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Devwudfw

Wkh Jdorlv odwwlfh ri dq h�hfwlylw| ixqfwlrq lv gh�qhg dqg lwv edvlf

surshuwlhv duh vwxglhg1 Lq sduwlfxodu/ wkh xvh ri lwv ohqjwk dqg zlgwk

dv edvlf frpsoh{lw| phdvxuhv ri wkh xqghuo|lqj jdph fruuhvsrqghqfh lv

suhvhqwhg e| phdqv ri vhyhudo h{dpsohv1

4 Lqwurgxfwlrq

Lq wkh odvw ihz ghfdghv/ wkh ghyhorphqw ri jdph0wkhruhwlf phwkrgv kdv surgxfhg

dq hqruprxv surjuhvv lq rxu xqghuvwdqglqj ri frdolwlrqdo srzhu lq lqwhudfwlyh

ghflvlrq surfhvvhv1 Lqghhg/ jdph wkhru| kdv frqwulexwhg wzr edvlf 0dqg yhu|

vxffhvvixo0 prghov iru wkh dqdo|vlv ri frdolwlrqdo srzhu/ qdpho| vlpsoh jdphv

dqg h�hfwlylw| ixqfwlrqv1 D vlpsoh jdph dprxqwv wr d olvw ri doo wkrvh frdol0

wlrqv wkdw fdq irufh dq| rxwfrph e| d vxlwdeoh frruglqdwlrq ri wkhlu phpehuv*

ehkdylrxu + vhh h1j1 Vkdsoh|+4<95,/ dqg Udpdpxuwk|+4<<3, ,1 Dq h�hfwlylw|

ixqfwlrq ghvfulehv 0 iru hdfk frdolwlrq V 0 wkh vhw ri vxevhwv zlwklq zklfk V fdq

irufh wkh �qdo rxwfrph e| phdqv ri vrph frruglqdwh dfwlrq ri lwv phpehuv1 Vlp0

soh jdphv duh hplqhqwo| vxlwdeoh iru wkh dqdo|vlv ri zhljkwhg pdmrulw| yrwlqj

jdphv dqg uhodwhg ghflvlrq surfhgxuhv1 Krzhyhu/ wkh| duh gh�qlwho| lqdghtxdwh

wr dqdo|}h lqwhudfwlyh surfhgxuhv zkhuhe| lqglylgxdo yhwr uljkwv duh doorfdwhg lq

vrph qrq0wulyldo zd|1 E| frqwudvw/ h�hfwlylw| ixqfwlrqv duh prvw dssursuldwh iru

wkh odwwhu wdvn + zklfk lv lqghhg wkh pdlq uhdvrq zk| wkh| zhuh �uvw lqwurgxfhg

e| Prxolq/Shohj+4<;5,,1 Rq wkh rwkhu kdqg/ wkh| dfklhyh wkhlu yhuvdwlolw| dw

wkh frvw ri ehlqj vrphkrz h{fhhglqjo| ghshqghqw rq wkh rxwfrph vsdfh/ dqg lwv

ghvfulswlrq1 Dujxdeo|/ vlpsoh jdphv dqg h�hfwlylw| ixqfwlrqv vkrxog eh dswo|

vxssohphqwhg zlwk rwkhu prghov ri frdolwlrqdo srzhu wkdw uho| rq dq lqwhuphgl0

dwh dprxqw ri lqirupdwlrq rq wkh xqghuo|lqj ghflvlrq surfhgxuhv1
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Wklv sdshu + zklfk exlogv xsrq Ydqqxffl+4<<;d/e/f, , lv ghyrwhg wr wkh gh0

vfulswlrq dqg glvfxvvlrq ri rqh vxfk prgho/ qdpho| wkh Jdorlv odwwlfh ri d jdph

fruuhvsrqghqfh1 Wkh Jdorlv odwwlfh ri d jdph fruuhvsrqghqfh 0 d frpsohwh odw0

wlfh zlwk d vlqjoh dwrp 0 lv pdgh xs ri sdluv frqvlvwlqj ri �forvhg� idplolhv ri

frdolwlrqv dqg rxwfrph0vxevhwv/ rughuhg e| vhw0lqfoxvlrq + wkh lqwhusuhwdwlrq eh0

lqj wkdw wkh frdolwlrqv ri d �forvhg� idplo| dwwdfkhg wr d fhuwdlq �forvhg� idplo|

ri rxwfrph0vxevhwv duh suhflvho| wkrvh frdolwlrqv wkdw duh deoh wr irufh wkh �qdo

rxwfrph zlwklq dq| vhw ri wkh odwwhu idplo| ,1 Wkxv/ ohqjwkv dqg zlgwkv ri Jd0

orlv odwwlfhv ri jdph fruuhvsrqghqfhv surylgh wzr qdwxudo vwuxfwxudo frpsoh{lw|

phdvxuhv ri wkh odwwhu/ dqg doorz vrph qhz lqwhuhvwlqj fodvvl�fdwlrqv ri zhoo

nqrzq jdph irupv/ jdphv/ dqg vroxwlrq frqfhswv zlwk uhvshfw wr wkh doorfdwlrq

ri ghflvlrq srzhu wkh| hperg|1 D ihz vljql�fdqw h{dpsohv lqfoxglqj edujdlq0

lqj jdph irupv/ 5�5 vwudwhjlf jdph irupv/ yrwlqj jdph irupv/ frqvwlwxwlrqdo

h�hfwlylw| ixqfwlrqv/ dqg vroxwlrq frqfhswv iru sulydwh0jrrg0hfrqrplhv zloo eh

suhvhqwhg dqg glvfxvvhg ehorz1 Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv= vhfwlrq

5 surylghv vrph uhohydqw edfnjurxqg dqg prwlydwlrq1 Vhfwlrq 6 lv ghyrwhg wr

wkh lqwurgxfwlrq ri vrph edvlf uhvxowv1 Vhfwlrq 7 ghvfulehv wkh Jdorlv odwwlfhv ri

vhyhudo surplqhqw jdph fruuhvsrqghqfhv/ dqg glvfxvvhv wkh hqvxlqj fodvvl�fd0

wlrqv ri wkh odwwhu lq whupv ri Jdorlv0odwwlfldo sdudphwhuv1 Vhfwlrq 8 r�huv vrph

vkruw frqfoxglqj uhpdunv1 Wkh surriv duh frq�qhg wr dq dsshqgl{1

5 Edfnjurxqg dqg Prwlydwlrq

Ohw xv �uvw frqvlghu wzr yrwlqj surfhgxuhv/ gh�qhg dv iroorzv1 Xqghu wkh �uvw

surfhgxuh +Y,/ wkh yrwhuv duh dvnhg wr pdnh sursrvdov dw d suholplqdu| vwdjh/ lq

vrph rughuhg zd|> wkhq wkh sursrvdov wkhpvhoyhv duh vxlwdeo| rughuhg dqg wkh

sod|huv yhwr dq| sursrvdo wkh| frqvlghu qrw dffhswdeoh1 Wkh �uvw sursrvdo wkdw

lv qrw yhwrhg e| dq|erg| lv fkrvhq> li qr vxfk sursrvdo h{lvwv wkhq qr dfwlrq

lv wdnhq/ dqg wkh vwdwxv txr rewdlqv1 Xqghu wkh vhfrqg surfhgxuh +Y-,/ wkh

yrwhuv duh vxlwdeo| rughuhg dqg dvnhg wr pdnh rqh sursrvdo dw d suholplqdu|

vwdjh> wkhq wkh| surfhhg wr yhwr h{dfwo| rqh dowhuqdwlyh iurp wkh vhw frqvlvwlqj

ri wkrvh sursrvdov0 lqfoxglqj wkh vwdwxv txr0 wkdw kdyh qrw ehhq suhylrxvo|

yhwrhg1 Wkh xqltxh dowhuqdwlyh wkdw idlov wr eh yhwrhg lv wkh �qdo rxwfrph1

Lq pdq| uhohydqw dvshfwv +Y, dqg +Y-, duh yhu| gl�huhqw1 Xqghu +Y, yhwr

srzhu lv d iuhh jrrg1 Iurp d sudfwlfdo srlqw ri ylhz/ +Y, lv d uhflsh iru lqhuwld

h{fhsw shukdsv iru vpdoo krprjhqhrxv dvvhpeolhv zlwk qr uhohydqw frq lfwv ri

lqwhuhvw1 E| frqwudvw/ xqghu +Y-, yhwr srzhu lv d vfdufh jrrg1 Wkh vwdwxv

txr lv qrw d vshfldoo| sulylohjhg dowhuqdwlyh/ dqg uhdvrqdeoh rxwfrphv duh wr

eh h{shfwhg 0 xqghu vhyhudo vroxwlrq frqfhswv0 hyhq zkhq �srvlwlyh dfwlrq� lv

uhtxluhg +vhh h1j1 Prxolq+4<;6, ,1 Krzhyhu/ +Y, dqg +Y-, vkduh wkh vdph vhwZ

ri zlqqlqj 0 l1h1 doo0srzhuixo 0 frdolwlrqv/ wkdw uhgxfh wr wkh judqg frdolwlrq ri doo

yrwhuv1 Khqfh/ +Y, dqg +Y-, duh sodlqo| lqglvwlqjxlvkdeoh li rqh orrnv dw wkhlu

vlpsoh jdphv/ xqghu wkh vwdqgdug lqwhusuhwdwlrq ri wkh odwwhu1 E| frqwudvw/

orrnlqj dw wkhlu h�hfwlylw| ixqfwlrqv hqdeohv dq dghtxdwh uhsuhvhqwdwlrq dqg
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dqdo|vlv ri wkh edvlf gl�huhqfhv ehwzhhq +Y, dqg +Y-,1 Lqghhg/ xqghu +Y, dq|

vlqjoh sod|hu fdq irufh wkh �qdo rxwfrph wr eh wkh vwdwxv txr/ dqg lqwhuphgldwh

frdolwlrqv gr qrw hqmr| dq| vxssohphqwdu| ghflvlrq srzhu1 Xqghu +Y-,/ qr

frdolwlrq h{fhsw wkh judqg rqh fdq hqirufh wkh vwdwxv txr dqg lqwhuphgldwh0vl}h

frdolwlrqv gr hqmr| dq lqwhuphgldwh dprxqw ri ghflvlrq srzhu1

Qh{w/ frqvlghu d qhxwudo h�hfwlylw| ixqfwlrq H dv gh�qhg rq d �qlwh rxwfrph

vsdfh [= qdpho|/ H lv vxfk wkdw iru dq| frdolwlrq V dqg dq| sdlu D>E ri

vxevhwv ri [ kdylqj wkh vdph fduglqdolw|/ V fdq irufh wkh rxwfrph hlwkhu lq

erwk D dqg E/ ru lq qrqh ri wkhp1 Qrz/ vxssrvh d ixuwkhu rxwfrph {� lv

dgghg + gxh srvvleo| wr d fhuwdlq fkdqjh ri ghvfulswlrq ri wkh rxwfrph vsdfh,1

Wkhq/ d qhz h�hfwlylw| ixqfwlrq H� fdq eh gh�qhg e| wkh iroorzlqj uxoh= iru

dq| frdolwlrq V dqg lvvxh E � [ ^ i{�j/ V fdq irufh E xqghu H� li dqg rqo|

li V fdq irufh Eq i{�jxqghu H1 Fohduo| hqrxjk/ H dqg H� duh wzr glvwlqfw

qrq0lvrprusklf h�hfwlylw| ixqfwlrqv/ exw wkh vwuxfwxuh ri frdolwlrqdo srzhu wkh|

uhsuhvhqw lv dujxdeo| yhu| pxfk wkh vdph1 Vlplodu h{dpsohv rewdlq iurp pruh

jhqhudo edvlf wudqvirupdwlrqv ri h�hfwlylw| ixqfwlrqv + vhh vhfwlrq 6 ehorz ,1 Wklv

