization is

(4) See, for example, A. Kurosh, Op. Cit., pp. 263-267.

(5) ). Hirshleifer, "On the Theary of Optimal Investmant Declsion",
Joutnal of Political Economy, August 1958, vol. 66, pp. 329-352. See alsa
M. Trovato, "Sulla Validitd del Tasso Intecrno di Rendimento come Criterio

di Selezione di Pragetti di Investimento", Giornale degli Economisti e Annalj

fallacious, we shall show that an internal rate of return attached
to a project actually means the rate of growth of invested funds,

though in ‘certain circumstances' 1t also takes on 'some additional

meaning'.

OQur analysis will be centred on Propositions 2 and 3 which
will follow. Their contents are quite simple, _but their formal state-
ments are somewhat cumbersome. This is why we introduce them with
the following example.

Let us consider the project:

(Iv) (-10, 17, -6 , -20 , 24) .

Moreover, let us imagine the four consecutive, single-period operations

6
given by the following pairs of net outputs( }:

(V) {('10 » 12) 1] (5 ] ‘6) ] (0 ’ 0) L] ('20 ’ 24)} .

The first operation is fmagined to start at time zero and
the last is imagined to end at time four. In this way, the whole

argument is also touched upon by A.A. Alchian, "The Rate of Interest, Fisher's
Rate of Return over Costs and Keynes' Internal Raote ol Return”, A merican
Ecanamic Review, December 1955, val. 45, pp. 938-943; by E. Solomon,

di Economia, settembre-ottobre 1972, vol. 31, pp. 678-691, and P. Puccineslli,
"Aleuni Aspetti Contcoversi della Teoria della Domanda di Investimenti",
Nale Economiche, gennaio-febbraio 1976, vol. 9, pp. 35-93. Hijrshleilar's

"The Arithmetic of Capital Budgeting Decisions", Journal ol Business, April
1956, val. 29, pp. 124-129 and by P.H. Karmel, "The Marginal Elficiancy
of Capital", Econamic Recard, December 1959, vol. 35, pp. 429-434. Nevertha-
less these authors’ main interest Is in explaining the dilletences betwseen

Internal rute of return rules and net present value rules.

(6) We use the term oparutions (instead of projects) for pairs (V) becnuse

same al these pairs do not [it Into Delinltion 1.




of set (V) is imagined to start when project (IV) starts and to end
when project (IV) ends. The operations contained in set (V) have
three main features:

(1) the two net outputs which constitute each operatlon are

either null or differ in sign. According to this feature, operations

(V) can be classified into three groups. We shall call investment

operations those operations whose first net output is negative, finan-

cing operations those operations whose first net output {is positive,

and pull operations those operations whose first net output is null

(null operations are one-period intervals located between one inve-
stment, or financing operation and the next).

(i1) All (non null) operations are performed at the uniform
interest rate 0.2 (i.e. 20%).

{1ii1) Operations (V) are quuivalent to project (IV) in the
simple sense that an investor who undertook all these (imaginary)
operations would obtain the same sequence of (total) .net outputs
as an investor who undertakes (real) project (IV), as shown here

after:

0 , 12
5 , -6
0, 0
-20 , 24
0° , 17 , -6, -20 -

This equivalence ideally allows us to decompose project (IV) into
operations (V), i. e. to regard project (IV) as the set of these
operations.

First of all, we want to show that no set of operations other
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than set (V) can exist which still presents features (1) to (iii) de-
scribed above.

More precisely, and more generally, we want to prove the
following proposition.

Proposition 2. Given a project (a0 R an) and gliven

a rate of interest r1(7), suppose there exlst a set

i

1_
1-1'bi) : i = 1, o0y n

B 1= (b

8)

i
of n consecutive single-period operations( , whose i.th is (bi_1 ’

bi) starting at time i-1 and ending at time i, such that:

WD b] = ~(er) bl =1, o,
1
(VII) bo = ao
e S S T T I )
n
(1IX) bn = an .

