
Università degli Studi di Siena

DIPARTIMENTO DI ECONOMIA   POLITICA

Serena Sordi

Persistent and irregular growth
cycles when workers save:
A reformulation of Goodwin's
model along Kaldorian - Pasinettian lines

                      n. 263  - Settembre  1999





Shuvlvwhqw dqg luuhjxodu jurzwk f|fohv zkhq

zrunhuv vdyh= D uhirupxodwlrq ri Jrrgzlq*v prgho

dorqj Ndogruldq0Sdvlqhwwldq olqhv

Vhuhqd Vrugl



Devwudfw

Wkh sxusrvh ri wklv sdshu lv wr vwxg| wkh lq xhqfh ri zrunhuv* vdylqjv rq

wkh g|qdplfv ri Jrrgzlq*v jurzwk f|fohv1 Wklv lv grqh e| qrwlflqj/ dorqj

Ndogruldq0Sdvlqhwwldq olqhv/ wkdw li zrunhuv vdyh/ wkhq wkh| krog sduw ri wkh

fdslwdo dqg hduq vrph sur�wv/ zklfk ydu| ryhu wkh f|foh1 Wkxv/ d fruuhfw

vshfl�fdwlrq ri vxfk d fdvh uhtxluhv wkh frqvlghudwlrq ri dq h{wud yduldeoh

� wkh vkduh ri fdslwdo khog e| zrunhuv1 Lw lv vkrzq wkdw/ zlwkrxw kdylqj

wr lpsrvh dq| vshfldo frqglwlrqv rq wkh ydoxhv ri wkh sdudphwhuv/ d Krsi0

Elixufdwlrq dqdo|vlv hvwdeolvkhv wkh srvvlelolw| ri shuvlvwhqw dqg erxqghg

f|folfdo sdwkv iru wkh uhvxowlqj 60glphqvlrqdo g|qdplfdo v|vwhp1 Wkh sdshu

frqfoxghv zlwk dq lqyhvwljdwlrq ri wkh srvvlelolw| ri ixuwkhu elixufdwlrqv dv

d urxwh wr pruh frpsoh{ ehkdylrxu1



4 Lqwurgxfwlrq4

Txlhwo| � rxwvlgh pdlqvwuhdp pdfurhfrqrplfv � Jrrgzlq*v jurzwk f|foh

prgho ^5;` kdv hphujhg ryhu wkh |hduv dv d srzhuixo dqg iuxlwixo �v|vwhp iru

grlqj pdfurg|qdplfv�1 Wklv lv kdugo| ghqldeoh jlyhq wkdw vwloo wrgd|/ pruh

wkdq wkluw| |hduv iurp lwv sxeolfdwlrq/ rqh fdq riwhq �qg qhz frqwulexwlrqv

wkdw dgrsw lwv vwuxfwxuh lq wkh dwwhpsw wr jhqhudol}h lw1 \hw/ ghvslwh wkh

pdq| � pruh wkdq rqh kxqguhg � h{lvwlqj frqwulexwlrqv wkdw kdyh wulhg

wr jhqhudol}h lw lq doo srvvleoh gluhfwlrqv/ wkhuh lv dq dvshfw wkdw vwloo vhhpv

wr ghvhuyh ixuwkhu lqyhvwljdwlrq/ qdpho|/ wkh sureohp ri wkh surshu zd| ri

uhod{lqj Jrrgzlq*v h{wuhph dvvxpswlrqv derxw vdylqjv ehkdylru dqg zdjh

udwh g|qdplfv1

Dv lv zhoo nqrzq/ Jrrgzlq fuxfldoo| dvvxphg +l, d fodvvlfdo vdylqj ixqf0

wlrq/ dffruglqj wr zklfk doo zdjhv duh frqvxphg dqg doo sur�wv vdyhg dqg

lqyhvwhg/ dqg +ll, d Skloolsv fxuyh lq uhdo whupv + bz@z @ i+y, @ �� . �y/

�> � A 3, dffruglqj wr zklfk uhdo zdjhv +z, ydu| olqhduo| zlwk wkh hpsor|0

phqw udwh +y,1

Dqrwkhu zd| ri ghvfulelqj Jrrgzlq*v dvvxpswlrq derxw vdylqjv ehkdylru

lv wr vd| wkdw kh dvvxphg wkdw wkh wzr surshqvlwlhv wr vdyh rxw ri sur�wv dqg

rxw ri zdjhv +vR dqg v�/ uhvshfwlyho|, duh gl�huhqw dqg vxfk wkdw vR A v�1

Wkhq/ dv d olplwlqj dqg vlpsohu fdvh/ kh fkrvh wr zrun zlwk vR @ 4 dqg

v� @ 315 Dq lpphgldwh srvvleoh jhqhudol}dwlrq/ wkxv/ lv wr frqvlghu wkh fdvh

lq zklfk 3 ? vR � 4 dqg 3 � v� ? 4 dqg wklv lv lqghhg zkdw d qxpehu

ri dxwkruv kdyh wulhg wr gr ryhu wkh |hduv16 Wr wkh ehvw ri p| nqrzohgjh/

krzhyhu/ rqo| ydq ghu Sorhj +vhh/ iru h{dpsoh/ ^75`, kdv grqh lw lq d pdqqhu

wkdw wulhv wr wdnh dffrxqw ri Sdvlqhwwl*v fulwlflvp ri Ndogru*v dssurdfk wr

gl�huhqwldo vdylqjv17

Rq wkh rwkhu kdqg/ zlwk uhjdug wr wkh dvvxpswlrq derxw wkh uhdo zdjh

g|qdplfv/ lw lv vdih wr vd| wkdw Jrrgzlq phdqw lw rqo| dv d �uvw dssur{0

lpdwlrq/ uhtxluhg � zh frxog dgg � wr rewdlq lq klv prgho d g|qdplfdo

v|vwhp ri wkh Orwnd0Yrowhuud w|sh1 Lw lv wkhuhiruh hdv| wr wklqn ri srvvleoh

4Wkh dxwkru lv lqghewhg wr Idelr Shwul zkr vrph wlph djr kdg wkh edvlf lghd dqg

vnhwfkhg wkh pdwkhpdwlfv uhtxluhg iru wkh orfdo vwdelolw| dqdo|vlv ri wkh g|qdplfdo v|vwhp

ri d prgho vlplodu wr wkh rqh lqyhvwljdwhg lq wklv sdshu1 Wkdqnv duh dovr gxh wr Pdvvlpr

Gl Pdwwhr iru klv khosixo frpphqwv1 L dp krzhyhu wkh rqo| rqh uhvsrqvdeoh iru wkh ylhzv

h{suhvvhg khuhlq dqg/ qhhgohvv wr vd|/ iru dq| huuruv1
5Wklv lqwhusuhwdwlrq vhhpv fruuhfw jlyhq wkdw Jrrgzlq klpvhoi zulwhv wkdw wkh dvvxps0

wlrq frxog eh uhod{hg wr frqvwdqw sursruwlrqdo vdylqjv/ �wklv fkdqjlqj wkh qxpehuv exw qrw

wkh orjlf ri wkh v|vwhp� ^5;/ s1 87> p| hpskdvlv`1
6Wkh �uvw dxwkru wr phqwlrq wkh srvvlelolw| ri lqfrusrudwlqj lqwr wkh prgho d srvlwlyh

surshqvlw| wr vdyh rxw ri zdjhv lv Dwnlqvrq ^7`/ douhdg| lq 4<9<1 Rwkhu frqwulexwlrqv wkdw

kdyh wulhg wr jhqhudol}h wkh prgho lq wklv gluhfwlrq duh Yhoxsloodl ^84`/ Jorperzvnl0Nuÿjhu
^57/ 58/ 59/ 5:`/ ydq ghu Sorhj ^73/ 74/ 75/ 76`/ Iodvfkho0Nuÿjhu ^4;`/ Ilwrxvvl0Yhoxsloodl
^4:`/ Ihuul0Juhhqehuj ^49`/ Vsruwhool0Fdjqhwwd ^7;` dqg Vsruwhool ^7:`/ wr phqwlrq rqo| d
ihz1

7Vhh Ndogru ^64` dqg/ iru h{dpsoh/ Sdvlqhwwl ^6;`1
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jhqhudol}dwlrqv ri wklv dvvxpswlrq dovr dqg lqghhg/ lq wklv fdvh wrr/ wklv

lv zkdw kdv kdsshqhg ryhu wkh |hduv1 Gl�huhqw dxwkruv kdyh frqvlghuhg d

qxpehu ri gl�huhqw pruh jhqhudo fdvhv/ iru h{dpsoh/ zlwk d qrqolqhdu i+y,
+vhh Yhoxsloodl ^83`, ru zlwk wkh ixqfwlrq i ghshqglqj qrw rqo| rq y/ exw dovr

rq lwv yduldwlrq udwh +vhh Fxjqr0Prqwuxffklr ^;`/ Vsruwhool ^7:`,18

Wkh sxusrvh ri wklv sdshu lv wr wdnh wkh sureohp ri gl�huhqwldo vdy0

lqjv dqg wkh sureohp ri d pruh jhqhudo irupxodwlrq ri wkh Skloolsv fxuyh

xs djdlq dqg wr lqyhvwljdwh wkh ixoo frqvhtxhqfhv ri wkhp iru wkh g|qdp0

lfv ri Jrrgzlq*v prgho zkhq wkh| duh mrlqwo| lqwurgxfhg lqwr wkh ruljlqdo

irupxodwlrq1 Rxu sxusrvh lq sduwlfxodu lv wr vkrz wkdw � li rqh wdnhv df0

frxqw ri Sdvlqhwwl*v fulwlflvp ri Ndogru*v dssurdfk wr gl�huhqwldo vdylqjv �

wkhlu mrlqw frqvlghudwlrq kdv lpsruwdqw frqvhtxhqfhv iru wkh g|qdplfv ri

wkh prgho1 Lqghhg/ d shuvlvwhqw f|folfdo pryhphqw fdq hphujh/ wkdw fdq

eh lqwhusuhwhg dv d �uvw vwhs lq d urxwh wr pruh frpsoh{ +luuhjxodu, ehkdy0

lru1 Wklv dsshduv wr eh d uhvxow wkdw sdyhv wkh zd| iru ixuwkhu lqwhuhvwlqj

uhvhdufk1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 frqwdlqv d eulhi ghvfulswlrq

