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*It is well known that P.H. Karmel | 7 | has integrated the

technological-economic hypothesis of truncatability, with a behgviou-
ral hypothesis concerning the criterion by which an investor chooses
the optimum duration of an investment project. Given that each pos-
siblg duration of a project may yleld zero, one or more internal
rates of return, Karmel assumes that a rational investor, after having
calculated them all, chooses that particular duration to which the
maximum internal rate is attached(”.

In the Appendix to Karmel's article, the mathematician B.C.
Rennie proves that no other internal rate is attached to that duration
to which the maximum internal rate is attached. In other terms, the
internal rate of return of a project whose lifetime has been chosen
according to Karmel's criterion, is unique.

This allows Karmel to say that the objective of rendering unique
the fnternal rate of any project, is spontaneously achieved by inve-

stors, where they are simply supposed to require maximum convenience(z).

(#*) | wish to thank Prof A. Pasinl of the Mathematics Dept. of Slena
University, for useful comments on the first draft of the Mathematical Appen-
dix.

(1) We do not agree with all thoss authors 2, 9, 11 , et nl.l who
assimilate Karmel's (later) cantribution with that of Soper. Soper's proposed
criterion for optimal truncation s tadicatly different from Kaormel's. More-
over, Soper's analysis suffers from several serious errors, largely invalidating
his conclusions. These errors are quite cartectly and accurately pointsd out
by Karmel.

(2) 1t is well knawn that K.J. Arcow and D.V. Levhnril 2| have prapo-
sed an approach which is conceptually dilferent lmr;\ that of Karmel. It
is likewise known that the two approaches yleld 'numerically' coincident
results (C.J. Nnrstmm, 9] ).




O0f course, it is true that an internal rate of return can be
unambiguously used in decision-making procedures only if it is unique.
For this reason Karmel's objective of rendering unique the internal
rate of return for any feasible profect, appears to be quite justifia-
ble.

(3)

Nevertheless, we have recently argued that uniqueness alone

Is not sufficient to guarantee a fully legitimate use of the internal

rate of .return. Our analysis can be summarized thus.

From the point of view of its economic significance, an internal
rate of return may be of two types: a first-type internal rate of
return means a pure lending rate earned (by the investor) on the
funds invested in the profect. A second-type internal rate of return
has a mixed meaning, since it is both a lending rate earned on inve-
sted funds, and a borrowing rate also paid by the Investor on funds
financed by the project.

An internal rate of return can be significantly used for deci-
sion—making only 1if it is of the first type, l.e. If it is pure.

If (a0 0 odog 6 a") Is a project and r, an internal rate
of return attached to it, the mathematical conditlon under which

r, is pure, iIs as follows:

n

J§0 a, (1+ r1)i'J <0 (120, ..., n1) .

(1)

The same condition (I) has been proved by us to be sufficient

but not necessary for the uniqueness of r

1

(3) s. Gronchi| 6] .

This implies that all internal rates which are pure, are also
unique, while the converse is not true. It implies also that an in-
ternal rate of return can be fully available for legitimate (both -
unambiguous and significant) use in decision-~making procedures if
and only if condition (I) is satisfied.

Of course, these results apply also to the internal rate of
a project whose lifetime has been chosen according to Karmel's crite-
rlon. Therefore, Rennle's theorem, stating that this internal rate
is unique, does not guarantee that such a rate can be legitimately
used for decision-making at all. To be sure of that, one needs to
prove that condition (I) is satisfied. The main purpose of this note
is just this.

Since we have said ‘that condition (I) is sufficient for the
uniqueness of the internal rate, while pursuing our purpose, we- shall
incidentally offer an alternative and much simpler proof of Rennie's
theorem.