lv vr ehfdxvh 0 zkloh vlpsoh jdphv irfxv rq d vlqjoh vhw ri zlqqlqj frdolwlrqv 0

h�hfwlylw| ixqfwlrqv dprxqw wr d idplo| ri vhwv ri �orfdoo| zlqqlqj� frdolwlrqv dv

sdudphwhul}hg e| wkh hqwluh vhw ri qrq0hpsw| vxevhwv ri wkh rxwfrph vsdfh1 Lq d

vhqvh/ h�hfwlylw| ixqfwlrqv fduu| wrr pdq| ghwdlov iru dqdo|}lqj wkh vwuxfwxuh ri

frdolwlrqdo srzhu1 Zh fodlp wkdw Jdorlv odwwlfhv ri h�hfwlylw| ixqfwlrqv + wr eh

gh�qhg ehorz, surylgh xv zlwk wkh �uljkw� lqwhuphgldwh dprxqw ri lqirupdwlrq

wkdw lv uhtxluhg lq rughu wr dffrpsolvk wkh odwwhu wdvn lq d surshu zd|1

6 Prgho dqg Edvlf Uhvxowv

Ohw +Q>[, eh d sdlu ri qrq0hpsw| vhwv + wkh vhwv ri sod|huv dqg rxwfrphv/

uhvshfwlyho|> zh dovr dvvxph &Q � 5 dqg &[ � 5 lq rughu wr dyrlg wulyldolwlhv,1

D +prqrwrqlf, vlpsoh jdph rq Q lv d vhwZ / > 9@Z � S +Q,/ vxfk wkdw V 5Z

dqg V � W hqwdlo W 5Z 1 Wkh frdolwlrqv ehorqjlqj wrZ duh phdqw wr uhsuhvhqw

wkh zlqqlqj ru doo0srzhuixo rqhv1 Dq h�hfwlylw| ixqfwlrq +HI, rq +Q>[, lv d

ixqfwlrq H = S +Q,$ S +S +[,, vxfk wkdw =

HI4, H+Q, � S +[,q i>j > HI5, H+>, @ >> HI6, [ 5 H+V, iru dq| V>

> 9@ V � Q=

Pruhryhu/ H lv d zhoo0ehkdyhg HI li

HI7, > @5 H+V, iru dq| V / > � V � Q lv dovr vdwlv�hg1

Dq HI H rq +Q>[, lv prqrwrqlf li iru dq| V> W � Q dqg dq| D>E � [

^D 5 H+V, dqg V � W hqwdlo D 5 H+W ,` dqg

^D 5 H+V, dqg D � E hqwdlo E 5 H+V,` =

Lq zkdw iroorzv zh vkdoo frq�qh rxuvhoyhv wr prqrwrqlf HIv1

D prqrwrqlf HI H rq +Q>[, lv uhjxodu li > 9@ D 5 H+V, hqwdlov [qD @5

H+QqV, iru dq| V � Q dqg E � [/ dqg pd{lpdo li D @5 H+V, hqwdlov +[qD, 5

H+QqV, iru dq| > 9@ V � Q dqg > 9@ D � [1 Pruhryhu/ dq HI H rq +Q>[,

lv vxshudgglwlyh li iru dq| V> W � Q dqg D>E � [> D 5 H+V,> E 5 H+W , dqg
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V _ W @ > hqwdlo D _E 5 H+V ^ W ,1 Ilqdoo|/ dq HI H rq +Q>[, lv vlpsoh li d

qrq0hpsw| vhw Z � S +Q, h{lvwv vxfk wkdw iru dq| V � Q> D � [> D 5 H+V, li

dqg rqo| li hlwkhu D @ [ dqg V 9@ > ru D 9@ > dqg V 5 Z 1 Lqghhg/ vlpsoh HIv

dprxqw wr vlpsoh jdphv dv hqgrzhg zlwk d �{hg rxwfrph vhw1

Lq pdq| uhohydqw frqwh{wv/ rqh pd| eh irfxvvhg rq HIv wkdw wuhdw �v|p0

phwulfdoo|� sod|huv dqg2ru rxwfrphv1 Vxfk uhtxluhphqwv duh hperglhg lq wkh

iroorzlqj surshuwlhv1 Dq HI H rq +Q>[, lv dqrq|prxv li iru dq| D � [> dqg

V> W � Q vxfk wkdw &V @ &W = D 5 H+V, li dqg rqo| li D 5 H+W , 1 Dq HI H

rq +Q>[, lv qhxwudo li iru dq| V � Q dqg dq| D>E � [ vxfk wkdw &D @ &E

= D 5 H+V, li dqg rqo| li E 5 H+V,=

Zh duh pdlqo| lqwhuhvwhg lq wkrvh HIv wkdw fdq uhsuhvhqw wkh ghflvlrq srzhu

ri frdolwlrqv xqghu d fhuwdlq ghflvlrq phfkdqlvp/ ru jdph fruuhvsrqghqfh1 D

jdph fruuhvsrqghqfh rq +Q>[, lv d fruuhvsrqghqfh J = G $$ [ zkhuh G �T
l5Q Vl / dqg Vl lv wkh vhw ri �lqwhudfwlyh ehkdylrxuv� dydlodeoh wr sod|hu l 5 Q=

D jdph irup lv d vlqjoh0ydoxhg jdph fruuhvsrqghqfh1

Qrz/ wkh qrwlrq ri ghflvlrq srzhu dgplwv dw ohdvw wzr glvwlqfw lqwhusuhwd0

wlrqv/ qdpho| �jxdudqwhhlqj srzhu� dqg �frxqwhudfwlqj srzhu� wkdw lq wxuq

fruuhvsrqg wr wkh delolw| wr irufh pd{lplq dqg plqlpd{ rxwfrphv/ uhvshfwlyho|1

Wkxv/ wkh doorfdwlrq ri �jxdudqwhhlqj srzhu� xqghu jdph fruuhvsrqghqfh J

zlwk grpdlq G lv uhsuhvhqwhg e| wkh � � HI ri J 0 ghqrwhg e| H�+J,0 dv
gh�qhg e| wkh iroorzlqj uxoh=

iru dq| qrq0hpsw| V � Q /

+H�+J,,+V, @

;AA?
AA=

D � [= d wV 5
T
l5V Vl h{lvwv vxfk wkdw +wV> vQqV, 5 G

dqg

J+wV> vQqV, � D

iru dq| vQqV 5
T
l5QqV Vl/

<AA@
AA>
1

Frqyhuvho|/ wkh doorfdwlrq ri �frxqwhudfwlqj srzhu� xqghu jdph fruuhvsrq0

ghqfh J zlwk grpdlq G lv uhsuhvhqwhg e| wkh � �HI ri J/ ghqrwhg e| H�+J,
dqg gh�qhg dv iroorzv =

iru dq| qrq0hpsw| V � Q

+H�+J,,+V, @

;?
=

D � [ = iru dq| vQqV 5
T
l5QqV Vl vrph wV 5

T
l5V Vl

h{lvwv vxfk wkdw +wV> vQqV, 5 G

dqg J+wV> vQqV, � D

<@
>1

Lw lv hdvlo| fkhfnhg wkdw H�+J, lv uhjxodu/ H�+J, lv pd{lpdo/ dqg erwk ri

wkhp duh prqrwrqlf dqg 0 surylghg wkdw J lv qrq0hpsw| ydoxhg0 zhoo0ehkdyhg 1

Dovr/ lw lv zhoo0nqrzq wkdw vxshudgglwlylw| dqg prqrwrqlflw| ri dq HI H lpso|

wkdw d jdph fruuhvsrqghqfh J h{lvwv vxfk wkdw H @ H�+J, = vhh Prxolq+4<;6,/

dqg Rwwhq/Erup/Vwrufnhq/Wlmv+4<<8,, 1 Lqghhg/ prqrwrqlflw| ri � � HIv dqg

� � HIv ri jdph fruuhvsrqghqfhv lv rxu pdlq uhdvrq iru frq�qlqj wkh hqvx0

lqj dqdo|vlv wr prqrwrqlf HIv +dv phqwlrqhg suhylrxvo|,1 Ixuwkhupruh/ wkh

iruhjrlqj glvwlqfwlrq ehwzhhq � � HIv dqg � � HIv eulqjv xv wr wkh jhqhudo

qrwlrq ri d srodulw| rshudwru iru HIv/ lpsolflwo| gh�qhg dv iroorzv +vhh h1j1 De0

grx/Nhlglqj+4<<4,,= wkh srodu aH ri d prqrwrqlf HI H rq +Q>[, lv dq HI rq

+Q>[, vxfk wkdw =

l, aH+>, @ > dqg ll, iru dq| qrq0hpsw| V � Q dqg D � [/ D 5 aH+V, li
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dqg rqo| li [qD @5 H+QqV,=