ri wkh ruljlqdo prgho dqg ri wkh vwdqgdug zd| lq zklfk wkh wzr pruh jhq0

hudo dvvxpswlrqv mxvw ghvfulehg kdyh xvxdoo| ehhq lqwurgxfhg lqwr lw1 Wkh

dowhuqdwlyh irupxodwlrq � dorqj Ndogruldq0Sdvlqhwwldq olqhv � lv wkhq lqwur0

gxfhg lq Vhfwlrq 6/ zkhuh wkh 60glphqvlrqdo +6G, g|qdplfdo v|vwhp ri wkh

prgl�hg prgho lv ghulyhg dqg dqdo|}hg1 Vhfwlrq 7 dwwhpswv wr vkrz � e|

xvh ri wkh Krsi Elixufdwlrq Wkhruhp zlwk v� dv wkh elixufdwlrq sdudphwhu

� wkdw wkh prgho fdq surgxfh shuvlvwhqw f|folfdo ehkdylru1 Lq grlqj wklv/

zh zloo dovr frpsduh rxu dssurdfk dqg uhvxowv zlwk wkrvh rewdlqhg e| rwkhu

dxwkruv zkr kdyh uhfhqwo| xvhg wkh Krsi Elixufdwlrq Wkhruhp lq wkh vdph

ru lq d vlplodu frqwh{w1 Wkh vhfwlrq hqgv zlwk dq dwwhpsw wr lqyhvwljdwh

wkh frqglwlrqv iru ixuwkhu elixufdwlrqv1 D ihz frqfoxglqj dqg vxppdul}lqj

uhvxowv duh �qdoo| jlyhq lq Vhfwlrq 81

5 Wkh ruljlqdo prgho zlwk rz 9' f dqg d pruh jhq0
hudo irupxodwlrq ri wkh Skloolsv fxuyh

Wkh iroorzlqj v|perov dqg edvlf dvvxpswlrqv duh xvhg wkurxjkrxw wkh sd0

shu=9

t/ rxwsxw

8Deryh doo/ krzhyhu/ vwduwlqj zlwk L}}r ^63` dqg wkhq Ghvdl ^43`/ wkh Skloolsv fxuyh kdv
ehhq prgl�hg e| zulwlqj lw lq prqh| udwkhu wkdq uhdo whupv dqg wkhq lqwurgxflqj lqwr
wkh prgho dq htxdwlrq iru sulfh g|qdplfv1 Dowkrxjk zh zloo qrw frqvlghu wklv nlqg ri
jhqhudol}dwlrq ri wkh ruljlqdo prgho/ zh zloo kdyh vrphwklqj wr vd| derxw lw dw wkh hqg ri
wkh sdshu1

9Wkh grw ryhu d yduldeoh + �%/ iru h{dpsoh, lqglfdwhv wkh ghulydwlyh zlwk uhvshfw wr wlph
+_%*_|,1
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o/ hpsor|phqw

t@o @ d @ dfh
k|/ � A 3

q @ qfh
q|/ oderu irufh/ � A 3

j? @ �. �

z/ uhdo zdjh

x @ zo@t @ z@d/ vkduh ri zdjhv

y @ o@q/ hpsor|phqw udwh

n/ fdslwdo vwrfn

nS @ %n/ fdslwdo khog e| fdslwdolvwv

n� @ +4� %, n/ fdslwdo khog e| zrunhuv

� @ n@t> frqvwdqw

SS/ fdslwdolvwv* sur�wv

S�/ zrunhuv* sur�wv

S / wrwdo sur�wv

u @ S@n/ udwh ri sur�w

vR/ surshqvlw| wr vdyh rxw ri sur�wv

v�> V�/ zrunhuv* surshqvlw| wr vdyh dqg zrunhuv* vdylqjv uhvshfwlyho|

vS> VS/ fdslwdolvwv* surshqvlw| wr vdyh dqg fdslwdolvwv* vdylqjv uhvshfwlyho|

V/ wrwdo vdylqjv

vR � v� A 3

�v @ vS � v� A 3

j @ bt@t @ bn@n @ L@n @ V@n @ +4� x,@�/ +zduudqwhg, udwh ri jurzwk

Lq Jrrgzlq*v ruljlqdo prgho ^5;` � zkhuh lw lv dvvxphg wkdw vR @ 4 dqg

v� @ 3 � d vshfl�fdwlrq ri wkh g|qdplf ehkdylru ri zdjhv lv doo wkdw lv

qhhghg lq rughu wr rewdlq iurp wkhvh gh�qlwlrqv dqg edvlf dvvxpswlrqv wkh

g|qdplfdo v|vwhp ri wkh prgho1

Fkrrvlqj/ iru h{dpsoh/ dv Jrrgzlq grhv/ d Skloolsv fxuyh iru wkh udwh ri

jurzwk ri uhdo zdjhv=

bz

z
@ i+y,> i �+y, A 3 +514,

wkh g|qdplfdo v|vwhp ri wkh prgho ehfrphv=

by

y
@

bo

o
�

bq

q
@ j � j? @

4

�
� j? �

4

�
x +515,

bx

x
@

bz

z
� � @ i+y,� � +516,

zklfk/ zlwk wkh olqhdu i+y, ri wkh irup ��.�y +�> � A 3, xvhg e| Jrrgzlq

� lq wkh fdvh lq zklfk wkh sdudphwhuv duh vxfk wkdw +4@�, � j? A 3 �

lv htxlydohqw wr wkh g|qdplfdo v|vwhp ri wkh Orwnd0Yrowhuud suh|0suhgdwru
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prgho=:

by @ +d� � d2x, y

bx @ +�e� . e2y,x

zkhuh d� @ +4@�,� j? A 3/ d2 @ +4@�,/ e� @ �. � A 3 dqg e2 @ � A 31
Wkh xqltxh srvlwlyh htxloleulxp +ye> xe, ri v|vwhp +515,0+516, lv vxfk

wkdw ye @ i3�+�, dqg xe @ 4 � �j? dqg/ pruhryhu/ dv lq Ndogru*v wkhru|

ri jurzwk dqg lqfrph glvwulexwlrq/ lw lpsolhv d vwhdg|0vwdwh jurzwk ri wkh

prgho hfrqrp| dw d +zduudqwhg, udwh htxdo wr wkh qdwxudo udwh=;

je @ j? +517,

Dv lv zhoo nqrzq/ wkh urrwv ri wkh fkdudfwhulvwlf htxdwlrq dw wklv htxlole0

ulxp srlqw duh sxuho| lpdjlqdu| dqg vxfk wkdw=

��c2 @ 	l
u

4

�
yexei �+ye, +518,

zkhuh l @
s�41

Dv d frqvhtxhqfh wkh orfdo vwdelolw| dqdo|vlv fdqqrw eh xvhg wr ghflgh rq

wkh w|sh ri g|qdplfv ri wkh ruljlqdo v|vwhp1 Wkdqnv wr wkh htxlydohqfh zlwk

wkh Orwnd0Yrowhuud prgho/ krzhyhu/ zh nqrz wkdw wkh htxloleulxp srlqw lv d

fhqwhu1 Wklv phdqv wkdw wkh prgho ghvfulehv shuvlvwhqw  xfwxdwlrqv ri y dqg

x durxqg wkh htxloleulxp/ wkh dpsolwxgh ri zklfk ixoo| ghshqgv rq lqlwldo

frqglwlrqv1

Wklv lpsruwdqw txdolwdwlyh ihdwxuh ri wkh prgho grhv qrw fkdqjh li/ ohdy0

lqj xqfkdqjhg wkh uhvw ri lw/ zh wdnh 3 � v� ? 4 dqg 3 ? vR � 4/ zlwk
vR A v�1

Lq wklv fdvh/ zh kdyh iru wkh zduudqwhg udwh ri jurzwk=

j @
vR+4� x,t . v�xt

n
@

vR � +vR � v�,x

�
+519,

vr wkdw wkh g|qdplfdo v|vwhp ri wkh prgho ehfrphv=

by

y
@

vR
�
� j? �

+vR � v�,

�
x +51:,

bx

x
@ i+y,� � +51;,

Fohduo|/ htxdwlrqv +51:,0+51;,/ li zh fkrrvh wkh vdph i +y, dv ehiruh/ vwloo
irup d g|qdplfdo v|vwhp ri wkh Orwnd0Yrowhuud w|sh1 Wkh rqo| gl�huhqfh

:Vhh Jrrgzlq ^5;/ s1 87088`/ Jdqgroir ^56/ ss1 77<0797` dqg Phglr ^67/ ss1 6706;`1
;Dv zh vkdoo vwuhvv dw juhdwhu ohqjwk odwhu/ krzhyhu/ lw lv zruwk qrwlflqj wkdw/ dorqj vxfk

dq htxloleulxp jurzwk sdwk/ lq Jrrgzlq*v prgho wkhuh lv d frqvwdqw udwh ri xqhpsor|phqw

udwkhu wkdq ixoo hpsor|phqw dv lq Ndogru*v prgho1 Pruhryhu/ wkh v|vwhp shuvlvwhqwo|

 xfwxdwhv durxqg lw udwkhu wkdq dssurdfklqj lw1
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lq frpsdulvrq zlwk wkh ruljlqdo prgho lv wkdw qrz wkh x0frruglqdwh ri wkh

fhqwhu lv=

xee @
vR � �j?

vR � v�
@ 4� �j? � v�

vR � v�
+51<,

Kdylqj qrwlfhg wklv/ krzhyhu/ wklqjv fkdqjh gudvwlfdoo| li/ lq wkh dwwhpsw

wr jr ixuwkhu lq rxu jhqhudol}dwlrq ri wkh prgho/ zh dgg � hlwkhu wr wkh

ruljlqdo prgho ru wr lwv h{whqvlrq zlwk v� 9@ 3 � d pruh jhqhudo irupxodwlrq

ri wkh Skloolsv fxuyh/ dffruglqj wr zklfk oderu*v edujdlqlqj srzhu qrw rqo|

ghshqgv rq wkh ohyho ri hpsor|phqw dv lq +514,/ exw dovr rq lwv udwh ri

fkdqjh1< Lqghhg/ lw lv hdv| wr vkrz wkdw/ lq wklv fdvh/ wkh srvlwlyh htxloleulxp

srlqw ehfrphv +orfdoo|, vwdeoh1

Wr suryh wklv/ ohw xv dvvxph wkdw=43

bz

z
@ i

�
y>

by

y

�
@ I +y> x, +5143,

zkhuh=

i� A 3> i	� A 3> ay @ by@y

vr wkdw=

I� @ i� . i	�
Cay

Cy
@ i� A 3

I� @ i	�
Cay

Cx
@ �i	�

+vR � v�,

�
? 3

Lq wklv fdvh wkh prgho ehfrphv=

by

y
@

vR

�
� j? �

+vR � v�,

�
x +5144,

bx

x
@ I +y> x,� � +5145,

zlwk qrq0wulyldo htxloleulxp +yee> xee,/ zkhuh xee lv vwloo gh�qhg e| +51<,/

zkhuhdv yee lv wkdw ydoxh ri wkh udwh ri hpsor|phqw iru zklfk=

i+yee> 3, @ 3

<Wklv lv wkh fdvh frqvlghuhg e| Skloolsv klpvhoi/ zkr/ dw wkh hqg ri klv 4<8; frqwulexwlrq/

zulwhv wkdw= �Wkh vwdwlvwlfdo hylghqfh lq Vhfwlrqv LL wr LY deryh vhhpv lq jhqhudo wr vxssruw

wkh k|srwkhvlv vwdwhg lq Vhfwlrq L/ wkdw wkh udwh ri fkdqjh ri prqh| zdjh udwhv fdq eh

h{sodlqhg e| wkh ohyho ri xqhpsor|phqw dqg wkh udwh ri fkdqjh ri xqhpsor|phqw1� ^77/ s1

5<<> p| hpskdvlv`
43Wklv irupxodwlrq zdv lqwurgxfhg e| Fxjqr dqg Prqwuxffklr ^;/ ss1 <:0<;`1 Vhh dovr

Vsruwhool ^7:/ ss1 76077`1
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Wkh fkdudfwhulvwlf htxdwlrq dw +yee> xee, ehfrphv=

�2�~}�
En�

.

