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Abstract - In financial models it is assumed that an asset is equivalent to a replicating portfolio of
marketed assets, which span the state space. To prevent any arbitrage possibility, the value of the
asset must equal the market value of this portfolio and the unique market price of the asset may be
defined common expectation. Introducing Knightian uncertainty it is possible to distinguish two
quite different classes of agents, who have different subjective probability distributions. As a result,
linear pricing is replaced by Choquet non-linear pricing and for any asset it is possible to determine
a closed price interval in which there is partial inertia. This interval of rational prices only depends

on the agents’ Knightian uncertainty attitude.

Key words: Knightian uncertainty, capacity, Choquet asset pricing rule, no-trade prices

Marcello Basili, Dipartimento di Economia Politica, Universita degli Studi di Siena



1. INTRODUCTION

Given a sefS of finite states of the world and a set of commodtysuch that each good
gLJG is characterized by physical characteristics, location, date of availability and state of the world,
Arrow and Debreu define a two period (the present and the future) economy. In that economy with
a large number of contingent markets for contingent goods, a Pareto-efficient equilibrium emerges.

With respect to a contingent commodity market equilibrium, which assumes that exists a
market for contracts to deliver a particular commodity in each states of the world and uncertainty is
generated exogenously by occurring of states of the world, security markets are an effective
alternative. By assuming the existence of a security set that span the finite set of states of the world
(there is one security for each staféS of the world and it pays a return in that state only and
nothing elsewhere), Arrow (1953) substitutes all contingent commodity markets with security
markets. In this way he economizes on the number of markets required by equilibriu@(8ef)
up toG+S+1. Securities also permit to convert an economy where trading of Arrow-Debreu goods
occurs at once into a ‘sequence economy’ where there is trading at every date. Nevertheless, in the
complete Arrow security economy the agents, that don’t need to form price expectations of goods at
future dates, act as if all trading took place at once and they face a single budget constraint, a sort of
Arrow-Debreu budget constraint. The complete Arrow security economy is defined to be an
inessential sequence economy, which is “isomorphic to the original Arrow-Debreu economy”
(Hahn, 1992).

Radner (1968, 1972) defines a sequence economy for goods and securities in which there is
trading at every date and realized state and points out the existence of equilibrium. Since agents
have more than one budget constraint and trade more than once, Radner’s sequence economy is
defined essential by Hahn (1973). There are some aspects of Radner’'s arguments that | would like

to point out because they provide a premise on my approach.



Radner (1968) assumes agents with asymmetric information about the states of the world,
represented by their different partitions of S, and notes that this “source of moral hazard can only be
avoided by trades conditioned on the common coarsest partition” (Hahn 1992).

Unlike Arrow (1953), who assumes the existence of perfect price foresightiner
proposes the concept of common expectation. Common expectation requires that all agents
“associate the same future price to the same future exogenous events, but does not require them tc
agree on the subjective probabilities associated with those events” (Radner 1972, p. 289). Assuming
that the traders associate the same future prices to the same events, “does not necessarily imply tha
they agree on the joint probability distribution of future prices, since different traders might assign
different subjective probabilities to the same events.” (Ibidem, p. 289) Summing up, instead of
assuming rational expectations Radner argues that prices both encompass and reveal all the
information needed for trading and each agent improves her/his knowledge in a Bayesian manner.
Radner demonstrates the existence of equilibrium in that exchange sequence economy.

In a competitive market with no transaction costs, if the number of linearly independent
securities equals all the possible states of the world (there is a sufficient rich array of securities),
markets securities are complete and portfolios of securities can replicate any pattern of returns
across states.

Let a securitya:S—R°® be defined by its vector of returns in different states of the world,
such thata=1 if s=j and a=0 otherwise, and letj(] R’ be the price vector of securities. Any

marketable portfoli® :S— R® can be constructed and it equals a finite list of marketed securities

and, with no transaction costs, the cost of the portfolid Lis zjszlajqj . Such a portfolio can be

considered equivalent to an asggtthat exactly yields an equal amount. No arbitrage condition

implies that two portfolios¥ and ®, which yield the same payoff, have the same cost, that is

C(¥) =C(D).