+Lw vkrxog eh qrwlfhg khuh wkdw H @ aH li dqg rqo| li H lv erwk uhjxodu dqg

pd{lpdo ,1

Lq Ydqqxffl+4<<;d, lw lv revhuyhg wkdw = l, wkh vhw ri doo HIv rq +Q>[,

lv elmhfwlyh wr d vhw ri elqdu| uhodwlrqv rq +S +Q,> S +[,, = khqfh dq| HI rq

+Q>[, fdq eh htxlydohqwo| uhjdughg dv d elqdu| uhodwlrq > ll, wkhuhiruh/ wkh

fodvvlf Elunkr� wkhruhp rq vr fdoohg Jdorlv frqqhfwlrqv dssolhv1 Lw iroorzv wkdw

wkh ixqfwlrqv iH = S +S +Q,, $$ S +S +[,,> jH = S +S +[,, $$ S +S +Q,, dv

gh�qhg e| wkh uxohv

iH+V, @ iD � [ = D 5 H+V, iru dq| V 5 Vj iru dq| V �S +Q,/ dqg

jH+D, @ iV � Q = D 5 H+V, iru dq| D 5 Dj

hqmr| wkh iroorzlqj olvw ri surshuwlhv=

d, wkh ixqfwlrqv NH @ jH �iH dqg N�

H
@ iH �jH duh forvxuh rshudwruv rq

+S +Q,>�, dqg +S +[,>�,/ uhvshfwlyho| +zh uhfdoo khuh wkdw d +Prruh, forvxuh

rshudwru rq d suhrughuhg vhw +\>�, lv d ixqfwlrq N = \ $ \ vxfk wkdw iru dq|

|> } 5 \ = N+|, � |> | � } hqwdlov N+|, � N+}, > N+|, � N+N+|,, ,1

e, wkh fruuhvsrqglqj forvxuh v|vwhpv 0 l1h1 vhwv ri forvhg vhwv 0 F+NH, @

iV � S +Q, = V @ NH+V,j/ F+N�

H
, @ iD � S +[, = D @ N�

H
+D,j duh +gxdoo|

lvrprusklf, frpsohwh odwwlfhv xqghu wkh mrlq dqg phhw rshudwlrqv gh�qhg dv

iroorzv=

iru dq| iVljl5L � F+NH,/ iDljl5L � F+N�

H
,/

bl5LVl @ NH+^l5LVl,/ al5LVl @ _l5LVl/ b
�

l5L
Dl @ N�

H
+^l5LDl,/ a

�

l5L
Dl @

_l5LDl

+zh uhfdoo wkdw d odwwlfh lv d sduwldoo| rughuhg vhw +O>�, vxfk wkdw iru dq|

sdlu i{> |j � O / erwk d juhdwhvw orzhu erxqg +joe, 0ru phhw0 ai{> |jdqg d

orzhvw xsshu erxqg +oxe, 0 ru mrlq 0 bi{> |j h{lvw> d odwwlfh lv frpsohwh li dq|

vxevhw ri O kdv erwk d joe dqg d oxe ,1

f, wkh odwwlfhv xqghu e, duh ghqvh/ l1h1 kdyh d xqltxh dwrp dqg 0 li H lv zhoo0

ehkdyhg0 fr0ghqvh/ l1h1 kdyh d xqltxh fr0dwrp + dq dwrp ri d odwwlfh +O>�, lv

d �0plqlpdo qrq0erwwrp hohphqw ri O/ dqg d fr0dwrp lv0gxdoo|0 d �0pd{lpdo

qrq0wrs hohphqw ri O,1

Wkh Jdorlv odwwlfh ri dq HI H lv O+H, @ +Lvr ^F+NH,�F+N�

H
,` >�, / zkhuh

Lvr ^F+NH,�F+N�

H
,` ghqrwhv wkh vhw ri fdqrqlfdoo| lvrprusklf sdluv ri wkh

forvxuh v|vwhpv ri H/

dqg iru dq| i+Vl>Dl,l5Lj � Lvr ^F+NH,�F+N�

H
,`Z

l5L
+V

l
>Dl, @ +NH+^l5LVl,>_l5LDl,/

Y
l5L

+Vl>Dl, @ +_l5LVl>N
�

H
+^l5LDl,,=

Fohduo| hqrxjk/ wkh Jdorlv odwwlfh O+H, + wkdw lv dovr vrphwlphv fdoohg d

frqfhsw odwwlfh, lv odwwlfh0lvrprusklf wr wkh forvxuh v|vwhpv ri H1 Khqfh/ O+H, lv
frpsohwh/ kdv d xqltxh dwrp dqg/ li H lv zhoo0ehkdyhg/ d xqltxh fr0dwrp1 Wkrvh

edvlf idfwv frqfhuqlqj O+H, fdq eh vxppdul}hg e| wkh iroorzlqj sursrvlwlrq +vhh

Ydqqxffl+4<<;d, iru pruh ghwdlov,=

Sursrvlwlrq 4 Ohw H eh dq HI rq +Q>[,= Wkhq/ d frpsohwh odwwlfh O+H, 0
wkh Jdorlv odwwlfh ri H/ xqltxho| gh�qhg xs wr lvrprusklvpv0 fdq eh fdqrqlfdoo|

dwwdfkhg wr H1 Pruhryhu/ l, O+H, lv ghqvh > ll, li H lv zhoo0ehkdyhg/ O+H, lv

fr0ghqvh> lll, O+H, lv �qlwh zkhqhyhu hlwkhu Q ru [ lv �qlwh1
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Uhpdun 5 Lq ylhz ri Sursrvlwlrq 4 lw pxvw eh wkh fdvh wkdw O+H, @ 4�E+O+H,,�
4 iru vrph odwwlfh E+O+H,, li H lv zhoo0ehkdyhg / dqg O+H, @ 4�E+O+H,, rwk0
huzlvh +zkhuh 4 ghqrwhv wkh ghjhqhudwh 40hohphqw odwwlfh/ dqg � ghqrwhv wkh olq0

hdu ru ruglqdo vxp rshudwlrq= vhh h1j1 Elunkr�+4<9:,/ ru Gdyh|/Sulhvwoh|+4<<3,,1

Lq dq| fdvh/ zh vkdoo uhihu wr wkh odwwlfh E+O+H,, dv wkh exon ri O+H, 1

Qrz/ lw lv wr eh fkhfnhg zkhwkhu wkh Jdorlv odwwlfh ri dq HI grhv lqghhg

vdwlvi| 0 dv fodlphg deryh0 wkh rxwfrph0lqyduldqfh surshuw| ghvfulehg deryh lq

vhfwlrq 51 Lq rughu wr dffrpsolvk wklv wdvn zh surylgh d irupdo gh�qlwlrq ri d

vxlwdeoh idplo| ri xqlirup h{sdqvlrqv ri dq HI1

Gh�qlwlrq 6 Ohw H eh dq HI rq +Q>[,/ dqg \ d vhw vxfk wkdw [ _ \ @ >1

Wkh \0xqlirup h{sdqvlrq ri H0 zulwwhq H.\ 0 lv wkh HI rq +Q>[ ^\ , gh�qhg
e| wkh iroorzlqj suhvfulswlrq = iru dq| V � Q / D � [ ^ \ / D 5 H.\ +V, li

dqg rqo| li Dq\ 5 H+V, 1

Wkh iroorzlqj sursrvlwlrq hvwdeolvkhv wkh uhtxluhg surshuw| ri Jdorlv odwwlfhv
ri HIv1

Sursrvlwlrq 7 Ohw H eh dq HI rq +Q>[,/ dqg H.\ wkh \0xqlirup h{sdqvlrq
ri H1 Wkhq O+H.\ , @ O+H,=

Wkxv/ dv phqwlrqhg deryh/ Jdorlv odwwlfhv ri HIv 0 dqg wkhlu exonv0 surylgh
xv zlwk dq dojheudlf lqyduldqw wkdw doorzv vrph vljql�fdqw qhz fodvvl�fdwlrqv ri
jdph fruuhvsrqghqfhv1 + Ri frxuvh/ d jdph fruuhvsrqghqfh J lv hqwlwohg wr 0
dw ohdvw0 wzr Jdorlv odwwlfhv/ wkh �0Jdorlv odwwlfh dqg wkh �0Jdorlv odwwlfh/ wkdw
fruuhvsrqg wr H�+J, dqg H�+J, / uhvshfwlyho|1 Zh vkdoo uhihu wr wkh Jdorlv
odwwlfh ri jdph fruuhvsrqghqfh J zkhq H�+J, @ H�+J,,1 Lqghhg/ wkh Jdorlv
odwwlfh O+H, dovr surylghv 0dw ohdvw0 wzr qdwxudo frpsoh{lw| phdvxuhv iru wkh
xqghuo|lqj HI H/ qdpho| lwv ohqjwk dqg zlgwk1 Zh uhfdoo khuh wkh uhohydqw
gh�qlwlrqv + vhh djdlq Elunkr�+4<9:,/ ru Gdyh|/Sulhvwoh|+4<<3, ,1

Gh�qlwlrq 8 Wkh ohqjwk o+O, ri d odwwlfh O lv wkh ohdvw xsshu erxqg ri wkh vhw
ri ohqjwkv ri fkdlqv lqfoxghg lq O +d fkdlq lv d wrwdoo| rughuhg vhw> wkh ohqjwk ri
d fkdlq ri n . 4 hohphqwv lv n ,1

Gh�qlwlrq 9 1 Wkh zlgwk z+O, ri d odwwlfh O lv wkh vl}h ru fduglqdolw| ri lwv
odujhvw dqwlfkdlq + dq dqwlfkdlq lv d vhw ri sdluzlvh lqfrpsdudeoh hohphqwv ,1
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D prvw xvhixo qrwlrq ri udqn iru frdolwlrqv + dqg lvvxhv, fdq eh lqwurgxfhg

uho|lqj rq wkh ohqjwk o+O+H,, ri wkh Jdorlv odwwlfh ri dq HI H dv gh�qhg deryh1

Gh�qlwlrq : Ohw H eh dq HI rq +Q>[,1 Wkh khljkw kH+{, ri { @ +F>F3, 5
O+H, lv wkh ohdvw xsshu erxqg ri wkh vhw ri ohqjwkv ri fkdlqv lq O+H, kdylqj {
dv wkhlu pd{lpxp1 Wkh udqn uH+V, ri d frdolwlrq V � Q lv wkh khljkw kH+{, ri
wkh kljkhvw { @ +F>F3, 5 O+H, vxfk wkdw V 5 F + d gxdo gh�qlwlrq rewdlqv iru

dq lvvxh D � [ ,1

D ihz ixqgdphqwdo surshuwlhv ri dq HI H rq +Q>[, 0 khqfh ri d jdph

fruuhvsrqghqfh J zkhq H�+J, @ H�+J, 0 fdq eh uhdglo| h{suhvvhg xvlqj wkh

qrwlrq ri udqn + vhh djdlq Ydqqxffl+4<<;d,,=

l, H lv frqvhqvxdo +FR, li uH+Q, A uH+V, iru dq| frdolwlrq V 9@ Q +lq

zrugv/ H lv FR li wkh judqg frdolwlrq lv xqltxho| hqgrzhg zlwk pd{lpxp udqn,>

ll, H lv ixoo| glvwulexwhg +IG, li uH+ilj, A 4 iru dq| l 5 Q +lq zrugv/ H lv

IG li hdfk vlqjoh sod|hu lv hqgrzhg zlwk vrph qrq0frppxqdo ghflvlrq srzhu,>

lll, H lv xqvshfldol}hg +XVS, li uH+V, @ uH+W , hqwdlov H+V, @ H+W , iru dq|
V> W � Q / dqg vshfldol}hg +VS, rwkhuzlvh +lq zrugv/ H lv XV li kdylqj wkh vdph

udqn hqwdlov kdylqj h{dfwo| wkh vdph ghflvlrq srzhu,1

ly, H lv vwulfwo| klhudufklfdo +VK, li uH+V, @ uH+W , hqwdlov V @ W iru dq|

V> W � Q + lq zrugv/ wkh frdolwlrqv duh olqhduo| rughuhg z1u1w1 wkhlu udqn lq H,1

Pruhryhu/ vlpsolflw| ri dq HI dv gh�qhg deryh fdq dovr eh fkdudfwhul}hg
lq whupv ri wkh udqn ixqfwlrq1 Qdpho|/ dq HI H lv vlpsoh +VL, li uH+=, lv
wzr0ydoxhg1

Fohduo| hqrxjk/ wkh iruhjrlqj surshuwlhv duh 0jhqhudoo| vshdnlqj0 qrw lqgh0
shqghqw1 Lq sduwlfxodu/ VK hqwdlov XVS dqg qrw VL > VL hqwdlov XVS > FR dqg
IG mrlqwo| hqwdlo qrw VL1