This note has one minor purpose. Though uniqueness-condition
(I) generalizes slightly Soper's well known uniqueness-condition,
the proof we have given elsewhere“) is quite different from that
of Soper(s). We want to offer here a new proof which follows closely
Soper's procedure. The only unavoldable difference will be the use
of an ad hoc generalization of MNewton's theorem (concerning the exi-
stence of an upper bound to the roots of a polynomial), rather than
to Newton's theorem as such. This generalization is proved in the

Mathematical Appendix.

(4) s. Gmnchll 6 I .

(5) c.s. Snperl 11 I .




The following definitions will be adopted throughout this note.

Definition 1. We define as a project, a vector (a0 el ,an)
of expected net outputs such that a0’< 0(6).

Definition 2. We define as Internal rate of return attached

to a project (a0 9 Qoo g an) y an interest rate r, > -1 such that:

n

n-j _
j2=lo ay (1+r,) = 0

Section 1

In this section we shall prove that the internal rate of return
attached to a project whose lifetime has been chosen according to
Karmel's criterion, satisfies condition (I). More preclsely, we shall
prove the following proposition.

Prosition 1. Let:

A = (ao 3 0ad § an) be a project;

A1 3= (a0 9 000 o ai) be the project which is obtained by truncating

project A at time 1 =0, ..., n(7);
(8)

_ R be the non-empty set of all the internal rates of return
Ol--'rAn;

_ r, be the maximum rate within set R ;

which are attached to projects A

(6) We are forced ta ndopt a delinition here which is more general
than that which we have adopted inl [ I . Il we kept that definition, we
would not be allowed to call all truncations 'projects' which can be obtained

from a given project.
(7) We want to underline that An = A .

(8) It is easily praved that R # 11 if (and only §f) a > 0 [foar at least
one i=1, «., n. Therefore we have R # ¢ for all economlically relevant

prajects.
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A (9)
- A be one of projects Ao 3 sesl An to which r_  1is attached.
Then: .
3 -y
i0 aj (1+r*) < 0 1 =0, ... , k+1) .
Proqf. Since 3 <0 (see Definition 1), cbviously:
i i-
o j§0 a, (1+r) < 0 (=0, ... ,k-1) .

If for an 1 < k we had:

i

(an ay (14 et >0

project A would yield an internal rate greater than r

1 since

* 1
function:

i
. (1 4 r)i-j
J

2

j=0 °
is continuous and would have different signs at the extremes of real
interval (r* » + ) . But this {s impossible since r, » by defini-
tion, is maximum within set R . Therefore, no 1 < k can yleld
inequality (II). Q.E.D..

Section 2
We shall now offer the alterpative proof of the following propo-
sition.
Proposition 2. Given a project A := (ao y ++» 3 @) and an
n
(9) There might well be mare projects A to which r, is attachad.

Nevertheless, the fact that A yields obviously no internnl rate of return,
preciudes that r, can be attached to Au



internal rate of return r, attached to it, project A has no inter-

nal rate of return other than r1 if condition (I) is satisfied.

Proof. According to Definition 2, to prove the proposition

we shall prove that polynomial

=0 J
has no positive root other than xq 3= 1 + L if the following
condition is satisfled:
%o
V<o 1=0, ... -1 ~
(1I1) =0 aJ Xy ( , y n=1)

Applying Bezout's theorem(1o), we can say that a unique (n-1).th

degree polynomial exists, such that:
(Iv) Alx) = (x-x) Qx) .

Equality (IV) implies that the roots of A(x) other than x, are

the same as the roots of polynomial Q(x) . According to Horner's

(11)

theorem » we have:

i
(v) 0o(x) = h X =0 aj Xy i

(10) See A. Kurnshl 8 | » po 149,

(11) See A. Kurash| 8 | , pp. 149-151.