Under both no arbitrage and no transaction costs conditions, the market value of any asset is
the expected value of its future dividends or flows of payments. Roughly speaking, there is none
arbitrage opportunity if two portfolio of securities yielding the same revenue have the same price,
that is the same formation cost. The main feature of this argument is that price at which an asset is
traded is given by formation costs of portfolios replicating it. As a consequence, by no arbitrage and
no transaction cost conditions, the pricing functional of the economy is unique, positive and linear.

In Arrow’s model the security prices can be normalized so that they sum up to one and the
summation of security prices may be interpreted as a probability distribution on the space of states.
It is remarkable to note that the derived probability distribution is not a probability distribution
(subjective or objective) of the agents on the set of states of the world, but it is simply “a weighting
of the states made by prices which express an aggregation of agents behaviors towards uncertainty”
(Chateauneuf ‘et al.” 1992). From a theoretical point of view, all valuation models in finance, the
most famous of which is the Black and Scholes (1973) one, can be considered as a generalization of
the complete Arrow’s model. In fact, given frictionless competitive matkets arbitrage
conditiond and asset price that follows a particular diffusion process (a geometric Wiener Process

in the Black and Scholes’ model there is a unique probability distribution on the measurable space
(SX) such that market value of any asset is the expectation of its payhimsunique additive
probability distribution is “the analogue of Arrow’s probabilities of the states defined by (Arrow)
security price...that probability is revealed by market prices and has nothing to do with agents
subjective beliefs" (Ami ".et al' 1991).

Some recent articles have shown that the valuation of an asset will be not a linear pricing
rule (Lebesgue integral of the asset payments) but will be obtained by Choquet integral of the asset
payments (non-linear pricing rule), if an agent has a non-additive measure or a capacig).on (S,

By a non-linear pricing rule, there might be portfolio inertia, that is an interval of prices within
which each agent neither buys nor sells short the asset (Simonsen and Verlang 1991, Dow and
Verlang 1992). The focus of this paper is the definition of a closed price interval, induced by
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expected market prices of an asset, in which there is afgoottfolio inertiaor athin market The
definition of two rational boundgor price asset permits one to explain why trade are difficult in
some range of prices, which class of agents are in the market if trading occurs, when all agents are
willing to trade.

In this paper | assume that a finite set S of states of the world exists and agents exhibit
Knightian uncertainty. All the agents face Knightian uncertainty about future events, but they have
common expectation as in Radner (1972). Agents agree about the structure of the portfolio that
generates a given asset, but they disagree with respect to probability of future states of the world.
Roughly speaking, agents assume that an asset is completely defined by its flows of payments and
take as given the structure of the replicating portfolio of securities. However, since the ‘probability
distribution’ induced by the replicating portfolio does not represent the probability distribution on
future events, they might have quite different probability distributions, that depend on their beliefs
about these events.

While Chateauneuf ‘et al.” (1992) assume a class of Knightian uncertainty seeking price-
makers (brokers), who induce the bid and ask spread in an asset price, | assume that all agents are
risk-neutral price-takers but they may be either Knightian uncertainty averse or seeking. It is
assumed that all agents are split between the classes of uncertainty seeking (optimist) and
uncertainty averse (pessimiétlhe beliefs of the optimistic and pessimistic agents respectively
determine the lower and upper bound of an asset price In this closed interval there is partial inertia
and a thin market, outside the interval agents always trade and there is a thick market. This
conclusion could have relevant application in financial markets, e.g. it permits to define the
minimum price at which a hostile takeover can be bidden and the maximum price at which either
the floating on the stock market can be made over or an initial public offer can be launched.