Wkh iroorzlqj edvlf uhvxow fdq eh hdvlo| hvwdeolvkhg +vhh Ydqqxffl+4<<;d,,=

Sursrvlwlrq ; Ohw H eh dq HI rq +Q>[,= Wkhq/ l, H lv vlpsoh dqg frqvhqvxdo

li dqg rqo| li E+O+ aH,, @ 4 > ll,H lv vlpsoh dqg qrw frqvhqvxdo li dqg rqo| li

E+O+ aH,, @ 5 + wkh wzr0hohphqw Errohdq odwwlfh,> lll, li H lv vlpsoh/ uhjxodu dqg

qrw frqvhqvxdo/ wkhq E+O+H,, @ E+O+ aH,, @ 51

Wkxv/ wkh xqdqlplw| uxoh +zkrvh �0HI lv wkh xqltxh vlpsoh dqg frqvhqvxdo
HI rq +Q>[, , wxuqv rxw wr eh 0vrphkrz0 xqltxho| frqqhfwhg wr wkh ghjhqhudwh
odwwlfh 4/ zkloh vlpsoh dqg qrw frqvhqvxdo HIv duh 0vrphkrz0 xqltxho| frqqhfwhg
wr wkh vlpsoh Errohdq odwwlfh 5 + zh uhfdoo khuh wkdw d odwwlfh lv vlpsoh li dqg
rqo| li lwv frqjuxhqfhv uhgxfh wr wkh wulyldo rqhv l1h1 wkh lghqwlw| frqjuxhqfh
dqg wkh xqlyhuvdo frqjuxhqfh ,1

:



7 Frpsxwlqj Jdorlv Odwwlfhv ri Jdph Fruuh0

vsrqghqfhv= Vrph H{dpsohv

Frpsxwlqj wkh Jdorlv odwwlfh ri d jlyhq jdph fruuhvsrqghqfh ru h�hfwlylw| ixqf0
wlrq pd| zhoo lqyroyh d khdy| frpsxwdwlrqdo exughq +vhh h1j1 Juçw}hu +4<<;,/
hvshfldoo| Dsshqgl{ K e| Jdqwhu dqg Zlooh,1 Wkh suhvhqw vhfwlrq lv ghyrwhg
wr wkh frpsxwdwlrq ri wkh +exonv ri, Jdorlv odwwlfhv ri vrph surplqhqw dqg
zhoo0nqrzq jdph fruuhvsrqghqfhv wkdw duh vlpsoh hqrxjk wr doorz iru �pdq0
xdo� fdofxodwlrqv +lqfoxglqj wzr vroxwlrq frqfhswv iru sulydwh0jrrg0hfrqrplhv/
wkdw fdq lqghhg eh uhjdughg dv d vshfldo h{dpsoh ri d �uhyhodwlrq� jdph fruuh0
vsrqghqfh,1 Frpsdulqj vxfk Jdorlv odwwlfhv/ dqg wkhlu sdudphwhuv/ zloo hqdeoh
xv wr fodvvli| vxfk jdph fruuhvsrqghqfhv dffruglqj wr wkh surshuwlhv lqwurgxfhg
lq wkh suhylrxv vhfwlrq1

714 Edujdlqlqj Jdph Irupv

D edujdlqlqj jdph irup rq +Q>[, lv d wxsoh JE @ +Q> +[l,l5Q > {�, zkhuh

[l @ [ iru dq| l 5 Q / dqg {� 5 [ ghqrwhv wkh frq lfw rxwfrph1 Wkh sod|huv

lq Q fdq xqdqlprxvo| djuhh rq dq| rxwfrph lq [1 Wkh frq lfw rxwfrph {�

rewdlqv li wkh sod|huv idlo wr djuhh rq dq| rwkhu rxwfrph1Wkhuhiruh/ H�+J
E
,

lv jlyhq e| wkh iroorzlqj uxoh= iru dq| V>E / > 9@ V � Q / > 9@ E � [/

E 5 +H�+J
�
,,+V, li dqg rqo| li hlwkhu V @ Q ru {� 5 E1 Wkh iroorzlqj uhvxow lv

hdvlo| hvwdeolvkhg=

Sursrvlwlrq < Ohw JE eh d edujdlqlqj jdph irup dv gh�qhg deryh1 Wkhq/ l,

H�+J
E
, @ H�+J

E
,/ dqg E+O+JE,, @ 51 Wkxv/ JE lv vlpsoh + khqfh xqvsh0

fldol}hg, dqg frqvhqvxdo +exw qhlwkhu ixoo| glvwulexwhg qru vwulfwo| klhudufklfdo,1

715 Yrwlqj Jdph Irupv

Dv phqwlrqhg deryh/ yrwlqj jdph irupv kdyh ehhq odujho| vwxglhg e| dqdo|vlqj

wkhlu vlpsoh jdphv/ zklfk dprxqwv wr uhjduglqj wkh HIv ri wkh iruphu dv vlp0

soh1 Lw vkrxog eh hpskdvl}hg djdlq wkdw wklv lv rqo| dssursuldwh iru fhuwdlq

yrwlqj surfhgxuhv1 Lqghhg/ pdmrulwduldq0olnh yrwlqj vfkhphv uho| rq d vkdus

glvwlqfwlrq ehwzhhq doo0srzhuixo 0 ru zlqqlqj 0 dqg srzhuohvv 0 ru orvlqj0 frdol0

wlrqv1 Khqfh/ wkh HIv ri vxfk vfkhphv duh lqghhg vlpsoh + dqg wkhlu Jdorlv

odwwlfhv duh dv ghvfulehg deryh xqghu Sursrvlwlrq 6,1 Xqiruwxqdwho|/ lw lv zhoo0

nqrzq wkdw pdmrulwduldq0olnh yrwlqj surfhgxuhv duh 0jhqhudoo| vshdnlqj0 xqvwd0

eoh lq wkdw dw pdq| suhihuhqfh sur�ohv wkhlu fruh lv hpsw|1 E| frqwudvw/ fhu0

wdlq yrwlqj0e|0olplwhg0yhwr surfhgxuhv + dv eulh | lqwurgxfhg lq vhfwlrq 5 deryh/

dqg wkrurxjko| dqdo|}hg hovhzkhuh/ h1j1 lq Prxolq/Shohj+4<;5,/ Prxolq+4<;6,/

Shohj+4<;7,/ Gdqlory/Vrwvnry+4<<6, , hqmr| vhyhudo qlfh vwdelolw| surshuwlhv 0

lqfoxglqj jhqhudo qrq0hpswlqhvv ri wkh fruh0 dqg uho| rq d frqvlghudeo| pruh

;



frpsoh{ doorfdwlrq ri ghflvlrq srzhu1 Wklv lv qhdwo| uh hfwhg e| wkh surshuwlhv

ri wkhlu Jdorlv odwwlfhv1 Dv d surplqhqw h{dpsoh ri d yrwlqj0e|0olplwhg0yhwr sur0
fhgxuh wkdw vkduhv dqrq|plw| dqg qhxwudolw| surshuwlhv zlwk pdmrulwduldq0olnh

vfkhphv zh vkdoo irfxv rq d yhuvlrq ri wkh sursruwlrqdo yhwr surfhgxuh/ �uvw lqwur0

gxfhg e| Prxolq + vhh h1j1 Prxolq+4<;6,/ Degrx/Nhlglqj+4<<4,,1 Qdpho|/ zh
frqvlghu d sursruwlrqdo yhwr surfhgxuh zlwk hqgrjhqrxv djhqgd irupdwlrq wkdw

fdq eh ghvfulehg dv iroorzv1 D glvwlqjxlvkhg rxwfrph {�0 wkh �vwdwxv txr�0 lv
lghqwl�hg1 Wkhq/ hdfk sod|hu pdnhv n sursrvdov/ lv lqiruphg rq wkh uhvxowlqj vhw

ri rxwfrphv/ dqg lvvxhv n yhwrv 0 dffruglqj wr d suh�{hg rughu 0 rq qrq0yhwrhg

dowhuqdwlyhv1 Wkh xqltxh qrq0yhwrhg rxwfrph lv vhohfwhg1 Wkh fruuhvsrqglqj
HI H

SY + wkdw lv uhjxodu dqg pd{lpdo/ khqfh xqdpeljxrxvo| ghwhuplqhg, lv

gh�qhg e| wkh iroorzlqj uxoh=

iru dq| V � Q / D � [ / D 5 H
SY +V, li dqg rqo| li

g+nq. 4, v
q
h A nq. 4� d

zkhuh v @ &V/ q @ &Q / dqg d @ &D 1
Vlqfh hdfk frdolwlrq0vl}h fruuhvsrqgv wr d glvwlqfwlyh �ghjuhh� ri ghflvlrq

srzhu/ wkh Jdorlv odwwlfh O+HSY , lv hdvlo| frpsxwhg1 Wkxv/ lw lv vwudljkwiruzdug

wr hvwdeolvk wkh iroorzlqj uhvxow=

Sursrvlwlrq 43 Ohw HSY eh wkh sursruwlrqdo yhwr HI dv gh�qhg deryh1 Wkhq/

l, E+O+HSY ,, @ q +zkhuh q ghqrwhv wkh fkdlq ri vl}h q ,1 Khqfh/ lq sduwlfxodu

ll, HSY
lv frqvhqvxdo dqg xqvshfldol}hg + exw qrw vlpsoh/ ixoo| glvwulexwhg/ ru

vwulfwo| klhudufklfdo,1

Lw vkrxog eh qrwlfhg wkdw wkh Jdorlv odwwlfhv ri erwk edujdlqlqj dqg

+qhxwudo, yrwlqj jdph irupv dv frqvlghuhg deryh duh lqyduldeo| fkdlqv1 Wkh

iroorzlqj h{dpsoh vkrzv wkdw wkhuh dovr h{lvw hohphqwdu| jdph irupv zkrvh
Jdorlv odwwlfhv duh qrw fkdlqv1

716 2� 2 Vwudwhjlf Jdph Irupv

Ohw xv frqvlghu d 5 � 5 vwudwhjlf jdph irup J5 @ +i4> 5j > +V4> V5,> k,/ zkhuh
V4 @ iv4> w4j/ V5 @ iv5> w5j/ dqg k+v4> v5, @ d/ k+v4> w5, @ e/ k+w4> v5, @ f/

k+w4> w5, @ g 1 Fohduo| hqrxjk/ H�+J
5, 9@ H�+J

5,1 Ohw xv frqvlghu wkh �jhqhulf�
fdvh + l1h1 &[ @ 7 ,1 Wkh iroorzlqj sursrvlwlrq vxppdul}hv wkh vlwxdwlrq =