Then set B is unique and we have:

(7) In accordance with Delfinition 2, and following cominon practise,
wsa deline as an interest rote, a real number greater than -1 (interest rates
smaller than, or equal to -1 are considered economically meaningless).

(8) An oEeration can be formally defined as an arbitrary vector of dated
cash flows.
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i+ I i-3

(X) b = jgh 3 (1+r,) (1 =0, ... , n-1)
1+1

(XI) b1:1 = - (1+r1} bi+1 1 =0, ... , 0=1) .

Proof. The proof is quite simple. All that we have to do
is to consider constraints (VI) to (VIII) (excluding constraint (IX) )
as a system of equations whose parameters are ag v cer s an ' Ty
and whose unknowns are b; (8=1,...4on § j=i-1,i) . Then we reali-
ze easily that these unknowns are uniquely determined 1in terms of
the parameters, according to (X) and (XI). Q.E.D..

Proposition 2 states that if a set B satisfying constraints
(VI) to (IX) exists, then it is unique, but it says nothing about
when such a set exists. This questfon is answered instead by the
following proposition.

Proposition 3. Given a project (a0
a rate of interest r_, , there exists a set B satisfying equalities

1
(VI) to (IX) if and only if r, is an Internal rate of return attached

9600 0 an) and given

to (a0 SN0 o an).

Proof. The last equality (XI) is:
4 n-1

no_ L n-j-1
b, = 3;5 3 (T+r,) .

Therefore solution (X) to (XI), to constraints (VI) to (VIII), sa-
tisfies also constraint (IX) if and only if

n

3%% aj (1+r1)n-j

i.e. if and only if r, is an internal rate of return attached to

(a0 g ses an). Q.E.D..

]
o

Going back to our numerical example, we are now aware that
rate 0.2 which is uniformly applied to operations (V) , 1s an inter-

nal rate of return attached to project (IV). In fact we have:
4 3 2
-10(140.2)° + 17(1+0.2)" - 6(1+0.2)" - 20(1+0.2) + 24 = 0 .
Propositions 2 and 3 provide an insight into the very core

of impenetrable, though familiar, Definition 2. Infact these propo-

sitions 'reveal' that an internal rate of return attached to a pro-

ject is an_interest rate uniformly applied to some consecutive, single

period (investment, financing or null) operations into which such

a project can be uniquely decomposed.

We can easily refine this crucial result as follows.

Fir;t of all, given a project and an internal rate of return
attached to it, at least one operation in set B is an investment
operation since b; = a, < 0 (see constraint (VII) and Definition
1).

On the contrary, it might well occur that no operation in
set B is a financing operation. This is shown by the set B attached
to project (-50 , 45 , -89 , 110) and to its internal rate of return
0.1. This set B is the following: {(-50 , 55) , (-10, 11) , (=100 ,
110) }.

When no operation contained in set B 1is a financing

operations, the internal rate of return is a pure lending rate earned
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(by the investor) on the funds invested in the project. Such invested
funds are numbers -bi_1 (1=1,...,n) .

On the other hand, when some operations are financing opera-
tions, the internal rate of return acquires a mixed (but still clear)
economic meaning. In fact it must be regarded both as the lending
rate earned (by the investor) on the funds Invested in the project,

and as the borrowing rate paid (still by the investor) on the funds

financed by the project. Invested funds are numbers -bi_,l {(1<i<n;
b:-1 < 0) , while financed funds are bi_1 1 <1 <n; bi_1 >
>0) .

In terms of the two numerical examples previously considered
in this section, the internal rate 0.2 attached to project (-10 ,
17 , -6 , =20 , 24) is a mixed rate (invested funds belng 10 at time

zero and 20 at time 3, and financed funds being 5 at time 1)(9),

(9) Also the intecnal rate 0.7 attached to praoject (-100 , 270 , -270,
178) (see the numerical axample given in Section 2) is mixed. In fact we

have: . .
-100 . 170
100 1 -170
-100 " 170
-100 ' 270 -270 , 170
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while the internal rate 0.1 attached to project (-50 , 45 , -89,
110) 1s a pure rate (invested funds being 50 at time zero, 10 at
time 1 and 100 at time 2).