�
i	� +y

ee> 3,
+vR � v�,

�
xee

�
�

� ~} �
En�

. i� +y
ee> 3,

+vR � v�,

�
yeexee� ~} �

En�

@ 3 +5146,

zklfk/ jlyhq wkh vljqv ri wkh frh!flhqwv/ kdv wzr qhjdwlyh urrwv1 Wklv suryhv

wkdw/ zkdwhyhu wkh vljq ri lwv glvfulplqdqw/ wkh pryhphqw lv frqyhujhqw144

Wkxv/ qhlwkhu ri wkh wzr h{whqvlrqv ri wkh ruljlqdo prgho zh kdyh frq0

vlghuhg vhhpv zruwk sxuvxlqj/ wkh �uvw vlpso| �fkdqjlqj wkh qxpehuv/ exw

qrw wkh orjlf ri wkh v|vwhp�/ wkh vhfrqg ghvwur|lqj lwv f|folfdo ihdwxuhv1

\hw/ wkh frqfoxvlrq lv gudvwlfdoo| gl�huhqw li � wdnlqj dffrxqw ri Sdvlqhw0

wl*v ^6;` fulwlflvp ri Ndogru*v ^64` wkhru| ri jurzwk dqg lqfrph glvwulexwlrq

� zh qrwlfh wkdw d fruuhfw frqvlghudwlrq ri d srvlwlyh surshqvlw| wr vdyh

rxw ri zdjhv grhv qrw rqo| vlpso| lpso| d fkdqjh lq wkh htxdwlrq iru wkh

zduudqwhg udwh ri jurzwk � iurp j @ +4� x, @� wr +519, � exw dovr dq

lqfuhdvh lq wkh glphqvlrqdolw| ri wkh g|qdplfdo v|vwhp1 Wkh uhdvrq iru wklv

lv wkdw/ jlyhq wkdw zrunhuv vdyh/ wkh| rzq d vkduh ri wkh fdslwdo vwrfn dqg

hduq vrph sur�wv iurp lw1 Fohduo|/ wklv zrunhuv* vkduh +ru/ dowhuqdwho|/ wkh

vkduh rzqhg e| fdslwdolvwv, lv qrw frqvwdqw/ exw udwkhu ydulhv zlwk y dqg x

ryhu wkh f|foh1

Wr lqyhvwljdwh wkh lpsolfdwlrqv ri vxfk d vlpsoh frqvlghudwlrq lv wkh pdlq

sxusrvh ri zkdw iroorzv145

6 Wkh prgho zkhq zrunhuv vdyh= D fruuhfw iru0
pxodwlrq

614 Ghulydwlrq ri wkh g|qdplfdo v|vwhp

Xvlqj wkh qrwdwlrq lqwurgxfhg lq wkh suhylrxv vhfwlrq/ zh fdq wdnh dffrxqw

ri Sdvlqhwwl*v srlqw derxw wkh lpsolfdwlrqv ri d srvlwlyh surshqvlw| wr vdyh

44 Lqghhg/ wklv lv wkh fdvh frqvlghuhg e| Oruhq} ^66/ ss1 9:0:6`/ lq klv wh{werrn rq

Qrqolqhdu Hfrqrplf G|qdplfv dqg Fkdrwlf Prwlrq/ wr vkrz wkh vwuxfwxudo lqvwdelolw| ri
Jrrgzlq*v prgho> wr suryh/ lq rwkhu zrugv/ wkdw wkh ehkdylru ri lwv g|qdplfdo v|vwhp
lv yhu| vhqvlwlyh wr yduldwlrqv lq wkh ixqfwlrqdo vwuxfwxuh vxfk dv d fkdqjh iurp sE�� wr

8 E�c ��1 Zh zloo kdyh pruh wr vd| rq wklv dw wkh hqg ri wkh sdshu1
45 Lq grlqj wklv/ zh duh iroorzlqj yhu| forvho| vrph ri ydq ghu Sorhj*v frqwulexwlrqv/ lq

sduwlfxodu ydq ghu Sorhj ^75/ 76`1 Lq d vhqvh rxu dqdo|vlv/ dowkrxjk edvhg rq d vlpsohu

h{whqvlrq ri Jrrgzlq*v prgho/ sxw wrjhwkhu wzr ydq ghu Sorhj*v lqvljkwv/ rqh wdnhq iurp
^75` � zkhuh wkh prgho/ dv lq rxu fdvh/ ehfrphv 6G ehfdxvh ri wkh frqvlghudwlrq ri d
ydu|lqj zrunhuv* vkduh ri wkh fdslwdo vwrfn/ exw wkh dqdo|vlv lv frq�qhg wr orfdo vwdelolw|

� dqg dqrwkhu rqh wdnhq iurp ^76` � zkhuh/ zlwk d frqvwdqw zrunhuv* vkduh ri wkh fdslwdo
vwrfn/ wkh lqfuhdvh lq wkh glphqvlrqdolw| ri wkh prgho/ iurp 5 wr 6/ lv gxh wr d gl�huhqw
uhdvrq +qdpho|/ wr wkh idfw wkdw d pruh g|qdplf ylhz ri whfkqlfdo fkdqjh lv dgrswhg/

zlwk wkh fdslwdo0rxwsxw udwlr ydu|lqj zlwk wkh frvw ri oderu ryhu wkh f|foh,/ exw/ dv lq wklv
sdshu/ wkh Krsi elixufdwlrq wkhruhp lv dssolhg wr wkh uhvxowlqj g|qdplfdo v|vwhp1

9



rxw ri zdjhv46 e| zulwlqj=

t @ zo . S� . SS +614,

V� @ v� +zo . S�, @ v� +zo . un�, +615,

VS @ vSunS +616,

u @
S

n
@

t �zo

n
@

+4� x, t

n
@

4� x

�
+617,

Iru wklv prgl�hg yhuvlrq ri wkh prgho/ zh rewdlq=

j @
v� +zo . un�, . vSunS

n
@

4

�
^v� .�v+4� x,%` +618,

iurp zklfk=

by

y
@
�v�
�
� j?

�
.

�v

�
%�

�v

�
x% +619,

Wkxv/ zh qrz kdyh=

bx

x
@ i+y>

by

y
,� � @ I�+y> x> %,� � +61:,

Wkhq/ zlwk uhjdug wr wkh g|qdplfv ri wkh sursruwlrq ri fdslwdo khog e|

fdslwdolvwv/ zh kdyh=

b%

%
@

bnS
nS
�

bn

n
@

bnS
nS
� j

zkhuh=

bnS
nS

@
vSSS

nS
@ vSu @ vS

4� x

�

vr wkdw/ jlyhq +618,=

b%

%
@

4

�
^+4� %,�v. x +�vS .�v%,` +61;,

Wkxv/ lqwurgxflqj wkh qhz qrwdwlrq=

�vj @
�v

�

v�j @
v�

�

vSj @
vS

�

wkh 6G g|qdplfdo v|vwhp ri wklv yhuvlrq ri wkh prgho � lq wkh yduldeohv y/

x/ dqg % � fdq eh zulwwhq dv=

by @ +v�j � j? .�vj%��vjx%, y @ *� +y> x> %, +61<,

bx @ ^I�+y> x> %,� �`x @ *2 +y> x> %, +6143,

b% @ +�vj � vSjx��vj%.�vjx%,% @ *� +y> x> %, +6144,

46
Vhh/ iru h{dpsoh/ Sdvlqhwwl ^6;`1 Qrwlfh/ lq sduwlfxodu/ wkh fkdqjh lq qrwdwlrq �

uhtxluhg lq rughu wr wdnh dffrxqw ri Sdvlqhwwl*v fulwlflvp � iurp rR wr rS1

:



615 Vlqjxodu srlqwv

Dsduw iurp wkh wulyldo vlqjxodu srlqw +3> 3> 3,/ v|vwhp +61<,0+6144, kdv d srv0

lwlyh vlqjxodu srlqw +htxloleulxp, +yW> xW> %W, vxfk wkdw=

v�j � j? .�vj%
W

��vjx
W%W @ 3 +6145,

i +yW> 3,� � @ 3 +6146,

�vj � vSjx
W

��vj%
W .�vj%

WxW @ 3 +6147,

Iurp +6145,=

xW @ 4�
j? � v�j

�vj%W
+6148,

Lqvhuwlqj lq +6147, dqg vroylqj iru %=

%W @
vS +j? � v�j,

�vj?
+6149,

Wkhq/ lqvhuwlqj +6149, lq +6148,=

xW @ 4�
�j?

vS
+614:,

Ilqdoo|/ yW @ yee/ dv lq wkh suhylrxv hoderudwlrq ri wkh prgho/ lv wkdw

ydoxh ri wkh hpsor|phqw udwh wkdw vdwlv�hv +6146,1

Lw lv hdv| wr fkhfn wkdw wkhvh htxloleulxp ydoxhv lpso| doo vwhdg|0vwdwh

uhvxowv wkdw iroorz iurp Ndogru0Sdvlqhwwl*v wkhru| ri jurzwk dqg lqfrph

glvwulexwlrq> lq sduwlfxodu=

� jlyhq +618,/ +6149, dqg +614:, jxdudqwhh d vwhdg|0vwdwh jurzwk ri wkh

v|vwhp dw d zduudqwhg udwh htxdo wr wkh qdwxudo udwh=

jW @ v�j .�vj+4� xW,%W @ v�j .�vj

�
j?

vSj

�
vSj +j? � v�j,

�vjj?
@ j?