Sursrvlwlrq 44 Ohw J5eh d 5� 5 vwudwhjlf jdph irup dv gh�qhg deryh1 Wkhq/

l,E+O+H�+J
5,,, @ E+O+H�+J

5,,, @ 5
5 +wkh 70ydoxhg Errohdq odwwlfh, li J5

lv �jhqhulf� l1h1&[ @ 71 Khqfh/ lq sduwlfxodu/ erwk H�+J
5, dqg H�+J

5, duh

frqvhqvxdo/ ixoo| glvwulexwhg/ vshfldol}hg + dqg/ ri frxuvh/ qhlwkhu vlpsoh qru

vwulfwo| klhudufklfdo,> ll, E+O+H�+J
5,,, @ E+O+H�+J

5,,, @ 6 li &[ @ 6

dqg wkh uhsolfdwhg rxwfrph lv qrw rq d gldjrqdo/ zkhuhdv E+O+H�+J
5,,, @

E+O+H�+J
5,,, @ 6 li &[ @ 6 dqg wkh uhsolfdwhg rxwfrph lv rq d gldjrqdo>

lll,E+O+H�+J
5,,, @ E+O+H�+J

5,,, @ 5 li &[ @ 5 dqg d gldjrqdo h{lvwv

zklfk grhv qrw lqfoxgh uhsolfdwhg rxwfrphv/ zkhuhdv E+O+H�+J
5,,, @ 5 dqg

E+O+H�+J
5,,, @ 4 li &[ @ 5 dqg hdfk gldjrqdo lqfoxghv uhsolfdwhg rxwfrphv1

<



Wkhuhiruh/ d �jhqhulf� 5� 5 vwudwhjlf jdph irup surylghv d �uvw hohphqwdu|

h{dpsoh ri dq HI zkrvh Jdorlv odwwlfh kdv d qrq0wulyldo zlgwk1 Pruh h{dpsohv

duh wr eh ghvfulehg ehorz1

717 Frqvwlwxwlrqdo H�hfwlylw| Ixqfwlrqv

Prghuq uhsuhvhqwdwlyh ghprfudflhv uho| rq jryhuqdqfh vwuxfwxuhv zkrvh dufkl0

whfwxuhv pd| ydu| lq pdq| uhohydqw uhvshfwv1 Wkh prvw vljql�fdqw glvwlqfwlrq lv

shukdsv wkh rqh ehwzhhq sduoldphqwdu| dqg suhvlghqwldo v|vwhpv1 Lqghhg/ xqghu

sduoldphqwdu| jryhuqdqfh vwuxfwxuhv h{hfxwlyh0whuplqdwlrq fdq eh surpswhg e|

d qrq0frq�ghqfh yrwh rq wkh sduw ri wkh ohjlvodwxuh1 E| frqwudvw/ xqghu suhv0

lghqwldo v|vwhpv wkh h{hfxwlyh lv qrw vxemhfw wr qrq0frq�ghqfh yrwhv dqg 0dv

d uhvxow0 vrph ghjuhh ri vhsdudwlrq ri srzhuv ehwzhhq ohjlvodwxuh dqg h{hfx0

wlyh w|slfdoo| rewdlqv1 Pruh riwhq wkdq qrw/ xqghu suhvlghqwldo v|vwhpv wkh

khdg ri h{hfxwlyh lv gluhfwo| dssrlqwhg e| phdqv ri jhqhudo hohfwlrqv/ zkloh wkh

rssrvlwh lv wkh fdvh zlwk sduoldphqwdu| v|vwhpv1 Krzhyhu/ wkh qdwxuh ri wkh

h{hfxwlyh0dssrlqwphqw surfhgxuhv lv/ lq rxu ylhz/ odujho| lppdwhuldo wr wkh ed0

vlf glvwlqfwlrq ehwzhhq sduoldphqwdu| dqg suhvlghqwldo v|vwhpv1 Wkhuhiruh/ lq

rughu wr irfxv rq wkh odwwhu frqwudvw/ zh vkdoo vlqjoh rxw iru glvfxvvlrq d, wkh

HI ri d suhvlghqwldo v|vwhp zlwk shuihfw vhsdudwlrq ri srzhuv dqg e, wkh HI

ri d sduoldphqwdu| v|vwhp zlwk d gluhfwo| hohfwhg suhplhu dqg d �{hg pdmrulw|

+vhh dovr Ydqqxffl+4<<;e/4<<<,,1

Gh�qlwlrq 45 +Wkh HI ri d suhvlghqwldo v|vwhp zlwk shuihfw vhsdudwlrq ri srz0

huv, Ohw 3� ghqrwh wkh hohfwhg suhvlghqw ri wkh h{hfxwlyh/ dqg Q @ i4> ==> qj
wkh vhw ri sduwlhv0 ru yrwlqj eorfv0 ri d ohjlvodwxuh ri vl}h k1 Wkh sduwlhv kdyh

zhljkwv0 ru qxpehu ri vhdwv0 zl/ l @ 4> ==> q1 Zh dovr vxssrvh wkdw wkh zhljkw

sur�oh z @ +zl,l5Q lv vwurqj + l1h1 iru dq| V � Q hlwkhu
S

l5V
zl � ek

5
f. 4

ru
S

l5QqV
zl � ek

5
f . 4 ,1 Pruhryhu/ zh dvvxph d vkdus glvwlqfwlrq ehwzhhq

wkh uhvshfwlyh �mxulvglfwlrqv� ri wkh h{hfxwlyh dqg ohjlvodwxuh1 Wkhuhiruh/ wkh

rxwfrph vsdfh lv [ @ \ � ] / zkhuh \ ghqrwhv wkh �mxulvglfwlrq� ri wkh h{0

hfxwlyh/ dqg ] wkh �mxulvglfwlrq� ri wkh ohjlvodwxuh1 Wkhq/ wkh HI HSV+z, ri

d suhvlghqwldo v|vwhp zlwk shuihfw vhsdudwlrq ri srzhuv dqg zhljkw sur�oh z lv

gh�qhg e| wkh iroorzlqj uxoh= iru dq| V � Q ^i3�j/ D � [/ D 5 +HSV+z,,+V,

li dqg rqo| li rqh ri wkh frqglwlrqv l,0ly, olvwhg ehorz lv vdwlv�hg = l, D 9@ >/
3� 5 V dqg

S
l5V

zl � ek
5
f. 4 > ll, D � i|j � ] iru vrph | 5 \ / dqg 3� 5 V

> lll, D � \ � i}j iru vrph } 5 ]/ dqg
S

l5V
zl � ek

5
f . 4 > ly, D @ [ dqg

V 9@ >1

Gh�qlwlrq 46 +Wkh HI ri d sduoldphqwdu| v|vwhp zlwk d gluhfwo| hohfwhg suh0

plhu dqg d �{hg pdmrulw|, Ohw 3� ghqrwh wkh hohfwhg suhplhu/ Q @ i4> ==> qj wkh

vhw ri sduwlhv 0ru yrwlqj eorfv0 ri d ohjlvodwxuh ri vl}h k +zkrvh doorfdwlrq ri vhdwv

lv uhsuhvhqwhg e| d q0glphqvlrqdo vwurqj zhljkw sur�oh z dv xqghu wkh suhylrxv
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gh�qlwlrq,/ P @ P+z, � Q d +srvvleo| plqlpdo, pdmrulw| frdolwlrq/ [ wkh

rxwfrph vhw/ dqg {� 5 [ d �ghdgorfn� rxwfrph wkdw fruuhvsrqgv wr ohjlvodwxuh0

whuplqdwlrq/ l1h1 qhz hohfwlrqv1 Wkhq/ wkh HI HSD+z>P, ri d sduoldphqwdu|

v|vwhp zlwk gluhfwo| hohfwhg suhplhu dqg �{hg pdmrulw| P @ P+z, dw zhljkw

sur�oh z lv gh�qhg e| wkh iroorzlqj uxoh= iru dq| 1V � Q ^ i3�j/ D � [/

D 5 +HSD+z>P,,+V, li dqg rqo| li rqh ri wkh fodxvhv l,0lll, ghvfulehg ehorz lv

vdwlv�hg = l, D 9@ > dqg V �P ^ i3�j > ll, {� 5 [ dqg V _ +P ^ i3�j, 9@ > >

lll, D @ [ dqg V 9@ >1

Zh duh qrz uhdg| wr vwdwh wkh qh{w uhvxow rq Jdorlv odwwlfhv/ zklfk dgplwv

d txlwh vwudljkwiruzdug surri1

Sursrvlwlrq 47 Ohw HSV+z, dqg HSD+z>P, eh wkh suhvlghqwldo dqg sduold0

phqwdu| HIv dv gh�qhg deryh1

Wkhq l, E+O+HSV+z,,, @ 5
5 >

ll, E+O+HSD+z>P,,, @ 6 + zkhuh 6 ghqrwhv wkh wkuhh0vl}hg fkdlq,> khqfh/

lq sduwlfxodu/ HSV+z, lv vshfldol}hg zkhuhdv HSD+z>P, lv xqvshfldol}hg + exw

qhlwkhu ri wkhp lv frqvhqvxdo/ ixoo| glvwulexwhg/ vwulfwo| klhudufklfdo/ ru vlpsoh,1

718 Vroxwlrq Fruuhvsrqghqfhv iru Sulydwh0Jrrg Hfrqrplhv

Wkh frpsxwdwlrq ri Jdorlv odwwlfhv lv hdvlo| h{whqgdeoh wr vroxwlrq frqfhswv

dqg fruuhvsrqghqfhv1 Wklv lv vr ehfdxvh zkhqhyhu wkh �remhfwv� wr eh �vroyhg�

lqfoxgh d ghvfulswlrq ri qrq0yhul�deoh lqglylgxdo fkdudfwhulvwlfv +h1j1 suhihu0

hqfhv,/ wkh odwwhu fdq eh uhjdughg dv wkh rxwsxw ri vwudwhjlf ehkdylrxu1 Dv d

uhvxow/ wkh vroxwlrq frqfhsw xqghu frqvlghudwlrq fdq eh dswo| lqwhusuhwhg dv d

uhyhodwlrq0jdph fruuhvsrqghqfh1 Wkh Jdorlv odwwlfh ri vxfk d vroxwlrq fruuhvsrq0

ghqfh surylghv/ rqfh djdlq/ d vxfflqfw ghvfulswlrq ri wkh vwuxfwxuh ri frdolwlrqdo

srzhu zkhq wkh dfwxdo ehkdylrxu ri sod|huv lv zhoo suhglfwhg e| wkh jlyhq vr0

oxwlrq frqfhsw +khqfh/ wkh frdolwlrqdo srzhu glvfxvvhg khuh lv ri d frqglwlrqdo

vruw, 1 Wklv vxevhfwlrq lv ghyrwhg wr dq dssolfdwlrq ri wkrvh lghdv wr vrph gr0

pdlqv ri sxuh h{fkdqjh sulydwh0jrrg hfrqrplhv1 Lq sduwlfxodu/ zh vkdoo irfxv rq

d, fruh fruuhvsrqghqfhv0 dqg uhodwhg vroxwlrq frqfhswv0 rq dq xqfrqyhqwlrqdoo|

odujh grpdlq dqg e, d vroxwlrq frqfhsw wkdw frpelqhv Sduhwr0h!flhqf| zlwk xq0

grplqdwhg glyhuvlw| + d plog idluqhvv uhtxluhphqw wkdw jhqhudol}hv wkh qr0hqy|

fulwhulrq , rq d vwdqgdug grpdlq1

Wr ehjlq zlwk/ d ihz edvlf gh�qlwlrqv duh wr eh uhfdoohg1 D sxuh h{fkdqjh

sulydwh0jrrg0hfrqrp| lv d wxsoh h @ +Q> +[l,l5Q > +?l,l5Q > +$l,l5Q , zkhuh

iru hdfk djhqw l 5 Q / [l @ U
n

. lv khu frqvxpswlrq vhw zkrvh glphqvlrq n

ghqrwhv wkh qxpehu ri dydlodeoh sulydwh jrrgv/ ?llv wkh wrwdo suhihuhqfh suhrughu