We want to stress the importance of Proposition 2 stating
the uniqueness of set B. This uniqueness ensures that an internal
rate of return is either pure or mixed: in fact constraints (VI)
to (IX) cannot be satisfled by two sets of operations, say B and
B', such that B cont‘ains solely investment operations while B' con-

(10)

tains at least one financing operation .

(10) We want to stress also that uniqueness of B (stated by Proposition

2) is to be intended for o given project ond on Internal rate which s glven

as wall. Therafore, if a project A odmits two internal rates, say r_and r_,
thers will be a unigue set B  associated with project A and internal rata
r, (i.e. with paic (A , £ ) ), and thera will be another unique set B _ associa-
ted with project A and internnl rate r_ (i.e. with pair (A , ¢ ) ). For axampls,
lat us cansider project (-1, 5, =6) which admits internol rates 1 (100%) and
2 (200%). Unique set B1 assaciated with pair [(-1 y 5, -6) , ‘l] is as follows:

-1, 2
3, -6
-1,5, -6

Unique set B2 associated with pair[(-1 y 5, -8), 2] is as follows:

-1,3
2, -6
-1,5, -6

Incidentally, one can nate that both internal rates 1 and 2 are mixad. In
fact, the analysis we shall develop in Sections 5 and 6 will show that if
two (ar more) internal rates exist, then all of them are mixad.
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4. Hirshleifer's interpretation
The results achieved in Section 3 are not entirely new, but

the form in which they have been mentioned in previous contributions

(1)

is inadequate .

‘On the contrary, the well known interpretation of the internal

(12)

rate of return given by Hirshleifer seems to be rather conflicting
with ours. Hirshleifer's analysis can be summarized as follows.

First of all, " (...) the internal rate of return seems
to be based upon the idea of finding (...) the rate of growth of

(13)

capital funds invested in a project (...)" . But this idea "(...)

involves a ratio and cannot be uniquely defined unless one can uni-
quely value initial and terminal positions. Thus the investment option
characterized by the annual cash-flow sequence (-1 , 0, 0, 8) clear-
ly involves a growth rate of 100 per cent (compounding annually),
because it really reduces to a two-period option with intermediate
compounding (...) Consider, however, a more general investment option

characterized by the sequence (-1 , 2 , 1) (...) How can a rate of

(11) Special reference is made here to M.]. Bailey, "Formal Criteria
for Investment Decision", Journal af Paolitical Economy, October 1959, val.
67, pp. 476-48B8; J1.F. Wright, "Nates on the Marginal Efficiency of Capj-
tal", Oxfard Economic Paper, June 1963, vol. 15, pp. 124-129; J).F. Wright,
"Same Further Comments on the Amblgulty and Usefulness of Marginal EIfi-
ciency as an Investment Criterion”, Oxford Economic Papet, March 1965,
val. 17, pp. B81-89; C. Filippini e L. Filippini, "Nota Critica al Teorema del
Troncamento®, Ricarche Economicha, gennaio-dicembre 1974, val. 28, pp.
3-14.

(12) See [footnote 5.

(13) 1.H. Hirshleifer, Op. Cit., p. 346.
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growth for the initial capital outlay be determined?"(14).

Hirshleifer answers this question as follows.
Let A := (a0 ) ese 3 an) be a project and let r be

an internal rate of return attached to it. Let us consider:

n n-j
bn 3= jga aj (1+r1) .

The internal rate r, is, by definition, such that:

n n
-a0 (1+r1) = b

Therefore, "initial and terminal positions" (so as to use Hirshlei-

fer's terms) are, respectivély, -a0 and bn , while r, is the

rate at which -3, must grow in order to become bn after n perlods.