The paper is organized as follows. Section 2 introduces capacities in order to represent
Knightian uncertainty. In section 3 the model is worked out and an interval of prices is defined. An

example is shown in Section 4. The concluding remarks make up Section 5.
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2. KNIGHTIAN UNCERTAINTY ATTITUDE AND CAPACITIES

Models of a sequence economy assume that states of the world have an additive probability
of occurring, that is each agent’s description of states of the world is exhaustive. Each agent has
(explicitly or implicitly) a unique (common or not) and fully reliable probability distribution over
events.

Consider a sequence economy in which states of the world included in the model do not
exhaust the actual ones. A description of the world is considered as a misspecified model whenever
that omitted states are not explicitly included in the model. When an agent does not know how
many states are omitted (possibly missing markets), she/he can represent her/his beliefs by means of
either a capacity (non-additive measure) or a convex set of probability distributions, none of which
is considered fully reliable, on the set of evénéssituation that involves misspecified description
of states of the world, missing states, ambiguous events represented by either a set of probability
distributions or an interval of probabilities on each event, is referred as Knightian uncertainty or
hard uncertainty.

Let S=fs,,...,s} be a non empty set of states of the world and>® be the set of all
events. A functiorv:> - R, is a capacity or a non-additive signed measure if it has the following
characteristicsu(S=1, v(d)=0 (i.e. the capacity is normalized) aneéA,B[J> such thatA[JB,
U(A)<u(B) (i.e. the capacity is monotone). A capatis/convex (concave) if for eagh B such
that AOB, AnBOS u(AOB)+U(AnB)>(s)u(A)+u(B). It is superadditiv€ (subadditive) if
U(AOB)=(<)u(A)+u(B) for all A,BL]> such thatAIB[]>, An B=[].

Given a real-valued functidrS— R, f is a measurable function if for evdryR,
{ﬁf(s)zt}and {slf(s)>t}are elements of. Sincev is non-additive, the integration of a real-
valued function f with respect @ is impossible in the Lebesgue sense. The proper integral for the

non-additive measures is the Choquet integral, originally defined by Choquet (1954) and discussed

in Schmeidler (1989). The Choquet integral of f with respect to a capasityefined as



[fdo=[Tofs(s)> i+ [ foslt ()= ) -u(s)ht
The Choquet integral coincides with the Lebesgue integualsifadditive.

An agent expresses hard uncertainty aversion (preference) if she/he assigns larger
probabilities to states when they are unfavorable (favorable), than when they are favorable
(unfavorable), that is if her/his non-additive measure is convex (concave). As a consequence, a hard
uncertainty averse decision-maker over-weights the worst consequence, on the contrary a hard
uncertainty seeking decision-maker over-weights the best consequence. Since convexity (concavity)
of the capacity, that implies superadditivity (subadditivity) of the Choquet integral, captures the
agents attitude toward hard uncertainty, the optimists have a concave capacity and the pessimists
have a convex one.

3. ASSET VALUATION AND PRICE INTERVALS

Let S={s,,...,s} be a non empty set of states of the world and>#¥ be the set of all
events. On the measurable spae)(let p be a probability or measure that is a functpn
2 -[0,1], then the triple 2, p) is a probability space.

It is assumed that an asset is fully defined by its future payments, which depend on which
state of the world occurs. By no arbitrage condition, there exists a unique additive npeasicie
that the value of any assetlinthe set of all marketed and marketable aSséssthe expectation of
its payments? As a consequence an asset may be considered a random vA&iS&bR of its

paymentsf(s), wheresl]S, and assets are ranked with respect to their market values, that is

OB,y B2y if and only if*2 B(s) = Ks) andJ'de 2J'y6p

The replicating portfolio defines the value of a given asset and it is assumed as the Radner’s
common expectation. Nevertheless agents face Knightian uncertainty and they are either hard
uncertainty averse or hard uncertainty seeking.