� xqolnh zkdw zdv wkh fdvh iru wkh yhuvlrq ri wkh prgho zlwk gl�huhqwldo

vdylqjv zh frqvlghuhg lq wkh suhylrxv vhfwlrq/ wkh| lpso| wkh vr0fdoohg

Fdpeulgjh htxdwlrq/ dffruglqj wr zklfk wkh vwhdg|0vwdwh udwh ri sur�w

lv ghwhuplqhg e| wkh qdwxudo udwh ri jurzwk glylghg e| wkh fdslwdolvwv*

surshqvlw| wr vdyh/ lqghshqghqwo| ri dq|wklqj hovh=47

u
W @

4� x
W

�
@

j?

vS

47Vhh/ iru h{dpsoh/ Sdvlqhwwl ^6</ ss1 4540455 dqg 45:045;`1

;



� lq rughu wr eh hfrqrplfdoo| phdqlqjixo +l1h1/ vxfk wkdw 3 ? x
W
? 4 dqg

3 ? %
W
? 4,/ wkh| uhtxluh wkdw=

3 � v� ? �j? ? vS � 4 +614;,

zklfk lv qrwklqj hovh wkdw wkh zhoo0nqrzq frqglwlrq wkdw Ndogru*v rulj0

lqdo prgho wrr pxvw vdwlvi|148

Qrwlfh wkdw/ dv douhdg| vwuhvvhg/ wkhuh lv krzhyhu d edvlf gl�huhqfh eh0

wzhhq wkh wzr dssurdfkhv= zkhuhdv lq wkh Ndogru0Sdvlqhwwl prgho wkh vwhdg|0

vwdwh jurzwk sdwk frqwlqxrxvo| jxdudqwhhv wkh ixoo hpsor|phqw ri oderu/ lq

wkh Jrrgzlq prgho lw lv fkdudfwhul}hg e| d srvlwlyh +frqvwdqw, udwh ri xqhp0

sor|phqw htxdo wr +4� y
W,1 Pruhryhu/ dqg pruh lpsruwdqwo|/ lw lv srvvleoh wr

vkrz wkdw Jrrgzlq*v prgho/ lq wkh pruh jhqhudo fdvh ri gl�huhqwldo vdylqjv

dqg lq wkh fdvh lq zklfk frqglwlrq +614;, lv vdwlv�hg/ dgplwv forvhg ruelwv

vroxwlrqv +olplw f|fohv,1 Lq rwkhu zrugv/ lw ghvfulehv shuvlvwhqw  xfwxdwlrqv

ri wkh yduldeohv udwkhu wkdq d frqyhujhqfh wr wkh vwhdg|0vwdwh vroxwlrq1

Wklv fdq eh uljrurxvo| hvwdeolvkhg e| dsso|lqj wr v|vwhp +61<,0+6144,

wkh Krsi Elixufdwlrq Wkhruhp +KEW/ wkhuhdiwhu,1 Dv d suholplqdu| vwhs/ zh

vwxg| wkh +orfdo, vwdelolw| ri wkh prgho dw wkh qrq0wulyldo vlqjxodu srlqw1

616 Orfdo vwdelolw| dqdo|vlv

Olqhdul}lqj v|vwhp +61<,0+6144, dw wkh qrq0wulyldo vlqjxodu srlqw +yW> xW> %W,/

zh rewdlq=
5
7

by

bx

b%

6
8 @ M

W

5
7 y � yW

x� xW

%� %W

6
8

zkhuh wkh Mdfreldq pdwul{=

M
W @

5
7 3 d�2 d��
d2� d22 d2�
3 d�2 d��

6
8 +614<,

jlyhq wkh edvlf dvvxpswlrqv lqwurgxfhg dw wkh ehjlqqlqj ri wkh suhylrxv

vhfwlrq dqg frqglwlrq +614;,/ lv vxfk wkdw wkh vljqv ri doo lwv frh!flhqwv duh

xqdpeljxrxvo| ghwhuplqhg=

d�2 @
C*�
Cx

����
E�c�c0�'E�Wc�Wc0W�

@ ��vj%
WyW ? 3

d�� @
C*�
C%

����
E�c�c0�'E�Wc�Wc0W�

@ �vj +4� xW, yW A 3

48Vhh/ iru h{dpsoh/ Sdvlqhwwl ^6;/ s1 59<`1

<



d2� @
C*2

Cy

����
E�c�c0�'E�Wc�Wc0W�

@ I W

��x
W @ iW

�
xW A 3

d22 @
C*2

Cx

����
E�c�c0�'E�Wc�Wc0W�

@ I W

��x
W @ �iW	��vj%

WxW ? 3

d2� @
C*2

C%

����
E�c�c0�'E�Wc�Wc0W�

@ I W

�0x
W @ iW	��vj+4� xW,xW A 3

d�2 @
C*�
Cx

����
E�c�c0�'E�Wc�Wc0W�

@ +�vSj .�vj%
W,%W @ �vSj

v�j

j?
%W ? 3

d�� @
C*�
C%

����
E�c�c0�'E�Wc�Wc0W�

@ ��vj+4� xW,%W ? 3

Wkxv/ wkh fkdudfwhulvwlf htxdwlrq ri rxu v|vwhp ehfrphv=

�� .D�2 .E�.F @ 3 +6153,

zkhuh=

D @ �wu +MW, @ �d22
E3�

� d��
E3�

A 3 +6154,

E @

���� d22 d2�
d�2 d��

����.
���� 3 d�2
d2� d22

����
@ d22

E3�

d��
E3�� ~} �

En�

� d�2
E3�

d2�
En�

� ~} �

E3�

� d2�
En�

d�2
E3�

� ~} �

E3�

A 3 +6155,

F @ �ghw +MW, @ d2�
En�

d�2
E3�

d��
E3�

� ~} �

En�

� d2�
En�

d��
En�

d�2
E3�

� ~} �

E3�

A 3 +6156,

Pruhryhu=

DE �F +6157,

@ +d22
E3�

. d��
E3�

� ~} �

E3�

,+d2�
En�

d�2
E3�

� ~} �

E3�

� d22
E3�

d��
E3�

� ~} �

En�
� ~} �

E3�

,

� ~} �

En�

. d2�
En�

+d��
En�

d�2
E3�

� ~} �

E3�

. d22
E3�

d�2
E3�

� ~} �

En�
� ~} �

Eq�

, W 3

Jlyhq wkdw � e| +6154,/ +6155, dqg +6156, � D/ E/ F duh dozd|v srvl0

wlyh/ wkh lpsolfdwlrq ri zkdw zh kdyh rewdlqhg lv wkdw lq wkh fdvh lq zklfk

frqglwlrq +6157, krogv zlwk wkh �A� vljq/ doo Urxwk0Kxuzlw} +qhfhvvdu| dqg
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vx!flhqw, frqglwlrqv iru wkh orfdo vwdelolw| ri wkh htxloleulxp49 duh vdwlv�hg1

Wklv/ dv zdv wkh fdvh iru wkh h{whqvlrq ri wkh prgho zh kdyh frqvlghuhg

lq vhfwlrq 5 +vhh htxdwlrqv +5144,0+5145,,/ zrxog eh wkh �hqg ri wkh vwru|�

dqg zh frxog frqfoxgh wkdw wkh prgho hfrqrp| +orfdoo|, frqyhujhv wrzdug

+yW> xW> %W,1 Krzhyhu/ jlyhq wkdw frqglwlrq +6157, fdq dovr krog zlwk wkh

htxdolw| vljq/ wklqjv duh qrw vr vlpsoh$ Lqghhg/ wklv lpsolhv wkdw wkh g|qdp0

lfdo ehkdylru ri wkh prgho fdq gudvwlfdoo| fkdqjh/ iurp wkh txdolwdwlyh srlqw

ri ylhz/ dv rqh ru pruh ri wkh sdudphwhuv ydu|1

Rxu sxusrvh lv qrz wr xvh wkh KEW wr vkrz wkdw/ fkrrvlqj/ iru h{dpsoh/

v�j dv wkh elixufdwlrq sdudphwhu/4: shuvlvwhqw f|folfdo ehkdylru fdq hphujh

dv v�j ydulhv1

617 Dssolfdwlrq ri wkh Krsi Elixufdwlrq Wkhruhp

Lq wkh sdvw ihz |hduv/ wkh KEW kdv ehhq riwhq xwlol}hg wr suryh � erwk lq

5G dqg 6G frqwlqxrxv0wlph g|qdplfdo v|vwhpv � wkh h{lvwhqfh ri forvhg

ruelwv1

Uhvwulfwlqj rxu dwwhqwlrq wr wkh dssolfdwlrqv ri wkh KEW wr 6G g|qdplfdo

v|vwhpv/4; zh fdq vd| wkdw xvxdoo| rqo| wkh h{lvwhqfh sduw ri wkh wkhruhp

kdv ehhq dssolhg/ wkh uhdvrq iru wklv ehlqj wkdw wkh vwdelolw| sduw uhtxluhv

frqglwlrqv +lqyroylqj wklug rughu pl{hg sduwldo ghulydwlyhv, wr zklfk lw lv

kdug wr jlyh dq| hfrqrplf lqwhusuhwdwlrq1 Wklv/ iru h{dpsoh/ lv vwuhvvhg e|

Dvdgd ^4/ s1 7;/ i1 47`/ zkr zulwhv wkdw �111wkh vwdelolw| ri wkh forvhg ruelw

ghshqgv rq wkh wklug rughu sduwldo ghulydwlyhv ri wkh uhohydqw ixqfwlrqv/ exw

wkh hfrqrplf lpsolfdwlrqv ri vxfk vwdelolw| frqglwlrqv duh txlwh dpeljxrxv�

dqg e| Iudqnh ^53/ s1 584`/ zkr/ zlwk uhjdug wr wkh sureohp ri wkh vwdelolw|

ru lqvwdelolw| ri wkh forvhg ruelw/ vwuhvvhv wkdw �111zklfk fdvh krogv +li dq|,

49Vhh/ iru h{dpsoh/ Jdqgroir ^56/ ss1 5540556`1
4:Jlyhq wkdw j lv dvvxphg wr eh frqvwdqw/ wkdw lv wdqwdprxqw wr fkrrvlqj wkh zrunhuv*

surshqvlw| wr vdyh dv wkh elixufdwlrq sdudphwhu1
4;Wklv lv wkh fdvh � zh eholhyh � lq zklfk wkh KEW uhdoo| dggv ydoxh wr wkh vwdqgdug

wkhru| +h1j1/ Srlqfduì0Ehqgl{vrq wkhruhp,/ wkdw fdq rq wkh frqwudu| eh dssolhg wr vkrz

wkh h{lvwhqfh ri forvhg ruelwv rqo| wr 5G v|vwhpv1 Dowkrxjk zh zloo qrw frqvlghu wkhp/

wkh lqwhuhvwhg uhdghu/ dv h{dpsohv ri dssolfdwlrqv ri wkh KEW wr 5G g|qdplfdo v|vwhpv/

lv uhihuuhg wr Wruuh ^7<`/ Ehqkdele0Qlvklpxud ^9`/ Phglr ^68`/ Vhppohu ^79`/ Ihlfkwlqjhu