ri l rq wkh doorfdwlrq vsdfh [ @
T

l5Q
[l/ dqg $l lv khu hqgrzphqw1 Zh

ghqrwh e| H+$, wkh vhw ri doo q0djhqw sxuh h{fkdqjh sulydwh0jrrg hfrqrplhv zlwk

hqgrzphqw sur�oh $ @ +$l,l5Q 1 +Zh vkrxog hpskdvl}h khuh wkdw zh duh qrw

lpsrvlqj wkh xvxdo vho�vkqhvv/ prqrwrqlflw|/ frqwlqxlw|/ ru frqyh{lw| uhvwulfwlrqv

rq suhihuhqfhv= wkhuhiruh0 dv phqwlrqhg suhylrxvo| 0 zh duh frqvlghulqj d pxfk
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odujhu grpdlq ri hfrqrplhv wkdq wkh vwdqgdug rqh,1 D ihdvleoh doorfdwlrq ri

dq hfrqrp| h 5 H+$, lv d sur�oh ri frqvxpswlrq surjudpv { @ +{l,l5Q 5 [

vxfk wkdw
S

l5Q {l �
S

l5Q $l 1 Wkh vhw ri ihdvleoh doorfdwlrqv ri dq hfrqrp|

h 5 H+$, zloo eh ghqrwhg e| I +$,1 Zh duh qrz uhdg| wr lqwurgxfh wkh vroxwlrq

frqfhswv phqwlrqhg deryh1

Gh�qlwlrq 48 + Frqvlvwhqw fruh fruuhvsrqghqfh rq H+$, , D frqvlvwhqw fruh

doorfdwlrq ri dq hfrqrp| h @ +Q> +[l,l5Q > +?l,l5Q > +$l,l5Q , 5 H+$, lv d

ihdvleoh doorfdwlrq { 5 I +$, vxfk wkdw l, iru dq| V/ > 9@ V � Q / dqg dq|

| 5 I +$, zlwk
S

l5V |l �
S

l5V $l dq doorfdwlrq |
3 5 I +$, h{lvwv vxfk wkdw

|3l @ |l iru dq| l 5 V / dqg { ?m |
3 iru vrph m 5 V / dqg ll, iru dq| V/

> 9@ V � Q / dqg dq| | 5 I +$, vxfk wkdw |l @ {l iru hyhu| l 5 QqV / { ?m |

iru vrph m 5 V 1 Wkh vhw ri frqvlvwhqw fruh doorfdwlrqv ri h lv ghqrwhg e|

fruh+h,1 Wkh frqvlvwhqw fruh fruuhvsrqghqfh F = H+$,$$ I +$, lv gh�qhg e|
wkh uxoh F+h, @ fruh+h, iru dq| h 5 H+$, 1

Uhpdun 49 Wkh frqvlvwhqw fruh fruuhvsrqghqfh dv gh�qhg deryh lv dq h{whq0
vlrq wr H+$, ri wkh xvxdo qrwlrq ri fruh doorfdwlrqv/ zklfk lv w|slfdoo| gh�qhg iru
hfrqrplhv zlwk prqrwrqlf 0 dqg vho�vk0 suhihuhqfhv1 Wkxv/ frqvlvwhqf| ri fruh
doorfdwlrqv 0 l1h1 fruh0vwdelolw| ri fruh0vxedoorfdwlrqv zlwklq wkhlu dssursuldwh uh0
gxfhg hfrqrp|/ d surshuw| wkdw lv dxwrpdwlfdoo| vdwlv�hg e| fruh doorfdwlrqv ri
hfrqrplhv zlwk vho�vk prqrwrqlf suhihuhqfhv0 kdv wr eh h{solflwo| lqfrusrudwhg
lqwr wkh gh�qlwlrq1 Lw vkrxog dovr eh phqwlrqhg wkdw wkh iruhjrlqj gh�qlwlrq
lpsolflwo| dvvxphv 0dv xvxdo0 wkdw dq| frdolwlrq fdq eh iuhho| iruphg1 Reylrxv
dgdswdwlrqv fdq eh lqwurgxfhg lq rughu wr fryhu wkh fdvh ri uhvwulfwhg vhwv ri
ihdvleoh frdolwlrqv1 Lq sduwlfxodu/ lw fdq eh vkrzq wkdw d jhqhudo yhuvlrq ri wkh
uhvxowv rq Jdorlv odwwlfhv ri frqvlvwhqw fruh fruuhvsrqghqfhv dv suhvhqwhg ehorz
rewdlq/ surylghg wkdw wkh vhw ri ihdvleoh frdolwlrqv lv d frpsohphqwhg odwwlfh + vhh
Ydqqxffl+4<<;f,,1

Dqrwkhu vroxwlrq frqfhsw iru sulydwh0jrrg hfrqrplhv 0 shukdsv wkh prvw

zlgho| xvhg0 lv surylghg e| wkh qrwlrq ri d Zdoudvldq htxloleulxp1

Gh�qlwlrq 4: +Frqvlvwhqw fruh Zdoudvldq0h{whqvlrq rq H
�

+$, , D Zdoudvldq
htxloleulxp ri dq hfrqrp| h 5 H+$, lv d sdlu +s�>{�, 5 U

n
. � [ vxfk wkdw

s� 9@ 3/ {� 5 I +$, dqg {� ?l | iru dq| l 5 Q dqg dq| | 5 I +$, zlwk

s� � | � s� � $ 1 D ihdvleoh doorfdwlrq { 5 I +$, lv d Zdoudvldq doorfdwlrq ri wkh

hfrqrp| h 5 H+$, li +s>{, lv d Zdoudvldq htxloleulxp ri h iru vrph qrq0qxoo

qrq0qhjdwlyh sulfh yhfwru s 1 Wkh vhw ri Zdoudvldq doorfdwlrqv ri dq hfrqrp|

h 5 H+$, lv ghqrwhg e| z+h,1 Lw lv hdvlo| fkhfnhg wkdw Zdoudvldq doorfdwlrqv ri

h duh lq wkh fruh ri h 1 Khqfh/ d Zdoudvldq vxefruuhvsrqghqfh ri wkh frqvlvwhqw

fruh fruuhvsrqghqfh 0 ru/ htxlydohqwo|/ d frqvlvwhqw fruh Zdoudvldq h{whqvlrq

ZF 0 fdq eh gh�qhg e| wkh iroorzlqj uxoh = ZF
+h, @ z+h, li z+h, 9@ >/ dqg

ZF
+h, @ F+h, rwkhuzlvh1 Ri frxuvh/ erwk F dqg ZF duh orfdoo| hpsw|0ydoxhg1

Wkhuhiruh/ wkhlu �0HIv dqg �0HIv duh qrw zhoo0ehkdyhg + vhh wkh gh�qlwlrqv lq

vhfwlrq 6 deryh,1
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Wkh frqvlvwhqw fruh fruuhvsrqghqfh dqg lwv Zdoudvldq vxefruuhvsrqghqfh

duh phdqw wr fdswxuh wkh rshudwlrq ri wzr glvwlqfw frruglqdwlrq ghylfhv wkdw

pd| eh dydlodeoh wr rswlpl}lqj djhqwv/ exw qrqh ri wkhp lv h{solflwo| frqfhuqhg

zlwk idluqhvv fulwhuld1 E| frqwudvw/ d frpelqdwlrq ri h!flhqf| dqg idluqhvv

xqghu vho�vk suhihuhqfhv lv wkh pdlq udwlrqdoh iru wkh xqgrplqdwhg h!flhqw

fruuhvsrqghqfh wr eh gh�qhg ehorz + vhh h1j1 Urhphu+4<<9,,1 Zh uhfdoo khuh

wkdw wkh vhw H
�

+$, � H+$, ri hfrqrplhv zlwk vho�vk suhihuhqfhv frqvlvwv ri doo
hfrqrplhv h @ +Q> +[l,l5Q > +?l,l5Q > +$l,l5Q, vxfk wkdw iru dq| l 5 Q / dqg

{>| 5 I +$, / { ?l | li dqg rqo| li +{l> +zm,m 9@l, ?l +|l> +}m,m 9@l, iru dq|

+zm,m 9@l/ +}m,m 9@l 5
T

m5Qqilj[m + lqghhg/ xqghu vho�vk suhihuhqfhv { ?l| fdq

dovr eh zulwwhq {l ?l |l ,1

Gh�qlwlrq 4; +Xqgrplqdwhg h!flhqw fruuhvsrqghqfh rq H
�

+$,, Ohw h @ +Q>
+[l,l5Q > +?l,l5Q > +$l,l5Q , 5 H

�

+$, eh dq hfrqrp| zlwk vho�vk suhihuhqfhv1 Dq

doorfdwlrq { 5 I +$, lv xqgrplqdwhg lq h li iru qr m 5 Q erwk ^{l ?l {m iru doo l 5 Q `
dqg ^{m �l {l iru doo l 5 Q ` krog wuxh1 Dq doorfdwlrq { 5 I +$, lv Sduhwr0h!flhqw

lq h li iru qr doorfdwlrq | 5 I +$, erwk ^|l ?l {l iru doo l 5 Q ` dqg ^{m �m |m iru vrph m 5 Q `
rewdlq1 Wkh vhw ri xqgrplqdwhg dqg Sduhwr0h!flhqw doorfdwlrqv ri hfrqrp|

h lv ghqrwhg e| x
SH+h,1 Wkh xqgrplqdwhg h!flhqw fruuhvsrqghqfh XSH =

H
�

+$,$$ I +$, lv gh�qhg e| wkh uxoh XSH+h, @ x
SH+h, iru dq| h 5 H

�

+$,1

Zh duh qrz uhdg| wr vwdwh rxu uhvxowv frqfhuqlqj wkh Jdorlv odwwlfhv ri wkh

iruhjrlqj vroxwlrq fruuhvsrqghqfhv1

Sursrvlwlrq 4< Ohw F/ Z
F
/ XSH wkh vroxwlrq fruuhvsrqghqfhv iru sulydwh0

jrrg0hfrqrplhv dv ghvfulehg deryh1 Wkhq/ l, E+O+H�+F,,, @ E+O+H�+F,,, @
E+O+H�+Z

F,,, @ E+O+H�+Z
F,,, @ 5q> ll,E+O+H�+X

SH,,, @ E+O+H�+X
SH,,,

@ 5 1

Khqfh/ Sursrvlwlrq ;l, surylghv d ixuwkhu h{dpsoh ri d vshfldol}hg HI +ri

zlgwk q, 1Reylrxvo|/ wkh xqghuo|lqj hqylurqphqw frqvlvwlqj ri sulydwh0jrrg

hfrqrplhv lv vrphkrz frqgxflyh wr HIv ri wklv vruw1 Sursrvlwlrq ;ll, krz0

hyhu frq�upv wkdw d sulydwh0jrrg0hfrqrp| vhwwlqj lv dovr frqvlvwhqw zlwk vlpsoh

HIv1

8 Frqfoxglqj Uhpdunv

Wkh suhvhqw sdshu kdv�krshixoo|� pdgh d fdvh iru wkh uhohydqfh ri Jdorlv odw0

wlfhv ri h�hfwlylw| ixqfwlrqv dv edvlf lqyduldqwv iru wkh fodvvl�fdwlrq dqg dqdo|vlv