Let u: 2-[0,1] be a normalized and monotone capacity on the measurable Space (



(A1) A capacityu is said to be compatible withif [JA,BL1% p(A)<p(B) impliesu(A)<u(B)
(A 2) A capacityv is said to be monotonically sequentially continuouSAf1> A,t A implies v
(An)t U (A) andA,L A impliesu (An) L U (A)

(A 3) Two assetg,y[ 1L are comonotonic if and only if for asysOS[B(s)-B(S)] [US)-US)] =0

PROPOSITION 1. Consider the class of hard uncertainty averse agents who will take a long
position in the assgB. Assume (Al), (A2), (A3), no transaction costs and

common expectation, there exists a unique convex capadity (S2) such

that the Choquet expectation@fvith respect tqu is J’ pou = J’ Bop
S S

Proof (Chateauneuf 199T,heorem R For every convex capacityon (S2) and every function

B: S— Rthere exists a s€ of additive probabilities or§2), such that for all events
. O 0
p(-)24(), and [ fop = mlngﬂapl pOPQ
S 0

Pessimists agree that the value of a given asset is revealed by the replicating portfolio, but they are
hard uncertainty averse and consider the value of the Asagtthe minimum expected value
consistent with their beliefs (worst expectation). This threshold value can be considered as the
highest price at which the pessimistic agents will wish to buy a given asset.

Consider the case in which the pessimistic agents sell thea33® price from which the
pessimists will wish to sell the asg®tnay be defined by the Choquet integrajBokith respect to
u*, indeed the conjugate or dual capacity goiThe dual capacity* may be considered to what

extent an agent believes the negationApiindeedu* (A)=u(9-u(A). By the asymmetry of the

Choquet integral (e.g. Denneberg 19?4)[36;1 = —I,Bau*
S S

PROPOSITION 2  Consider the class of hard uncertainty averse agents who will take a short
position in the assgB. Assume (Al), (A2), (A3), no transaction costs and
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common expectation, there exists a unique conjugate cap#cion S2)
such that the Choquet expectation ¢f with respect to u is
[ Powr = maxgiﬁap*lp*DPB
S U

Proof (Gilboa 1989L.emma ) The upper Choquet integral with respect to a convex measure on

(S,2) may be computed as the Choquet integral with respect to its dual

The Choquet pricing of with respect tq* reveals the best expectation of the pessimists, that is
the upper priceupper bounyl from which the pessimists will sell the asset. At prices between the

lower and upper prices, the pessimists neither buy nor sell the asset, that is hard uncertainty

aversion leads tmertia.

Consider the class of hard uncertainty seeking agents, who have a concave ecapacity
(S2). Common expectation also requests the optimists to agree with the value of a given asset
revealed by the replicating portfolio. However, the optimists are hard uncertainty seeking and

consider the value of the asgeds the maximum expected value consistent with their beliefs.

PROPOSITION 3  If common expectation, no transaction costs, (Al), (A2) and (A3) hold, the

optimists have a unique concave capacity on (S2), such that

[ 0
Bov =maxc{ Bop|p O P°
[pov=mad MAPO R

Proof (Chateauneuf 199Theorem 3 For every concave capaciyon (S2) and every function

B: S— Rthere exists a s&° of additive probabilities ory, 2), such that for all events

0 0
p()<V(), andJ’de = magﬁaq pO PE



The expected value ¢ with respect tov is the best expectation of the optimistic agents. This
threshold value can be considered as the lowest price from which optimistic agents will wish to sell
a given asset.

Consider the case in which the optimistic agents will buy the #sSéte optimists would
buy at the lowest price and they define the maximum price up to which they will wish to buy a
given asset. That minimum price is defined by the Choquet integfalwth respect ta°, indeed
the conjugate or dual capacityvpfvhich is the minimum expected value of the agsebnsistent

with their beliefs.