^48`/ Iodvfkho0Jurk ^4<`/ Vsruwhool ^7:` dqg Nlqg ^65`1 Pruhryhu/ Ehqkdele0Qlvklpxud ^:`

dqg Iudqnh0Dvdgd ^54` frqwdlq dssolfdwlrqv ri wkh KEW wr kljkhu wkdq 6G v|vwhpv +qG

dqg 7G uhvshfwlyho|,1 Wkhuh duh wkhq d qxpehu ri frqwulexwlrqv � qrwdeo| e| Idundv

dqg fr0zrunhuv +vhh/ iru h{dpsoh/ Idundv0Nrwvlv ^47`, dqg pruh uhfhqwo| e| Idqwl dqg

Pdqiuhgl +vhh/ iru h{dpsoh/ Idqwl0Pdqiuhgl ^44/ 45/ 46`, � lq zklfk wkh KEW lv dssolhg

wr kljkhu glphqvlrq h{whqvlrqv ri wkh Jrrgzlq prgho1 Zh qrwlfh/ krzhyhu/ wkdw lq wkh

odwwhu h{whqvlrqv +vhh/ iru h{dpsoh/ Idqwl0Pdqiuhgl ^46/ ss1 6;6 dqg 6;8`,/ wkh kljkhu

glphqvlrqdolw| lv wkh uhvxow ri wkh frqvlghudwlrq ri odjjhg uhodwlrqv � wrjhwkhu zlwk wkh

dssolfdwlrq ri wkh vr0fdoohg �olqhdu0fkdlq wulfn� � udwkhu wkdq ri d wuxo| pruh jhqhudo

vwuxfwxuh ri wkh prgho1 Ilqdoo|/ zlwk uhjdug wr dssolfdwlrqv wr prghov irupxodwhg lq

glvfuhwh0wlph/ zh vlpso| uhihu wr Jdqgroir ^56/ ss1 7<407<<` dqg Phglr ^69/ ss1 9:09<`

dqg wr wkh olwhudwxuh phqwlrqhg wkhuhlq1
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ghshqgv rq wkh kljkhu0rughu qrqolqhdu whupv lq wkh Wd|oru h{sdqvlrq ri wkh

uljkw0kdqg vlgh +ri wkh htxdwlrqv, ri wkh g|qdplfdo v|vwhp111 Wklv surfhgxuh

lv vr frpsolfdwhg wkdw wkh uhvxowlqj frqglwlrqv iru ruelwdo vwdelolw| zrxog

qr orqjhu eh dffhvvleoh wr hfrqrplf lqwhusuhwdwlrq�14< Krzhyhu/ zkdw kdv

kdugo| ehhq qrwlfhg lv wkdw wkh vlpsoh dssolfdwlrq ri wkh h{lvwhqfh sduw ri

wkh wkhruhp lv qrw xqlq xhqwldo iru wkh vshfl�fdwlrq ri wkh prgho hlwkhu1 Rq

wkh frqwudu|/ dv vkrzq e| wkh frqwulexwlrqv L kdyh mxvw phqwlrqhg/ lw riwhq

uhtxluhv dvvxpswlrqv wkdw duh lqwurgxfhg iru qr rwkhu uhdvrq wkdq wkdw ri

vdwlvi|lqj wkh frqglwlrqv ri wkh wkhruhp153

Lq rxu dssolfdwlrq/ rq wkh frqwudu|/ wklv lv qrw wkh fdvh ehfdxvh/ dv

vkrzq lq Sursrvlwlrq 4 ehorz/ iru wkh yhuvlrq ri Jrrgzlq*v prgho zh duh

frqvlghulqj/ wkh dssolfdwlrq ri wkh h{lvwhqfh sduw ri wkh KEW uhtxluhv rqo|

wkdw frqglwlrq +614;, � uhvxowlqj iurp Ndogru0Sdvlqhwwl*v wkhru| ri hfrqrplf

jurzwk dqg glvwulexwlrq � lv vdwlv�hg1

Iru rxu prgho � zlwk g|qdplfdo v|vwhp +61<,0+6144, dqg fkdudfwhulvwlf

htxdwlrq +6153, � wr suryh wkh KEW lv wdqwdprxqw wr surylqj wkh iroorzlqj

sursrvlwlrq154

Sursrvlwlrq 4 Zkhq frqglwlrq +614;, lv dvvxphg/ wkhuh h{lvwv d fulwlfdo

ydoxh ri wkh zrunhuv* surshqvlw| wr vdyh � v�k @ �v�jk � wkdw vdwlv�hv lw

dqg lv vxfk wkdw +6153, hydoxdwhg dw +yW> xW> %, kdv wkh iroorzlqj surshuwlhv=

+KE�, lw srvvhvvhv d sdlu ri sxuh lpdjlqdu| urrwv +�2c� @ � 	 l$,> lq rwkhu

zrugv/ dw v�j @ v�jk=

D+v�jk,E+v�jk,�F+v�jk, @ 3

+KE2, wkh uhdo sduwv ri wkh frpsoh{ urrwv furvv wkh uhdo d{lv dw qrq0}hur vshhg>

lq rwkhu zrugv/ dw v�j @ v�jk=

g�

gv�j

�
�
�
�
r�j'r�jk

9@ 3

Surri1

+KE�, Lq whupv ri wkh sdudphwhuv ri wkh prgho/ jlyhq +6157,/ zh fdq

zulwh +vhh Dsshqgl{ D14 iru fdofxodwlrqv,=

DE �F @ �vj%
WiW

	�
^iW
	�
xW . +4� xW,` ^�vjx

Wv�j%
W +6158,

.�vj%
WxW�vj+4� xW,%W` . �vji

W

�
xW%W +�yWv�j . iW

	�
xW�vj%

WyW, @ 3

4<Vhh dovr Dvdgd ^5`/ Dvdgd0Vhppohu ^6`/ Ehqkdele0Pl|dr ^8`/ ydq ghu Sorhj ^76`/

Vdvdnxud ^78`/ Jdqgroir ^56/ ss1 7:907::`1
53Vhh/ iru h{dpsoh/ dvvxpswlrq +D1;, lq Vdvdnxud ^78/ s1 76:` ru dvvxpswlrqv 4 dqg 5

lq Iudqnh ^53/ ss1 579 dqg 583`1
54Vhh Jdqgroir ^56/ ss1 58:058; dqg 7:807;;`1
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zklfk lv vdwlv�hg e| wkh iroorzlqj ydoxh ri v�j +vhh Dsshqgl{ D15 iru fdofx0

odwlrqv,=

v�jk @
iW
	�
vSj ^4 . +iW

	�
� 4,xW` . iW

�
iW
	�
xWyW@+4� xW,

iW
	�
vSj

�
4 . +iW

	�
� 4,xW

�
. iW

�
yW . iW

�
iW
	�
xWyW@+4� xW,

j?

@ Gj? +6159,

Wkh ghqrplqdwru ri wkh iudfwlrq lq +6159, lv fhuwdlqo| dozd|v juhdwhu wkdq

wkh qxphudwru/ vr wkdw=

G ? 4$ v�jk ? j?

Pruhryhu=

iW
	� vSj ^4 . +iW	� � 4,xW` @ iW	� vSj

�
4 .

+iW
	�
� 4, +vSj � j?,

vSj

�

@ iW
	�
^vSj . +iW

	� � 4, +vSj � j?,` @ iW
	�
^vSj . iW

	�
vSj � vSj � iW	� j? . j?`

@ iW
	�
^iW

	�
+vSj � j?, . j?` A 3

vr wkdw=

G A 3$ v�jk A 3

Wklv frpsohwhv wkh surri ri wkh �uvw sduw ri wkh Sursrvlwlrq1

+KE2, E| xvlqj wkh vr0fdoohg vhqvlwlylw| dqdo|vlv/ lw lv wkhq hdv| wr vkrz

wkdw wkh vhfrqg uhtxluhphqw ri wkh Sursrvlwlrq lv dovr phw1

Iluvw ri doo/ zh qrwlfh wkdw wkh frh!flhqwv ri wkh fkdudfwhulvwlf htxdwlrq

duh vxfk wkdw +vhh Dsshqgl{ D16 iru fdofxodwlrqv,=

D @ d+j? � v�j,> d A 3 +615:,

E @ e+j? � v�j,> e A 3 +615;,

F @ f+j? � v�j,> f A 3 +615<,

vr wkdw zh dovr kdyh=

CD

Cv�j
@ �d @

D

v�j � j?
? 3

CE

Cv�j
@ �e @

E

v�j � j?
? 3

CF

Cv�j
@ �f @

F

v�j � j?
? 3

Vhfrqg/ zh nqrz wkdw/ dsduw iurpD A 3/E A 3 dqg F A 3 wkdw lv dozd|v

wuxh/ iru v�j @ v�jk/ rqh dovr kdv DE�F @ 31 Wkxv/ zkhq v�j @ v�jk/ rqh

urrw ri wkh fkdudfwhulvwlf htxdwlrq +��, lv uhdo qhjdwlyh/ zkhuhdv wkh rwkhu
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wzr duh d sdlu ri sxuh lpdjlqdu| urrwv +�2c� @ � 	 l$/ zlwk � @ 3,1 Wklv

phdqv wkdw zh kdyh=

D @ � +�
�
. �

2
. �

�
, @ � +�

�
. 5�,

E @ �
�
�
2
. �

�
�
�
. �

2
�
�
@ 5�

�
� . �2 . $2

F @ ��
�
�
2
�
�
@ ��

�

�
�2 . $2

�

vr wkdw/ gl�huhqwldwlqj zlwk uhvshfw wr v�j/ lq wkh fdvh lq zklfk �
2c� duh

sxuho| lpdjlqdu| +� @ 3,/ zh rewdlq=

CD

Cv�j
@ �

C�
�

Cv�j
� 5

C�

Cv�j
CE

Cv�j
@ 5�

�

C�

Cv�j
. 5$

C$

Cv�j
CF

Cv�j
@ �$2

C�
�

Cv�j
� 5�

�
$

C$

Cv�j

ru=
5
7

�4 �5 3

3 5�
�

5$

�$2 3 �5�
�
$

6
8
5
7
C�

�
@Cv�j

C�@Cv�j
C$@Cv�j

6
8

@D

5
7
C�

�
@Cv�j

C�@Cv�j
C$@Cv�j

6
8 @

5
7
�d

�e

�f

6
8

vxfk wkdw dw v�j @ v�jk=

mDm @ 7$+�2
�
. $2, A 3 +6163,

dqg +vhh Dsshqgl{ D17 iru fdofxodwlrqv,=

mDr�j
m @ 5d$� A 3 +6164,

Jlyhq wkdw/ e| Fudphu*v uxoh=

mDr�j m

mDm
@

C�

Cv�j

����
r�j'r�jk

frqglwlrqv +6163, dqg +6164, suryh wkh vhfrqg sduw ri wkh Sursrvlwlrq1

Wkxv/ v|vwhp +61<,0+6144, dgplwv forvhg ruelwv vroxwlrqv +shuvlvwhqw dqg

erxqghg  xfwxdwlrqv ri wkh yduldeohv, iru ydoxhv ri v�j lq wkh qhljkerukrrg

ri v�jk1

Ehiruh glvfxvvlqj dw juhdwhu ohqjwk wkh lpsolfdwlrqv ri wklv uhvxow/ lw lv

lqwhuhvwlqj wr qrwlfh wkdw/ rqfh wkh srvvlelolw| ri forvhg ruelwv kdv ehhq

suryhg/ dq lpsruwdqw surshuw| ri wkh f|folfdo ehkdylru ri wkh prgho iroorzv/
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frqvlvwlqj lq wkh idfw wkdw wkh xW0 dqg wkh %W0frruglqdwh ri wkh vlqjxodu