ri jdph fruuhvsrqghqfhv1 Wkh hpskdvlv ri wkh sdshu kdv ehhq rq wkh �vwuxf0

wxudo� frpsoh{lw| phdvxuhv iru jdph fruuhvsrqghqfhv wkdw duh surylghg e| vxfk

odwwlfhv1 Ixuwkhu lqvljkwv rq wkh lqwhusod| ehwzhhq wkrvh �vwuxfwxudo� surshuwlhv

dqg +fruh0,vwdelolw| pd| dulvh iurp vwxg|lqj wkh Jdorlv odwwlfhv ri frqyh{ h�hf0

wlylw| ixqfwlrqv + dv grqh lq Ydqqxffl+4<<;d,,1 Lw lv dovr zruwk qrwlqj wkdw 0

zkloh HIv kdylqj qrq0glvwulexwlyh Jdorlv odwwlfhv fdq fhuwdlqo| eh ghylvhg +vhh
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djdlq Ydqqxffl+4<<;d,,0 glvwulexwlylw| vhhpv wr eh wkh uxoh iru w|slfdo jdph fru0

uhvsrqghqfhv + mxvw dv zlwk wkh odwwlfhv ri wuxwk ydoxhv ri prvw orjlfv,1 Wkrvh

dujxphqwv krzhyhu duh ehvw ohiw dv d srvvleoh wrslf iru ixuwkhu uhvhdufk1

9 Dsshqgl{

Surri ri Sursrvlwlrq 61 Reylrxv/ vlqfh wkh uhohydqw forvxuh v|vwhpv � h1j1 F+H,
dqg F+H.\ ,� duh lvrprusklf1 Lqghhg/ ohw V 5 F+H,/ l1h1 V 5 V li D 5 H+V,
iru dq| D � [ vxfk wkdw D 5 H+W , iru hdfk W 5 V1 Qrz/ ohw V3 � Q /

E 5 H.\ +V
3, iru dq| E � [ ^ \ vxfk wkdw E 5 H.\ +W , iru hdfk W 5 V/ dqg

V3 @5 V= Wkhq/ D @5 H+V3, iru vrph D � [ vxfk wkdw D 5 H+W , iru hdfk W 5 V=

Vlqfh �e| k|srwkhvlv� D_\ @ >> lw iroorzv wkdw D 5 H.\ +W , iru hdfk W 5 V>

dqg D @5 H.\ +V
3, +e| gh�qlwlrq ri H.\ ,/ d frqwudglfwlrq1 Khqfh/ V 5 F+H.\ ,=

Frqyhuvho|/ ohw V 5 F+H.\ ,qF+H,1 Khqfh/ d V3 � Q h{lvwv vxfk wkdw D 5 H+V3,
iru dq| D � [ vxfk wkdw D 5 H+W , iru hdfk W 5 V>dqg V3 @5 V/ zkloh iru dq|

V � Q li E 5 H.\ +W , iru dq| E � [^\ vxfk wkdw E 5 H.\ +W , iru dq| W 5 V

wkhq V 5 V= Qrz/ wdnh E � [ ^ \ vxfk wkdw E 5 H.\ +W , iru dq| W 5 V=Wkhq
Eq\ 5 H+W , iru dq| W 5 V/ zkhqfh Eq\ 5 H+V3,/ l1h1E 5 H.\ +V

3,= Lw iroorzv
wkdw V3 5 V/ d frqwudglfwlrq1 Dv d uhvxow/ F+H.\ , @ F+H,>dqg wkh lghqwlw|

ixqfwlrq Lg lv wkh uhtxluhg odwwlfldo lvrprusklvp1 �

Surri ri Sursrvlwlrq ;1 l, Lw lv zhoo0nqrzq wkdw iru dq| vwudwhjlf jdph irup

H�+J, @ H�+J, l� H�+J, lv pd{lpdo +vhh Shohj+4<;7,/ ohppd 81414:,1 Qrz/
wdnh > 9@ D � [> > 9@ V � Q vxfk wkdw D @5 H�+J

E,+V,= Wkhq �e| gh�0

qlwlrq ri JE� V 9@ Q dqg {� @5 D = khqfh QqV 9@ > dqg {� 5 [qD l1h1

[qD 5 H�+J
E,+QqV,1 Pruhryhu/ wkh gh�qlwlrq ri JE fohduo| hqwdlov wkdw

V @ Q lv wkh vroh frdolwlrq vxfk wkdw D 5 H�+J
E,+V, iru hdfk D 5 S +[,q i>j

+wklv idfw dovr lpsolhv wkdw JE lv frqvhqvxdo,= Lqghhg/ V @ Q lv wkh vroh frdol0
wlrq vxfk wkdw D 5 H�+J

�,+V, iru vrph D 5 iE � [ = {� @5 Ej zkloh �e|

gh�qlwlrq ri JE�D 5 H�+J
E,+V, iru dq| frdolwlrq V 9@ > dqg dq| D � [ zlwk

{� 5 D +khqfh lq sduwlfxodu uH�+JE,+ilj, @ 4 iru dq| l 5 Q,1 Lw iroorzv wkdw

E+O+JE,, @ ++iQj > S +[,q i>j,> +S +Q,q i>j > iE � [ = {� 5 Ej,, @ 5 +prg0
xor lvrprusklvpv, 1 �

Surri ri Sursrvlwlrq <1 l, Qrwlfh wkdw iru dq| V � Q vxfk wkdw &V @ q�k/
g+nq.4, v

q
h A nq.4�d li dqg rqo| li d A nk/ l1h1 D 5 HSY +V, l� &D A nk= Lw

iroorzv wkdw E+O+HSY ,, @ ++iV � Q = &V � q� kj > iD � [ = &D A nkj,> k @

3> ==> q� 4, @ q +prgxor lvrprusklvpv, =

Lq sduwlfxodu/ HSY wxuqv rxw wr eh frqvhqvxdo + Q lv wkh rqo| pd{lpxp

udqn frdolwlrq, dqg xqvshfldol}hg+ vlqfh lwv Jdorlv odwwlfh lv d fkdlq,1 �

Surri ri Sursrvlwlrq 431 Ohw J5 eh d 5�5 vwudwhjlf jdph irup zlwk rxwfrph

ixqfwlrq k dv ghvfulehg lq wkh wh{w1 Fohduo| hqrxjk/ e| fkrrvlqj urzv dqg
froxpqv/ uhvshfwlyho|/ 4 fdq +�� dqg ��,hqirufh id> ej /if> gj +dqg vxshuvhwv,/

zkhuhdv 5 fdq +��dqg ��,hqirufh id> fj/ie> gj +dqg vxshuvhwv,1
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l, Lw lv hdvlo| fkhfnhg e| gluhfw lqvshfwlrq wkdw wkh rqo| gl�huhqfh ehwzhhq

H�+J
5, dqg H�+J

5, � lq wkh �jhqhulf� fdvh l1h1 zlwk &[ @ 7� uhgxfhv wr wkh
idfw wkdw

iid> gj > ie> fjj 5 ^H�+i4j, _H�+i5j,` q ^H�+i4j, ^H�+i5j,`=
Lw iroorzv wkdw

E+O+H�+J
5,,, @

;AA?
AA=

+iQj > iD � [ = D 9@ >j,>
+iQ> i4jj > iD � [ = D @ id> ej > D @ if> gj ru &D � 6j,>
+iQ> i5jj > iD � [ = D @ id> fj > D @ ie> gj ru &D � 6j,>

+iQ> i4j > i5jj > iD � [ = &D � 6j,

<AA@
AA>

dqg

E+O+H�+J
5,,, @

;AA?
AA=

+iQj > iD � [ = D 9@ >j,>
+iQ> i4jj > iD � [ = &D � 5> D 9@ id> fj > D 9@ ie> gjj,>
+iQ> i5jj > iD � [ = &D � 5> D 9@ id> ej > D 9@ if> gjj,>

+iQ> i4j > i5jj > iD � [ = D @ id> gj > D @ ie> fj > ru &D � 6j,

<AA@
AA>

Exw wkhq/ prgxor +odwwlfldo, lvrprusklvpv/ E+O+H�+J
5,,, @ E+O+H�+J

5, @

5
5=

ll, Zkhq &[ @ 6>wkuhh vxefdvhv pd| eh glvwlqjxlvkhg= d, d @ e/ ru f @ g

+l1h1 wkh lghqwlfdo rxwfrphv duh lq wkh vdph urz,/ e, d @ f/ ru e @ g + l1h1 wkh

lghqwlfdo rxwfrphv duh lq wkh vdph froxpq,/ f, d @ g/ ru e @ f +l1h1 wkh lghqwlfdo
rxwfrphv duh rq d gldjrqdo, 1 Lw vkrxog dovr eh qrwlfhg wkdw xqghu erwk d,

dqg e, H�+J
5, @ H�+J

5,= wklv lv vr ehfdxvh zkhqhyhu d +50glphqvlrqdo, urz

ru froxpq kdv +wzr, lghqwlfdo hqwulhv �vd| {� wkh iroorzlqj idfwv duh hdvlo|
fkhfnhg e| gluhfw lqvshfwlrq ri wkh jdph+0irup, pdwul{= 4, { lv dq hohphqw

ri erwk gldjrqdov/ 5, hdfk gldjrqdo uhsolfdwhv d glvwlqfw urz +froxpq, li wkh
grxeoh { lv rq d froxpq + d urz,1 Exw wkhq/ iid> gj > if> gjj � H�+J

5,+i4j, _
H�+J

5,+i5j,1 Wkxv/ H�+J
5, @ H�+J

5, @ H+J5, iroorzv iurp rxu suhylrxv

revhuydwlrq rq wkh uhodwlrqvkls ehwzhhq H�+J
5, dqg H�+J

5, lq wkh �jhqhulf�
fdvh= zh ghqrwh e| O+H+J5,, wkhlu Jdorlv odwwlfh/ zklfk lv ghwhuplqhg dv iroorzv1

Xqghu fdvh d, lw lv fkhfnhg e| gluhfw lqvshfwlrq wkdw li zh ghqrwh e| { wkh

uhsolfdwhg rxwfrph/ dqg e| |> } wkh uhpdlqlqj rxwfrphv wkhq
H+J5,+i4j, @ iD � [ = D � i{jj ^ ii|> }jj/ dqg

H+J5,+i5j, @ iD � [ = D � i{> |j ru D � i{> }jj =
Khqfh/

E+O+J5,, @

;?
=

+iQj > iD � [ = D 9@ >j,>
+iQ> i4jj > iD � [ = D @ i|> }j / ru D � i{jj,>

+iQ> i4j > i5jj > iD � [ = D � i{> |j ru D � i{> }jj,

<@
> =

Vlploduo|/ xqghu fdvh e,

E+O+J5,, @

;?
=

+iQj > iD � [ = D 9@ >j,
+iQ> i5jj > iD � [ = D @ i|> }j / ru D � i{jj,>

+iQ> i4j > i5jj > iD � [ = D � i{> |j ru D � i{> }jj,

<@
>

zkhuh/ djdlq/ { ghqrwhv wkh uhsolfdwhg rxwfrph1 Wkxv/ xqghu fdvhv d, dqg
e, E+O+H+J5,, @ 61