(12)

Therefore, Fourier's sequenée relative to Q(x) has the following

elements, after the flrst(13):

(h) n-h-1 ; 1 i-3 '
(v) ¢"7'(x) = i§0 j§0 a‘1 X4 (n-1-1)

[h-h-1-1) ]-1‘xn-h-i’-1

(h=0,--o'n‘1) -

Which implies that Fourler's complete sequence, at point zero, is

as follows(14)=

a_ x o + a it
0 %1 1% teeet A
, n-2 n-3
1! (ao X4 + a1 x1 + Yaise + an_2 )
, n-3 n-4
2! (ao X + a1 X + e 4 an_3 )

(n-2)! (ao X, + a,)

n-1)! a_ .
(n-1) 0
If condition (III) is satisfied, then all the elements of this sequen-
(12) Foaurler's sequence relative to a v.th degree polynomial is for-
med by the polynamial itself and by Its first v derivatives.
(13) All that one has to da, is to apply formula (IX) of the Mathe mati-
cal Appendix, keeping in mind that In the present context we have: P(x) =

= Q(x) , and: v = n-1.

(14) For x = 0 sums (VI) and sum (V) reduce to thelr respective first
terms.



ce are non-positive. Applying the generalization of Newton's theorem
which is proved in the Mathematical Appendix, we can therefore state

that Q(x) has no positive root. Q.E.D..

University of Siena, June 1983 S.G.

MATHEMATICAL APPENDIX

The standard version of Newton's theorem is as follows“s).

Newton's theorem. Let:

\"
(VII) P(x) := {Z

be a polynomial, and let b be an arbitrary real number. Then all
the roots of P(x) are less than b if Fourler's sequenc((:wl'elative
to P(x) 1is strictly positive at point b .

In this Mathematical Appendix we shall prove the following
slight generalization,

Newton's generalized theorem. Let us consider polynomial (VII)

and let b be an arbitrary real number. Then all the roots of P(x)
are not greater than b if Fourier's sequence relative to P(x) has
no sign inversion at point b .

Proof. Applying Budan and Fourier's theorem(”), we can state
that all the roots of P(x) are not greater than b if Fourier's
sequence at point b and Fourler's sequence at point +00 , that

is the two following sequences:
, (v)
(VIII) P(b) , P'(b) , ... , P""(b)

(1X) P(+0 ) , P'(+20 ) 5 voe , PM 4o )

(15) See, Tar example, W.H. Turnbulll 12 I y pe 97,
(16)_See foatnote 12.

(17) See A. Kurosh| 8 | , p. 263,
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have the same number of sign inversions. It 1ls easy to check that
the last v elements of Fourier's sequence relative to P(x) are
the following:

(h) v-h

(X) PNy = B, (v-1)![ (v-h-1)1] "

(h=1, ... ,v).
Therefore the leading coefficients of polynomials P(h)(x) do not
differ in sign from P which is the leading coefficient of polyno-
mial P(x) . This implies that sequence (IX) is either:

+00 4, 4.s 4, +00 , Nl p
0
or:

—00 4 ees 4 =D ,n!%
>0 or

according to whether < 0 . In any case, sequence

p p

0 0
(IX) has no sign inversion. Therefore sequences (VIII) and (IX) have
the same number of sign inversions, if sequence (VIII) has no sign

inversion. Q.E.D..
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RIASSUNTO

I1 maggior risultate raggiunto in questa nota & che il tasso interno
di rendimento associato a un progetto la cui durata sia stata scelta
sccondo 11 criterio di Karmel, non solo . & unico, ma posslede anche
11 significato economico dl puro tasso di crescita dei fondi investitl.
In base a risultati discussi dall'autore in altra sede, cid significa
che tale tasso pud essere usato a fini . decisionali in modo plenamente

legittimo.

ABSTRACT
The main purpose of this note is to point out that the internal
rate of return attached to a project whose lifetime has been chosen
according to Karmel's criterion, is a pure rate of growth of the funds
invested in the project. According to the results which have been achie-
ved by the author in a previous paper, this implies that such an inter-
nal rate is available for fully legitimate use in decision-making pro-

cedures.
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