srlqw duh htxdo wr wkh dyhudjh ydoxhv ri wkh uhvshfwlyh yduldeohv ryhu d zkroh

f|foh155

Sursrvlwlrq 5 Iru wkh g|qdplfdo v|vwhp +61<,0+6144, ri Jrrgzlq*v prgho
zlwk gl�huhqwldo vdylqjv/ wkh dyhudjh ydoxhv ri wkh lqfrph vkduh ri oderu
dqg ri wkh vkduh ri fdslwdo rzqhg e| fdslwdolvwv duh htxdo wr wkh uhvshfwlyh
frruglqdwhv ri wkh vlqjxodu srlqw +l1h1/ wr xW dqg %W uhvshfwlyho|,1

Surri1 +vhh Jdqgroir ^56/ ss1 7960797` iru wkh dqdorjrxv surshuw| ri

wkh ruljlqdo Orwnd0Yrowhuud prgho,

Wr vkrz wklv/ ohw xv uhzulwh htxdwlrqv +61<, dqg +6144, dv=

g

gw
orj y @ v�j � j? .�vj%��vjx% +6165,

g

gw
orj % @ �vj � vSjx��vj%.�vjx% +6166,

iurp zklfk/ lqwhjudwlqj ryhu d shulrg W htxdo wr wkh shulrg ri wkh rvflood0

wlrqv=

+v�j � j?,W .�vj

]
A

f

%gw��vj

]
A

f

x%gw @ 3 +6167,

�vjW � vSj

]
A

f

xgw��vj

]
A

f

%.�vj

]
A

f

x%gw @ 3 +6168,

Iurp +6167,0+6168,=

+v�j � j?,W .�vj

]
A

f

%gw @ ��vjW . vSj

]
A

f

xgw.�vj

]
A

f

%

iurp zklfk/ lq dyhudjh ryhu d f|foh=

4

W

]
A

f

xgw @
^�vj . +v�j � j?,`

vSj
@ 4�

j?

vSj
@ xW

Wkhq/ iurp +6167,=

+v�j � j?,W .�vj

]
A

f

% +4� x, gw @ 3

Wkxv/ lq dyhudjh ryhu d f|foh=

4

W

]
A

f

%gw @
vSj +j? � v�j,

�vjj?
@ %W

55
Dv lv zhoo nqrzq/ wklv lv d surshuw| wkdw lv dovr vdwlv�hg e| wkh ruljlqdo prgho1 Zlwk

uhjdug wr �
W

/ lw lv qrw srvvleoh wr gudz dq dqdorjrxv frqfoxvlrq ehfdxvh zh kdyh qrw

vshfl�hg d ixqfwlrqdo irup iru wkh jhqhudol}hg Skloolsv fxuyh1
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Wklv frpsohwhv wkh surri ri wkh Sursrvlwlrq1

Prylqj rq wr wkh hfrqrplf lqwhusuhwdwlrq ri wkh uhvxow frqwdlqhg lq

Sursrvlwlrq 4/ zh fdq vd| wkdw wkh elixufdwlrqdo dssurdfk zh kdyh xvhg

lq wklv sdshu vhhpv wr eh yhu| xvhixo lq wkdw lw kdv doorzhg xv wr jr eh|rqg

wkh frqyhqwlrqdo vwhdg| vwdwh uhvxowv rqh hdvlo| rewdlqv iurp orfdo vwdelolw|

dqdo|vlv156 Dowkrxjk iru d orz zrunhuv* surshqvlw| wr vdyh � ohvv wkdq wkh

fulwlfdo ydoxh v�jk dqg lq wkh olplw htxdo wr }hur � wkh srvlwlyh vwhdg|0

vwdwh vroxwlrq ri wkh prgho lv +orfdoo|, vwdeoh/57 lqfuhdvlqj vxfk d surshqvlw|

ghvwdelol}hv wkh prgho1 Krzhyhu/ wklv grhv qrw ohdg wr dq xquhdolvwlf vlwxd0

wlrq zlwk  xfwxdwlrqv ri hyhu lqfuhdvlqj dpsolwxgh/ qhlwkhu grhv lw uhtxluh

wkh xvh ri wkh �vdggoh0srlqw wulfn�1 Udwkhu/ wkurxjk dq Krsi elixufdwlrq/

wkh uhvxow vhhpv wr eh wkdw ri shuvlvwhqw dqg erxqghg  xfwxdwlrqv ri wkh

hpsor|phqw udwh/ wkh lqfrph vkduh ri zdjhv dqg wkh sursruwlrq ri fdslwdo

khog e| zrunhuv dqg fdslwdolvwv1 Kdylqj suryhg rqo| wkh h{lvwhqfh sduw ri

wkh KEW/ krzhyhu/ zh gr qrw nqrz zkhwkhu wkh uhvxowlqj forvhg ruelwv zloo

eh vwdeoh +vxshu0fulwlfdo, ru xqvwdeoh +vxe0fulwlfdo,1

Wklv grhv qrw dsshdu wr eh wrr elj d sureohp/ wkrxjk/ iru dw ohdvw wzr

uhdvrqv1 Iluvw/ dv lq d qxpehu ri suhylrxv frqwulexwlrqv/58 iroorzlqj Ehq0

kdele dqg Pl|dr ^8/ s1 8<6`/ rqh fdq vd| wkdw wklv grhv qrw pdwwhu wrr pxfk

ehfdxvh erwk fdvhv duh lqwhuhvwlqj dqg rshq wr fohdu0fxw hfrqrplf lqwhusuh0

wdwlrq1 Vhfrqg/ dqg � zh eholhyh � pruh lpsruwdqwo|/ lw lv srvvleoh wr vd|

wkdw zklfk fdvh suhydlov grhv qrw pdwwhu wrr pxfk li wkh elixufdwlrq iurp

wkh vwdeoh vwhdg|0vwdwh jurzwk wr forvhg ruelwv durxqg lw lv vhhq dv rqo| wkh

�uvw vwhs lq d urxwh wr pruh frpsoh{ ehkdylru udwkhu wkdq dv wkh �jrdo� ri

wkh dqdo|vlv1 Wr lqyhvwljdwh d elw orqjhu wkh phdqlqj ri wklv vhfrqg fodlp lv

wkh pdlq sxusrvh ri wkh qh{w vhfwlrq1

7 Qxphulfdo vlpxodwlrqv

Wudglwlrqdoo|/ olplw f|foh ehkdylru lq h{whqvlrqv ri Jrrgzlq*v jurzwk f|foh

prgho kdv ehhq wkh uhvxow ri wkh txhvw iru vwuxfwxudo vwdelolw|1 H{dpsohv

ri wklv dssurdfk fdq eh irxqg lq Phglr ^67/ ss1 73086`/ Ixqnh ^55` dqg

ydq ghu Sorhj ^76`/ wr phqwlrq rqo| d ihz1 Udwkhu wkdq jrlqj lqwr wkh

ghwdlov ri wkh glvfxvvlrq ri doo wkh sureohpv dvvrfldwhg zlwk wklv lpsruwdqw

surshuw| ri g|qdplfdo v|vwhpv/ zh suhihu wr wdnh d gl�huhqw srlqw ri ylhz

dqg wr vwuhvv wkdw erwk wkh ruljlqdo Jrrgzlq prgho dqg wkh h{whqvlrqv mxvw

phqwlrqhg +lqfoxglqj rxuv$, duh � lq d vhqvh � xqvdwlvidfwru|1 Wkh uhdvrq

56Rq wklv srlqw/ vhh dovr Ehqkdele0Pl|dr ^8/ s1 8<4`1
57Iurp wkh fdofxodwlrqv jlyhq lq Dsshqgl{ D15/ lw iroorzv wkdw �� 3 � W f dv r�j V

r�jk/ vr wkdw iru ydoxhv ri r�j ohvv wkdq wkh fulwlfdo ydoxh doo Urxwk0Kxuzlw} frqglwlrqv

iru wkh orfdo vwdelolw| ri wkh vlqjxodu srlqw duh vdwlv�hg1
58Vhh/ iru h{dpsoh/ Fxjqr0Prqwuxffklr ^</ s1 9`/ ydq ghu Sorhj ^76/ ss1 <043` dqg

Iudqnh ^53/ s1 584`1
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iru wklv lv wkdw wkh| doo lpso|  xfwxdwlrqv ri wkh yduldeohv ri wkh prgho

wkdw duh ri d shulrglf qdwxuh159 Rq wkh frqwudu|/ lw lv d idfw wkdw/ dowkrxjk

erxqghg/ wkh hfrqrplf  xfwxdwlrqv revhuyhg lq wkh uhdo zruog duh kljko|

luuhjxodu +dshulrglf,1 Wkhvh wzr revhuydwlrqv/ krzhyhu/ duh uhfrqflohg zkhq

lw kdsshqv wkdw wkh Krsi elixufdwlrq/ wkh h{lvwhqfh ri zklfk zh kdyh mxvw

suryhg/ wxuqv rxw wr eh wkh �uvw vwhs lq wkh urxwh ri wkh v|vwhp iurp uhjxodulw|

wr d fkdrwlf uhjlph1

Wr hqg wklv sdshu/ zh wu| qrz wr jlyh dq lghd ri krz wklv pd| kdsshq e|

uhvruwlqj wr qxphulfdo vlpxodwlrqv1 Lq grlqj wklv/ rxu sxusrvh lv �uvw wr vkrz

wkdw wkh uhvxowv zh kdyh rewdlqhg lq wkh txdolwdwlyh dqdo|vlv ri wkh prgho duh

frq�uphg e| wkh qxphulfdo vlpxodwlrqv> dqg/ vhfrqg � lq wkh dwwhpsw wr

xqghuvwdqg zklfk �urxwh wr fkdrv� suhydlov/ li dq| � wr vhh zkdw kdsshqv

zkhq wkh sdudphwhu lv ixuwkhu lqfuhdvhg15:

Iluvw ri doo/ zh qhhg wr fkrrvh d ixqfwlrqdo irup iru I� +y> x> %, @ i +y> ay,1
Lq wkh vlpsohvw fdvh lq zklfk i lv dgglwlyh dqg olqhdu lq erwk yduldeohv/ zh

fdq zulwh=

i

�
y>

by

y

�
@ �� . �y . � ^v�j � j? .�vj +4� x, %` +6169,

zklfk lv vxfk wkdw=

yW @
�. �

�
+616:,

Wkhq/ dq dlg iru fkrrvlqj sodxvleoh ydoxhv ri wkh sdudphwhu wr eh xvhg lq

wkh vlpxodwlrqv lv jlyhq e| d uhfhqw frqwulexwlrq e| Kduylh ^5<`/ zkhuh wkh

dxwkru dssolhv Jrrgzlq*v prgho wr doo pdmru RHFG frxqwulhv1 Fkrrvlqj/

iru h{dpsoh/ klv uhvxowv iru wkh XN hfrqrp|/ wkh sdudphwhu hvwlpdwhv duh

wkh iroorzlqj ^5</ s1 57/ Wdeoh 9`=

� @ 3=3554 � @ 3=336:

� @ 5=8: � @ 4;=87

� @ 54=<3

Iurp wkhvh ydoxhv dqg frqglwlrq +614;, deryh/ lw dovr iroorzv wkdw wkh

wzr surshqvlwlhv wr vdyh pxvw vdwlvi|=

v� ? 3=3996939 ? vS

59 Lq wkh yhuvlrq ri wkh prgho zh kdyh frqvlghuhg/ iru h{dpsoh/ zh nqrz wkdw wkh uhvxow

ri wkh Krsi elixufdwlrq duh forvhg ruelwv ri shulrg dssur{lpdwho| htxdo wr 2Z*
I
�1

5:Iru d glvfxvvlrq ri wkh frqfhsw ri �elixufdwlrq� dqg ri w|slfdo �urxwhv wr fkdrv� � wkh

vr0fdoohg vfhqdulrv � vhh/ iru h{dpsoh/ Phglr ^69/ ss1 8<09< dqg 47<04::/ uhvshfwhyho|`1

Wkhuh +s1 9;,/ wkh frqglwlrqv iru wkh Krsi +ru Qhlpdun, elixufdwlrq iru pdsv duh dovr
jlyhq1 Lq wkh fdvh lq zklfk wkh pds lv qrwklqj hovh wkdq wkh Srlqfduì pds ri d kljkhu
rughu frqwlqxrxv0wlph g|qdplfdo v|vwhp/ wkh Krsi elixufdwlrq lv wkh elixufdwlrq +ru orvv

ri vwdelolw|, ri wkh olplw f|foh ri wkh fruuhvsrqglqj  rz1 Iru wklv uhdvrq/ wklv elixufdwlrq
lv riwhq uhihuuhg wr dv d vhfrqgdu| Krsi elixufdwlrq1

4:



v� yW xW %W

31334 31;7:8;7 31;;<7<3 31<;9896

31335 31;7:8;7 31;;<7<3 31<:63;3

31336 31;7:8;7 31;;<7<3 31<8<886

31337 31;7:8;7 31;;<7<3 31<78<;3

31338 31;7:8;7 31;;<7<3 31<65695

31339 31;7:8;7 31;;<7<3 31<4;9<:

3133: 31;7:8;7 31;;<7<3 31<37<;:

3133; 31;7:8;7 31;;<7<3 31;<4563

3133< 31;7:8;7 31;;<7<3 31;::75:

3133<4 31;7:8;7 31;;<7<3 31;:9377

3133<4< 31;7:8;7 31;;<7<3 31;:7:<<

3133<4<8 31;7:8;7 31;;<7<3 31;:7:63

Wdeoh 4= Frqyhujhqfh wr wkh vwhdg|0vwdwh iru ydoxhv ri wkh zrunhuv* surshq0

vlw| wr vdyh ohvv wkdq wkh fulwlfdo ydoxh v�k

Ilqdoo|/ diwhu kdylqj fkrvhq d ydoxh iru wkh sdudphwhu � +@ i
	�, � iru

h{dpsoh � @ 3=35�dqg iru wkh fdslwdolvwv* surshqvlw| wr vdyh � iru h{dpsoh

vS @ 3=9 � lw lv srvvleoh wr xvh +6159, wr fdofxodwh wkh fulwlfdo ydoxh ri wkh

zrunhuv* surshqvlw| wr vdyh/ iru zklfk wkh Krsi elixufdwlrq rffxuv1 Grlqj

wklv/ zh rewdlq=

v�jk � 3=3368:;3

ru=

v�k � 3=33<4<87 +616;,

Xvlqj wkhvh ydoxhv iru wkh sdudphwhuv/ wkh qxphulfdo vlpxodwlrqv5; frq0

�up wkh txdolwdwlyh uhvxowv zh kdyh rewdlqhg lq wkh suhylrxv vhfwlrq> lq

sduwlfxodu=

� iru ydoxhv ri v� ohvv wkdq wkh fulwlfdo ydoxh +616;,/ wkh v|vwhp frqyhujhv

wr wkh vwhdg|0vwdwh/ zlwk wkh ydoxhv iru yW/ xW dqg %W vkrzq lq Wdeoh 41

Dv fdq hdvlo| eh fkhfnhg/ wkhvh ydoxhv duh wkh vdph dv wkrvh uhvxowlqj

iurp wkh txdolwdwlyh dqdo|vlv ri wkh prgho dqg jlyhq e| +6149,/ +614:,

dqg +616:,1 Lq sduwlfxodu/ zh qrwlfh wkdw/ dv zdv wr eh h{shfwhg/ rqo|

wkh vwhdg|0vwdwh ydoxh ri % suryhv wr ghshqg rq v�>
5<

5;Iru vrph lqirupdwlrq derxw wkh vlpxodwlrqv/ vhh Dsshqgl{ E ehorz1
5<Iurp wkh vlpxodwlrqv/ lw dovr iroorzv wkdw wkh frqyhujhqfh wr E�Wc �Wc 0W� lv yhu| vorz

+wkh vorzhu/ wkh odujhu lv r�, dqg f|folfdo1

4;



Iljxuh 4= Olplw f|foh lq wkh +y> x,0sodqh/ zlwk v� @ 3=33<5

� iru v� @ 3=33<5/ wkh qxphulfdo vlpxodwlrq jlyhq lq Iljxuh 4 frq�upv

wkh lpsolfdwlrqv ri Sursrvlwlrq 4/ qdpho| wkh h{lvwhqfh ri shuvlvwhqw

dqg erxqghg  xfwxdwlrqv ri wkh yduldeohv1

Lq dgglwlrq wr wklv/ wkh vlpxodwlrqv dovr vkrz wkdw dv v� lv ixuwkhu lq0

fuhdvhg qhz skhqrphqd dsshdu1 Lq sduwlfxodu/ wkh elixufdwlrq gldjudp jlyhq

lq Iljxuh 5 vxjjhvwv wkdw/ iru kljkhu ydoxhv ri wkh sdudphwhu/ wkh ruljlqdo

Krsi elixufdwlrq lv iroorzhg e| rwkhu elixufdwlrqv lq d urxwh wr fkdrv1

Wr frq�up wklv uhvxow zh kdyh fdofxodwhg wkh grplqdqw O|dsxqry h{0

srqhqw ri rxu g|qdplfdo v|vwhp iru gl�huhqw ydoxhv ri v�1 Wkh uhvxowlqj

O|dsxqry h{srqhqw elixufdwlrq gldjudp jlyhq lq Iljxuh 6 vkrzv wkdw/ iru

ydoxhv ri wkh zrunhuv* surshqvlw| wr vdyh juhdwhu wkdq d jlyhq fulwlfdo ydoxh

� dssur{lpdwho| htxdo wr 3133<8 � wkh O|dsxqry h{srqhqw lv srvlwlyh/ dqg

wkhuhiruh wkh v|vwhp srvvhvvhv vhqvlwlyh ghshqghqfh rq lqlwldo frqglwlrqv1

4<



Iljxuh 5= Elixufdwlrq gldjudp iru wkh yduldeoh y/ zlwk v� lq wkh udqjh

+3=33;> 3=35,
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Iljxuh 6= O|dsxqry h{srqhqw elixufdwlrq gldjudp zlwk v� lq wkh udqjh

+3=33<> 3=344,
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8 Frqfoxglqj uhpdunv