PROPOSITION 4. If common expectation, no transaction costs, (Al), (A2) and (A3) hold, the

optimists have a unique dual capacity’ on (S2), such that

O O
°=min p°|p° O P°
[ =mm PRIy

Proof (Denneberg 1994&roposition 5.1 The lower Choquet integral of the asgewith respect

to a concaver on (S,2) may be computed as the Choquet integral with respect to its dual
The Choquet pricing of with respect to/° reveals the worst expectation of the optimists, that is
the highest pricelgwer bound up to which the optimists will wish to buy the asBetAt prices

between the lower and upper price, the optimists neither buy nor sell the asset and there is inertia.

THEOREM. By propositions 1, 2, 3 and 4 for each asset in the set of all marketed and
marketable ones, there exists a price interval within which the market is thin because of partial
inertia. The bounds of that price interval are given by the worst expectation of the optimists (lower

bound) and the best expectation of the pessirfupfger bound)



Proof a) By common expectation, the value of the agsstrevealed by the replicating portfolio

and it equaIsIﬁap. Because of Knightian uncertainty aversion, the pessimistic agents have
S
a unique superadditive measyresuch thatJ'Bau:J'Bap. By a well known theorem
S S

(Chateauneuf, 1991), the Choquet integrgB ofith respect tqu is equal to the minimum of

a family of Lebesgue integrals with respect to aPset probability distributions consistent

with their beliefs andJ’Bau :J’Bap with pOP=core(u). From cooperative game theory, the
S S

capacityu may be considered an unanimity game ancctre of 4 may be defined ag| p
additive onZ, u<p, u(S)=p(S)}. As a result, the pessimistic agents consider the Choquet
expected value of the asgewith respect tq equals to their worst expectation and it is the
highest price at which they will buy the asgetAssume that the pessimistic agents would
like to sell the asse¢8. Short position may be represented by the lowest price from which the

pessimists will wish to sell3. By the asymmetry of the Choquet integral

I— Bou = —J',Bau*, wherep* is the conjugate capacifyof p. By a well known lemma
S S

(Gilboa 1989), there exists a unique capagityon (S2), such thatIBau* :J’Bap* with
S S

p*0OP=coreg(u). The Choquet integral g8 with respect tou* is equal to the maximum
among the family of Lebesgue integrals with respe& &md it reveals the best expectation
of the pessimists, that is the maximum expected value of the [Asgiéh respect to all
measures consistent with their beliefs. This threshold price is the upperymes pounjl
from which the pessimistic agents will s@ll At prices between the lower and the upper

price do not hold the assét
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b) Consider the class of Knightian uncertainty seeking agents, by common expectation there

exists (Chateauneuf 1991) a unique subadditivesuch that J’Bavzfﬂap with
S S

pCOP°=corg(v). This threshold price can be considered as the lowest price from which the
optimistic agents will wish to seB. The Choquet integral g& with respect tas equals the
maximum of a family of Lebesgue integrals with respect to a family of probability
distributionsP®, such that theore of v is defined agp| p additive onZ,v= p, u(S=p(S}.

The optimistic agents’ long position may be represented by the maximum price up to which

they will wish to buy the asseB. By the asymmetry of the Choquet integral

I— [ov = —J',Bav° whereV° is the conjugate ob defined in the usual way, there exist a
S S

unique capacity® on (S2), such thatJ’de° :Iﬁap° with p°OP°=corgv). The Choquet
S S

expected value of the asggtwith respect to/° equals the minimum among the Lebesgue
integrals with respect to the probability distributions in ¢bee of v. It reveals the worst
expectation of the optimistic agents, that is the highest ploseef boundup to which they

will wish to buy the asse. Between the upper and the lower prices there is inertia

Summing up, at prices betweeﬁjﬁﬁavﬂfﬁau*] there is athin marketfor the assef3
S S

because opartial inertia. In the subinterva[J’BGv%Ide fhe optimists do not hold the asset and
S S

only the pessimists will wish to buy; vice versa when the pricg8 @ in the sub-interval