In other words, Hirshleifer believes that " (...) mathematical

manipulations involved In the calculation of r implicitly assume

that all intermediate (...{ cash flows are rellvested (or borrowed
if cash flows are negative) at the rate r1 1t5elf"(15).

This belief leads Hirshleifer to rather pessimistic conclu-
sions since " (...) this mathematical manipulation (...) is unreasona-
ble in its economic implications. There will not normally be other
investment opportunities Sfising for investment of Intermediate cash
proceeds at the rate Ty nor is it generally true that intermediate
cash inflows (if required) must be obtained by borrowing at the rate

(14) 1. Hirshleiler, Op. Cit., p. 347.

(15) J. Hirshleifer, Op. Cit., p. 350-351.
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r1 . The rate r1 y arising from a mathematlical manipulation, will
only by rare coincidence represent relevant economlc alternatives“(16).

Indeed, our analysis shows that an internal rate of return
is the rate of growth of the funds iInvested in the relative project
independently of any external opportunities. The point is that, in
certain circumstances, it may also be the rate of growth of the funds
financed by the project.

The consequences of this double meaning on.standard decision-

-making procedures based on the internal rate of return, will be

examined in Section 6.

5. The economic significance of the uniqueness condition established
in Section 2

The economic interpretation of the uniqueness condition establi-
shed in Section 2 is straightforward in the light of the investigation
we have made of the economic meaning of the internal rate of return.

We only need to recall that set B, which satisfies equalities
(VI) to (IX), 1s uniquely determined according to (X) and (XI), and
then to compare (X) with condition (I). '

Then we soon discover that under condition (I) all the operations
contained in set B are either investment operations or null opera-
tions, while outside condition (I) set B contains at least one finan-
cing operation.

Therefore condition (I), economically interpreted, shows 1tself

to be necessary and sufficient for an internal rate of return to

(16) 1. Hirshleifer, Op. Cit., p. 350.
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be a pure lending rate earned on the funds Invested in the relative

project.

6. Decision-making criteria based on the internal rate of return

In this section we shall discuss the consequences of the analysis
we have developed so far, for the use of standard decision-making
criteria based on the internal rate of return.

In Section 3 we have shown that an internal rate of return atta-
ched to a project may be either a pure rate of interest earned on
invested funds, or a mixed rate of interest both earned on invested
funds and paid on financed funds.

Suppose the second case applies to an internal rate of return
r attached to a projéct A, an?1;?ppose also that r1 >1i, whe;e
i 1s thc market rate of Interest . As far as r, means the rate
of interest earned on the funds invested in A , project A should
be accepted (because these funds can be borrowed from the market
at a lower rate). But, as far as r1 means the rate of Interest
paid on the funds financed by A, project A should be rejected (becau-
se these funds cannot Le lent to the market at a higher rate).

Since project A (i.e. set B) is indivisible, no meaningful de-
cision can be taken on the simple basis of standard criteria.

Symmetrical reasoning applies when r, < i.

Let us now suppose that an internal rate of return . attached

(17) In the present context we do not worry about uniqueness or non-uni-

queness of r1.
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to a project A and an internal rate of return ry attached to
a project B , still have the double meaning of the Internal rate
r, considered above. Suppose also that r.>r, -

1 As far as r, and r mean the rates of Interest earned on
the funds invested in the respective projects, project A 1is prefera-
ble to project B . But the reverse choice should be taken when r,
and ry are regarded as financing rates (because the lower financing
rate 1s preferable).

Symmetrical reasoning applies whgn ra< r, .
Mote that in case r, is pure and ry is mixed, meaningful
ranking is also not possible. In fact the double nature of r cannot

b
be ignored.

These arguments show that an internal rate of return (apart from
uniqueness) can be meaningfully used for decision-making only if
it is a pure lending rate earned on the funds invested in the relative
project.