Xqghu fdvh f,/ lw lv lpphgldwho| vhhq wkdw iru hdfk urz wkhuh lv +h{dfwo|, rqh

froxpq wkdw lqfoxghv wkh vdph hohphqwv/ dqg ylfh yhuvd1 Pruhryhu/ qr urz ru
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froxpq dprxqwv wr d sdlu ri gxsolfdwhg rxwfrphv/ dqg qrqh ri wkh gldjrqdov

fdq srvvleo| eh uhsolfdwhg e| d urz ru d froxpq + ehfdxvh wkdw zrxog hqwdlo
&[ ? 6,1 Khqfh/ li zh ghqrwh e| { wkh uhsolfdwhg rxwfrphv/ dqg e| |> } wkh

rwkhu rxwfrphv

H�+J
5,+i4j, @ H�+J

5,+i5j, @ iD � [ = &D � 5> D 9@ i|> }jj > dqg
H�+J

5,+i4j, @ H�+J
5,+i5j, @ iD � [ = D 9@ >> D 9@ i|j > D 9@ i}jj =

Wkxv/ E+O+H�+J
5,,, @ E+O+H�+J

5,,, @ 5 1
lll, Li &[ @ 5/ irxu fdvhv pd| eh glvwlqjxlvkhg = d, dq rxwfrph { 5 [ dqg

d vwudwhj| sur�oh +x> y, 5 V4 � V5 h{lvw vxfk wkdw { @ k+u> z, l� +u> z, 9@ +x> y,

> e, hdfk urz lv pdgh xs ri uhsolfdwhg rxwfrphv > f, hdfk froxpq lv pdgh xs ri
uhsolfdwhg rxwfrphv> g, hdfk gldjrqdo lv pdgh xs ri uhsolfdwhg rxwfrphv1

Xqghu fdvh d, lw lv lpphgldwho| fkhfnhg wkdw

H�+J
5,+i4j, @ H�+J

5,+i5j, @ H�+J
5,+i4j, @ H�+J

5,+i5j, @
@iD � [ = D 9@ >> D 9@ i{jj =
Lw iroorzv wkdw E+O+H�+J

5,,, @ E+O+H�+J
5,,, @ 5=

Xqghu fdvh e, /

H�+J
5,+i4j, @ H�+J

5,+i4j, @ iD � [ = D 9@ >j/ dqg
H�+J

5,+i5j, @ H�+J
5,+i5j, @ i[j =

Khqfh/ E+O+H�+J
5,,, @ E+O+H�+J

5,,, @ 5=

Vlploduo|/ xqghu fdvh f,/

H�+J
5,+i5j, @ H�+J

5,+i5j, @ iD � [ = D 9@ >j/ dqg
H�+J

5,+i4j, @ H�+J
5,+i4j, @ i[j =

Wkxv/ djdlq/ E+O+H�+J
5,,, @ E+O+H�+J

5,,, @ 5=

Xqghu fdvh g,/

H�+J
5,+i4j, @ H�+J

5,+i5j, @ i[j > dqg
H�+J

5,+i4j, @ H�+J
5,+i5j, @ iD � [ = D 9@ >j =

Lw iroorzv wkdw E+O+H�+J
5,,, @ 5 / zkloh E+O+H�+J

5,,, @ 4 1 �

Surri ri Sursrvlwlrq 461 l, Lw lv lpphgldwho| fkhfnhg wkdw � e| gh�qlwlrq

ri HSV+z,� E+O+HSV+z,,, @

@

;AA?
AA=

+
�
V � Q ^ i3�j = 3� 5 V> dqg

S
l5V

zl � ek
5
f. 4

�
> iD � [ = D 9@ >j,

+iV � Q ^ i3�j = 3� 5 Vj > iD � [ = D � i|j � ] iru vrph | 5 \ j,>
+
�
V � Q ^ i3�j =

S
l5V

zl � ek
5
f. 4

�
> iD � [ = D � \ � i}j iru vrph } 5 ]j,

+iV � Q ^ i3�j = V 9@ >j > i[j,

<AA@
AA>

Khqfh E+O+HSV+z,,, @ 5
5
+prgxor lvrprusklvpv,1

ll, Lw iroorzv iurp wkh gh�qlwlrq ri HSD+z>P, wkdw E+O+HSD+z>P,,, @

@

;?
=

+iV � Q ^ i3�jj > iD � [ = D 9@ >j,>
+iV � Q ^ i3�j = V _ +P ^ i3�j, 9@ >j > iD � [ = {� 5 [j,>

+iV � Q ^ i3�j = V 9@ >j > i[j,

<@
>

Khqfh E+O+HSD+z>P,, @ 6 +prgxor lvrprusklvpv,1 �

Surri ri Sursrvlwlrq 4<1 l, vhh Ydqqxffl +4<<;f, >
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ll, Lw lv hdvlo| fkhfnhg wkdw iru dq| l 5 Q / dqg dq| { 5 I +$,/ I +$,q i{j @5
+H�+X

SH,,+Qq ilj, ^ +H�+X
SH,,+Qq ilj,1 Lqghhg/ ohw +?m,m5Qqiljdq| Qq ilj0

sur�oh ri +vho�vk, wrwdo suhrughuv rq [ @
T
l5Q [l / dqg ?ld vho�vk wrwdo

suhrughu rq [ vxfk wkdw {k ?l | iru dq| k 5 Q / dqg | 5 U
n
.1 Wkhq/ {

lv erwk Sduhwr0h!flhqw dqg xqgrplqdwhg/ dqg1 wkh wkhvlv iroorzv lpphgldwho|

iurp prqrwrqlflw| ri erwkH�+X
SH, dqg H�+X

SH, �

Dfnqrzohgjphqwv= Wklv sdshu lv d voljkwo| h{sdqghg dqg dphqghg yhuvlrq

ri �Rq d Odwwlfh0Wkhruhwlf Uhsuhvhqwdwlrq ri Frdolwlrqdo Srzhu lq Jdph Fru0

uhvsrqghqfhv�/ suhvhqwhg dw wkh Iluvw Frqihuhqfh rq Orjlf/ Jdph Wkhru|/ dqg

Vrfldo Fkrlfh/ Wloexuj Pd| 46049/ 4<<< dqg qrz lq K1 Gh Vzduw+hg1,= Orjlf/

Jdph Wkhru|/ dqg Vrfldo Fkrlfh/ Wloexuj Xqlyhuvlw| Suhvv 4<<<1 Ilqdqfldo

vxssruw iurp PXUVW +Uhvhdufk Surmhfw= �Frqwudwwl Lqfrpsohwl h Dqdolvl ghooh

Lvwlwx}lrql�, lv judwhixoo| dfnqrzohgjhg1

Uhihuhqfhv

^4` Degrx M1/ Nhlglqj K1 = H�hfwlylw| Ixqfwlrqv lq Vrfldo Fkrlfh1 Gruguhfkw=

Noxzhu +4<<4,

^5` Eduexw P1/ E1Prqmdughw = Ruguh hw Fodvvl�fdwlrq1 Dojëeuh hw Frpelqd0

wrluh+ 5 yroxphv,1 Sdulv= Kdfkhwwh +4<:3,

^6` Elunkr� J1 = Odwwlfh Wkhru| +6ug hglwlrq,1 Surylghqfh= DPV +4<9:,

^7` Gdqlory Y1L1/ Vrwvnry D1L1 = Rq Vwurqjo| Frqvlvwhqw Vrfldo Fkrlfh Ixqf0

wlrqv1Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 55 +4<<6, 65:0679

^8` Gdyh| E1D1/ Sulhvwoh| K1D1= Lqwurgxfwlrq wr Odwwlfhv dqg Rughu 1Fdp0

eulgjh=Fdpeulgjh Xqlyhuvlw| Suhvv +4<<3,1

^9` Juçw}hu J1 = Jhqhudo Odwwlfh Wkhru| +5qg hglwlrq,1 Edvho= Elunkçxvhu Yhu0

odj +4<<;,

^:` Prxolq K1= Wkh Vwudwhj| ri Vrfldo Fkrlfh1 Dpvwhugdp= Qruwk Kroodqg

+4<;6,

^;` Prxolq K1/ Shohj E1= Fruhv ri H�hfwlylw| Ixqfwlrqv dqg Lpsohphqwdwlrq

Wkhru|1 Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 43 +4<;5, 4480478

^<` Rwwhq J1M1/ Erup S1/Wlmv V1/ Vwrufnhq W1= H�hfwlylw| Ixqfwlrqv dqg Dv0

vrfldwhg Fodlp Fruuhvsrqghqfhv1Jdphv dqg Hfrqrplf Ehkdylru < +4<<8,

4:504<3

^43` Shohj E1 = Jdph Wkhruhwlf Dqdo|vlv ri Yrwlqj lq Frpplwwhhv1 Fdpeulgjh=

Fdpeulgjh Xqlyhuvlw| Suhvv +4<;7,

4:



^44` Udpdpxuwk| N1J1= Frkhuhqw Vwuxfwxuhv dqg Vlpsoh Jdphv1 Gruguhfkw=

Noxzhu +4<<3,

^45` Urhphu M1H1 = Wkhrulhv ri Glvwulexwlyh Mxvwlfh1 Fdpeulgjh Pdvv1= Kduydug

Xqlyhuvlw| Suhvv +4<<9,

^46` Vkdsoh| O1V1= Vlpsoh Jdphv= Dq Rxwolqh ri wkh Ghvfulswlyh Wkhru|1 Eh0

kdylrudo Vflhqfh : +4<95, 8<099

^47` Ydqqxffl V1 = Rq wkh Jdorlv Odwwlfh ri dq H�hfwlylw| Ixqfwlrq1 Plphr/

Xqlyhuvlw| ri Vlhqd dqg Fkxufkloo Froohjh/ Fdpeulgjh +4<<;d,

^48` Ydqqxffl V1 = H�hfwlylw| Ixqfwlrqv dqg Vwdeoh Jryhuqdqfh Vwuxfwxuhv1

Plphr/ Xqlyhuvlw| ri Vlhqd dqg Fkxufkloo Froohjh/ Fdpeulgjh+4<<;e,

^49` Ydqqxffl V1 = Rq wkh Jdorlv Odwwlfhv ri Frqvlvwhqw Fruh Fruuhvsrqghqfhv

iru Sulydwh0Jrrg Hfrqrplhv1 Plphr/ Xqlyhuvlw| ri Vlhqd dqg Fkxufkloo

Froohjh/ Fdpeulgjh +4<<;f,

^4:` Ydqqxffl V1 = H�hfwlylw| Ixqfwlrqv dqg Sduoldphqwdu| Jryhuqdqfh Vwuxf0

wxuhv/ lq L1Jdufld0Mxudgr/ I1Sdwurqh/ V1Wlmv+hgv1,= Jdph Sudfwlfh1 Gru0

guhfkw= Noxzhu/ iruwkfrplqj +4<<<,

4;