[I,Bap;J'Bau*], the pessimists do not hold the asset and only the optimists will wish to sell. The
S S

price J’Bap, derived by replicating portfolio, is included in the finite inter‘{/fBav°;J’B6u*],
S S S

which is revealed by agents’ attitude with respect to Knightian uncertainty and it does not depend

on attitudes to risk. If the price ﬁfexceedsJ’Bau*, all agents will sell the asset, if the priceBab
S
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lesser thanfﬁav°, all agents will buy the asset. Just as an implication, ther¢éhiskamarketfor
S

the assef, out of the price interval.
4. AN EXAMPLE

Given a set of states of the wofk&s;,s,s3 and a set of priceg=2,1,-1 withi= 5,%,s; for
the asse, letp be a probability distribution 0B=2° such that:

P(0)=0; p(s1)=P(S2)=P(S3)=1/3; p(s10%2)=p(s1083)=p(S21083)=2/3; p(S)=1
The expected value of the asgagiven by the replicating portfolio that is constructed in a market
without uncertainty and risk iE? = (1/3)x (2)+ (1/3)x (1) + (1/3) x (-1) = 2/3

Let uncertainty aversion (pessimism) express with a superadditive capacity, such that
H(L)=0; p(s1)=p(S2)=H(s3)=1/6; p(si0p)=Hi(s10s)=H(S20056)=3/4; u(S)=1; the Choquet expected
value of asseBis EZ = (1/6)x(2)+[(3/4) - /6)]x (1) +[1- (3/4)] x(-1)=2/3

The distributiony is obtained by holding conditions defined in Section 3, then fixing, by
trial and erroru(A)=1/6 and solving the simple determined system in two unknowns:
(¢—(1/6))(1) =¢ + (1/3) and + ¢= &, where¢G=u(AB) andé=1-u(AUB).
It is possible to evaluate the upper expected value of the @stett is the minimum price from
which the pessimistic agents will sell the aggeby considering that the conjugate capagityis
u* (L)=0; p* ()= (S2)=* (Se)=1/4,; pr* (s10s)=p* (5.0 83)=4* (S:083)=5/6; pr* (9)=1.
As a consequence the Choquet expected value of the Asseith respect top* is
Ef =@/4)x(2)+[(5/6) - 1/ 4] x (D) +[1~ (5/6)] x (-1) =11/12

According to this result, the pessimists will invest in the agsétand only if its market
price is lesser than 2/3 and will wish to sell when market price exceeds 11/12. In the price interval

[2/3, 11/12] the pessimists neither buy nor sell short the asset .

Let uncertainty seeking (optimism) express with a subadditive capaatyZ, such that

V([0)=0; V(s1)=W(S2)=V(s)=5/12; V(s10s)= V(s1083)= V(s:[083)=15/24;1(S=1
12



The Choquet expected price of the asse8 with respect to v is
E9 = (5/12)x(2)+[(15/24) - (5/12)|x (@) +[1- 15/ 24)] x (-1) = 2/3
It is possible to evaluate the lower expected value of the BsHw®dt is the maximum price up to
which the optimistic agents will buy the asgetby considering that the conjugate capacity for a
capacityv is v°([J)=0; v°(s1)=V°($2)=V°($3)=9/24;v°(s10s)=V°(s10s3)= V°(S[0s3)=7/12; v°(9=1.
The lower bound equals the Choquet integral of the #aséh respect to ° and
ES =(9/28)x(2) +[(7/12) - (9/24)]x (1) +[1- (7/12)] % (-1) =13/ 24

According to this result, the optimistic agents will invest in the g8sétand only if its
market price is lesser than 13/24 and they will wish to sell it when market price exceeds 2/3. In the
interval [13/24; 2/3] the optimistic agents neither buy nor sell short theasset