On the other hand, we have already said that an internal rate
of return (apart from its economic meaning) can be unambiguously
used for decision-making only if it is unigue.

Therefore, an internal rate of return is avallable for fully
legitimate (both meaningful and unambiguous) use 1n decision-making
if and only if it is both pure and unique.

We now recall that condition (I) has been shown to be necessary
and sufficient for an internal rate to be pure (Section 5) while
the same condition has been proved to be sufficient, but not neces-

sary, for an internal rate to be unique (Section 2). This implies

that pureness 1s more restrictive than uniqueness. In other terms,

- 17 -

if an internal rate of return is pure, then it is unique, but the
converse is not true.

Fron the last two paragraphs the following conclusion may be
drawn: full validity of standard criteria based on the internal rate
of return is limited to a proper subset of the set of projects whose

internal rate is unique. This 1is the subset of those projects that
yield an internal rate which satisfies condition (I)(18).
Indeed, this result is that announced in the introduction to

this paper.

7. Soper's sufficient condition for the uniqueness of the internal
rate of return

In this section we shall show that Soper's well known sufficient

condition for the uniqueness of the internal rate of return(19) is

(18) Fult validity is not ta be intended in the sense that decislon-making
bnsed an the internal rate of return is consistent with decision-making based
on the net present value. This is true far the acceptance/rejection case
(in fsct it can be ensily verified that condition (1) implies positive present
values for | < ¢ and negative present values for 1§ >r ), but ceasos to
be true as far as ranking rules are concernsd. To show this, .let us consider
the projects(-100, 20 , 0 , 144) ond (-100 , -80 , 230 , 12). They have in
comman the internal rate 0.2 which satisfies condition (1), no matter what
the praject rsfersd to. According to decision-making based on the internal
rate, the two projects are indifferent. Nevertheless, nccording to decision-ma-
king bused on the net present value, the investor would be indifferent about
the two projects only il it were i = 0.1 or | = 0.2; project (-100, 20, O ,14‘4)
would be preferred ta pruoject (-100 , -80 , 230, 12) (I |t wers | < 0.1 , while
the revertse choice applies for i € (0.1, 0,2).

(19) C.S. Soper, "The Marginal Efficlency of Capitals a Further Note",
The Economic Journal, March 1959, vol. 69, pp. 174-177.
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generalized by the unliqueness condition we have proved in Section
2.
Put into our notation, Soper's condition (which is proved by
the author 1in a rather cumbersome way) can be rewritten as follows:
: -3
(xIr) X a, (1+r)? < 0 (1 =0, ... , n=1) .
j=0 J 1
Multiplying both sides of the 1.th inequality (XII) by (1+r1)1, we
obtain:

1
i-j _ )
(XIII) J2=10 3 (1+r)) < 0 (L =0, voe , n=1) .

In the light of the investigation made in Section 3, Soper's condition
(XIII), economically interpreted, merely states that all the opera-
tions contained in set B must be investment operations. Condition

{I) 1s more general since null operations are also allowed.

Summary
The main purpose of this paper is to point out that uniqueness is
not the only property an internal rate of return must have in order
to be fully available for decision-making procedures, and to show
that full validity of these procedures 1s limited to a proper subset
of the set of projects whose internal rate of return is unique. A
minor purpose is to generalize Soper's well known sufficient condition

for the uniqueness of the internal rate of return.

Sommario

Lo scopo principale di questo lavoro e di mostrare che l'unicita
non & la sola proprietd che un tasso interno di rendimento deve pos-
sedere al fine di poter essere legittimamente usdto nelle procedure
decisionali, e che queste procedure sono plenamente valide solo se
applicate su un sottoinsieme proprio dell'insieme del progetti i1
cul tasso interno di rendimento & unico. Un secondo scopo & di genera-
lizzare la nota condizione di Soper, sufficiente per 1'unicitd del

tasso interno di rendimento.
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