Summing up, 2/3, which is the price of the asBaderived by replicating portfolio, is
included in a finite interval of rational prices [13/24;11/12]. When the pricg isf in the sub-
interval [13/24; 2/3], the optimists do not hold the asset and only the pessimists will wish to buy.
On the contrary, when the price Bfis in the sub-interval [2/3; 11/12], the pessimists do not hold
the asset and only the optimists will wish to sell. Out of the price interval all agents trade and the

market of the assétis thick

Figure 1. Price interval for the assef
< I I —>
13/24 2/3 11/12
Pessimist 4 . : .. . : ............................. I— . .>
Long position Inertia Short position
Optimist 4 — |. .................. : . . . . : - P
Long position Inertia Short position
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In this example, the sub-intervals of rational prices have different length and thinness. The
subinterval within which the optimistic agents are not trading is shorter and thinner than the
subinterval within which pessimistic agents are not trading. The optimists, that is professional
traders, have a greater deal of experience in forecasting price movements than any other agent anc
have a more reliable beliefs.

5. CONCLUDING REMARKS

Differently from standard models in which different individuals have the same subjective
probability distribution, at least two quite different classes of agents are distinguished, indeed the
optimists and the pessimists, who have different non-additive subjective probability. This paper
shows the existence of a price interval for any asset in which there is partial inertia, even if all
individuals have common expectation. Introducing Knightian uncertainty attitude, it is possible to
determine the lower and upper bounds of the price interval for either marketed or marketable assets.
The value of an asset, derived by valuation models, is included in this price interval and it defines
two subintervals each with only a class of agents will wish to trade. The lower and upper bounds of
the asset price are defined by the Choquet integral with respect to the dual capacities, the first for
optimists and the second for pessimists, consistent and coherent with common expectation. Since
the price interval is derived using the techniques of contingent claims analysis, no question about
updating, indeed each class of agents updates the market price as a Bayesian decision-maker anc

then defines the reservation price interval.
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! There is perfect price foresight if “the price vector p(s,t) for state s and date t is known with certainty at the previous
date at which security portfolios are chosen” (Hahn, 1995).

2 An asset is called marketable when it is not traded in markets but is tradable by trading the marketed securities.

? Frictionless markets implies no taxation and no transaction cost.

“In a stochastic economy no arbitrage conditions imply both tight markets and asset market values positive and linear
on the set of securities.

® If price of asset can never fall below zero, it may be assumed that changes in asset prices are lognormally distributed.
If the price distribution is assumed lognormal, the diffusion process of an asset price follows a geometric Wiener
process.

® Proof of these theorem is in Chateauneuf ‘et al.’ (1992).

" Without loss of generality it can be assumed that optimistic agents are professional stocks or option traders and
pessimist are all other ones, see Simonsen and Verlang (1991), Fox 'et al.’ (1996), Markowitz and Uschmen (1996).

8 Talking about the way in which some probability relations are felt relatively sure as compared with others, Savage
observed that “one tempting representation of the unsure is to replace the person’s single probability measure P by a set
of such measures, especially a convex set” (Savage, 1972, p. 58).

° It is worth noting that a capacity is additive or a probability measure if fé, BII> such thatALl B[J> andAn B=[J,
U(AOB)=u(A)+u(B)

19 A capacity is supermodular (submodular)4fB1S such thatAll B, An B, u(ALB)+u (AnB) (<) u(A)+u(B).

" The set of all assétcan be the normed spacS, =, p) endowed with the norm topology. For instance see
Chateauneuf ‘et al.” (1992), Duffie (1988).

12 See for instance Dunford and Schwartz (1957), Chateauneuf ‘et al.’ (1992).

13 The>is in the usual way and the induced ranking of assets is monotonic and respects monotonic uniform
convergence ( e.g. Chateauneuf ‘et al.’, 1992).

4t is worth noting that* is supermodular iff: is submodular ang*=pu if u is additive, that is if an agent is

Knightian uncertainty neutral, see Denneberg (1994).
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