Lq wklv sdshu/ dq h{whqvlrq ri Jrrgzlq*v jurzwk f|foh prgho kdv ehhq vhw rxw

wkdw frqvlghuv wkh fdvh ri gl�huhqwldo vdylqjv dorqj Ndogruldq0Sdvlqhwwldq

olqhv1 Qrwzlwkvwdqglqj lwv vlpsolflw|/ wkh h{huflvh zh kdyh shuiruphg doorzv

xv wr gudz vrph lqwhuhvwlqj dqg hqfrxudjlqj frqfoxvlrqv/ zruwk|/ lq rxu

rslqlrq/ ri ixuwkhu lqyhvwljdwlrq1

Lq vxppdu|=

41 Wkh h{whqvlrq ri wkh prgho zh kdyh frqvlghuhg dwwhpswv wr lqwhjudwh

Ndogruldq dqg Jrrgzlqldq hohphqwv1 Iurp wklv srlqw ri ylhz/ wkh

uhvxow zh kdyh rewdlqhg lv wkdw wkh vwhdg|0vwdwh ihdwxuhv ri wkh prg0

l�hg Jrrgzlq prgho duh wkh vdph dv wkrvh ri Sdvlqhwwl*v yhuvlrq ri

Ndogru*v prgho1 Krzhyhu/ lqwhuhvwlqjo| hqrxjk/ dorqj wkh htxloleulxp

jurzwk sdwk ri rxu prgho wkhuh lv qrw ixoo hpsor|phqw exw/ udwkhu/

d frqvwdqw udwh ri xqhpsor|phqw1 Pruhryhu/ iru ydoxhv ri wkh zrun0

huv* surshqvlw| wr vdyh deryh d fhuwdlq fulwlfdo ydoxh/ wkh v|vwhp �

hlwkhu shulrglfdoo| ru dshulrglfdoo| � shuvlvwhqwo|  xfwxdwhv durxqg

lw/ udwkhu wkdq frqyhujlqj wr lw1

51 Wkh h{lvwhqfh sduw ri wkh KEW zh kdyh hpsor|hg iru wkh txdolwdwlyh

dqdo|vlv ri wkh g|qdplfv ri wkh prgho lv d srzhuixo wrro/ e| qrz vwdq0

gdug lq hfrqrplf g|qdplfv1 \hw/ wkhuh duh wkuhh dvshfwv ri rxu dssol0

fdwlrq wkdw duh zruwk vwuhvvlqj1 Iluvw/ dv zh kdyh vhhq/ rxu dssolfdwlrq

grhv qrw uhtxluh wkh lqwurgxfwlrq ri dq| dg krf dvvxpswlrq derxw wkh

ydoxhv ri wkh sdudphwhuv/ dsduw iurp wkh rqh derxw wkh uhodwlyh ydoxhv

ri wkh wzr surshqvlwlhv wr vdyh lpsolhg e| Ndogru0Sdvlqhwwl*v wkhru|=

lq rxu prgho wklv frqglwlrq lv doo wkdw lv qhhghg wr hqvxuh erwk wkdw

wkh vwhdg|0vwdwh ydoxhv ri wkh yduldeohv duh hfrqrplfdoo| vljql�fdwlyh

dqg wkdw wkh frqglwlrqv ri wkh KEW duh vdwlv�hg1 Vhfrqg/ wkh uhvxowv

zh kdyh rewdlqhg vwurqjo| vxjjhvw wkh lpsruwdqfh ri �jrlqj iurp or0

fdo wr joredo dqdo|vlv�1 Iurp wklv srlqw ri ylhz/ wkh olplw f|foh � wkh

h{lvwhqfh ri zklfk zh kdyh suryhg e| xvlqj wkh KEW � pxvw eh vhhq

dv wkh vwduwlqj srlqw udwkhu wkdq dv wkh �jrdo� ri wkh dqdo|vlv1 Lqghhg/

pruh lpsruwdqw wkhq lv/ dv zh kdyh wulhg wr gr zlwk wkh qxphulfdo vlp0

xodwlrq/ wr lqyhvwljdwh wkh h{lvwhqfh ri d �urxwh wr fkdrwlf ehkdylru� dv

wkh fuxfldo sdudphwhu lv ixuwkhu lqfuhdvhg1 Wklug/ zh kdyh lqwurgxfhg

wkh k|srwkhvlv ri gl�huhqwldo vdylqjv lq wkh ruljlqdo irupxodwlrq ri wkh

prgho1 Lq grlqj wklv/ zh kdyh qhjohfwhg d qxpehu ri lqwhuhvwlqj h{whq0

vlrqv ri wkh prgho � dydlodeoh lq wkh h{lvwlqj olwhudwxuh rq wkh wrslf

� zklfk jlyh ulvh wr d kljkhu rughu g|qdplfdo v|vwhp/ iru h{dpsoh

doo wkrvh h{whqvlrqv lq zklfk wkh Skloolsv fxuyh lv zulwwhq lq prqhwdu|

whupv dqg wkhq dq htxdwlrq iru sulfh g|qdplfv lv lqwurgxfhg lqwr wkh

prgho1 Krzhyhu/ dv lv zhoo nqrzq � dqg dv lv whvwl�hg wr e| vrph

ri wkh uhfhqw frqwulexwlrqv txrwhg deryh � wkh h{lvwhqfh sduw ri wkh
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KEW fdq eh hdvlo| dssolhg wr kljkhu wkdq 6G v|vwhpv dv zhoo/ dqg wkh

vdph/ fohduo|/ lv wuxh iru wkh pdq| qxphulfdo vlpxodwlrq whfkqltxhv

qrzdgd|v hdvlo| dssolfdeoh hyhq zlwk dq ruglqdu| shuvrqdo frpsxwhu1

Iru wklv uhdvrq/ wkhq/ wkhuh duh qr olplwv wr wkh dqdo|vlv ri ixuwkhu

jhqhudol}dwlrqv ri wkh prgho dorqj wkh olqhv vxjjhvwhg dqg vnhwfkhg lq

wklv sdshu1

D Dsshqgl{= Edvlf fdofxodwlrqv
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E Dsshqgl{= Vlpxodwlrqv

Wr shuirup wkh qxphulfdo vlpxodwlrq/ zh kdyh xvhg wkh frpsxwhu surjudp

G\QDPLFV 5/ frqwdlqhg lq wkh vhfrqg hglwlrq ri wkh errn e| Qxvvh dqg
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\run ^6:`1 Wr gr wklv/ zh kdg/ �uvw ri doo/ wr dgg rxu rzq surfhvv iroorzlqj wkh

surfhgxuh ghvfulehg lq Fk1 46 +�Dgglqj |rxu rzq surfhvv wrG\QDPLFV�,

ri wkh errn ^6:/ ss1 7<4084;`1 Wkh uhvxowlqj �oh +zlwk h{whqvlrq �1gg�,/

zklfk vwruhv rxu prgho/ lv wkh iroorzlqj=
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Uhihuhqfhv

^4` Dvdgd/ Wrlfklur1 �Rq d pl{hg frpshwlwlyh0prqrsrolvwlf pdfurg|qdplf

prgho lq d prqhwdu| hfrqrp|1� Mrxuqdo ri Hfrqrplfv 87 +4<<4,= 660861

^5` Dvdgd/ Wrlfklur1 �Ndogruldq g|qdplfv lq dq rshq hfrqrp|1� Mrxuqdo

ri Hfrqrplfv 95 +4<<8,= 56<059<1

^6` Dvdgd/ Wrlfklur/ dqg Zlool Vhppohu1 �Jurzwk dqg Ilqdqfh= Dq lq0

whuwhpsrudo prgho1� Mrxuqdo ri Pdfurhfrqrplfv 4: +4<<8,= 956097<1

^7` Dwnlqvrq/ Dqwkrq| E1 �Wkh wlphvfdoh ri hfrqrplf prghov= Krz orqj lv

wkh orqj uxqB� Uhylhz ri Hfrqrplf Vwxglhv 69 +4<9<,= 46:04851
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^8` Ehqkdele/ Mhvv/ dqg Wdndklur Pl|dr1 �Vrph qhz uhvxowv rq wkh g|qdp0

lfv ri wkh jhqhudol}hg Wrelq prgho1� Lqwhuqdwlrqdo Hfrqrplf Uhylhz

+4<;4,= 8;<08<;1

^9` Ehqkdele/ Mhvv/ dqg Nd}xr Qlvklpxud1 �Wkh Krsi elixufdwlrq dqg wkh

h{lvwhqfh dqg vwdelolw| ri forvhg ruelwv lq pxowlvhfwrudo prghov ri rs0

wlpdo hfrqrplf jurzwk1� Mrxuqdo ri Hfrqrplf Wkhru| 54 +4<:<,= 7540

7771

^:` Ehqkdele/ Mhvv/ dqg Nd}xr Qlvklpxud1 �Vwdelolw| ri htxloleulxp lq g|0

qdplf prghov ri fdslwdo wkhru|1� Lqwhuqdwlrqdo Hfrqrplf Uhylhz 55

+Mxqh 4<;4,= 5:805<61

^;` Fxjqr/ Iudqfr/ dqg Oxljl Prqwuxffklr1 �F|folfdo jurzwk dqg lq dwlrq=

D txdolwdwlyh dssurdfk wr Jrrgzlq*v prgho zlwk prqh| sulfhv1� Hfr0

qrplf Qrwhv q1 6 +4<;5,= <6043:1

^<` Fxjqr/ Iudqfr/ dqg Oxljl Prqwuxffklr1 �Glvhtxloleulxp g|qdplfv lq

d pxowlglphqvlrqdo pdfurhfrqrplf prgho= D elixufdwlrqdo dssurdfk1�

Ulfhufkh Hfrqrplfkh 6: +Mdqxdu|0Mxqh 4<;6,= 60541

^43` Ghvdl/ Phjkqdg1 �Jurzwk f|fohv dqg lq dwlrq lq d prgho ri wkh fodvv

vwuxjjoh1� Mrxuqdo ri Hfrqrplf Wkhru| 9 +4<:6,= 85:08781

^44` Idqwl/ Oxfldqr/ dqg Slhur Pdqiuhgl1 �Fuhvflwd frq flfor/ ulwdugl qhl

sldql gl lqyhvwlphqwr hg h�hwwl gl srsrod}lrqh1� Ulylvwd Lqwhuqd}lrqdoh

gl Vflhq}h Vrfldol 438 +4<<:,= :<04471

^45` Idqwl/ Oxfldqr/ dqg Slhur Pdqiuhgl1 �Ylvfklrvlwã ghl vdodul h glqdplfd

rffxsd}lrqdoh lq prghool gl fuhvflwd dood Jrrgzlq1� Hfrqrpld Srolwlfd

48 +4<<;,= 57405991

^46` Idqwl/ Oxfldqr/ dqg Slhur Pdqiuhgl1 �D Jrrgzlq0w|sh jurzwk f|foh

prgho zlwk sur�w0vkdulqj1� Hfrqrplf Qrwhv 5: +4<<;,= 6:407351

^47` Idundv/ P1/ dqg P1 Nrwvlv1 �Prghoolqj suhgdwru0suh| dqg zdjh0

hpsor|phqw g|qdplfv1� Lq G|qdplf Hfrqrplf Prghov dqg Rswlpdo

Frqwuro/ hglwhg e| Jxvwdy Ihlfkwlqjhu/ 84608591 Ehuolq= Vsulqjhu0Yhuodj/

4<<51

^48` Ihlfkwlqjhu/ Jxvwdy1 �Krsi elixufdwlrq lq dq dgyhuwlvlqj gl�xvlrq

prgho1� Mrxuqdo ri Hfrqrplf Ehkdylru dqg Rujdql}dwlrq 4: +4<<5,=

73407451

^49` Ihuul/ Slhur/ dqg Hgzdug Juhhqehuj1 Wkh Oderu Pdunhw dqg Exvlqhvv

F|foh Wkhrulhv/ 860931 Ehuolq= Vsulqjhu0Yhuodj/ 4<;<1
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^4:` Ilwrxvvl/ Mhdq0Sdxo/ dqg Nxpdudvzdp| Yhoxsloodl1 �Jurzwk dqg f|fohv

lq glvwulexwlyh vkduhv ri rxwsxw dqg hpsor|phqw1� LqPdfurg|qdpltxh

hw Gìvìtxloleuhv/ hglwhg e| Mhdq0Sdxo Ilwrxvvl dqg Slhuuh0Dodlq Pxhw/

80871 Sdulv= Hg1 Hfrqrplfd/ 4<;:1

^4;` Iodvfkho/ Shwhu/ dqg Plfkdho Nuÿjhu1 �Hqgrjhqrxv dvsludwlrqv lq d

prgho ri f|folfdo jurzwk1� Ulfhufkh Hfrqrplfkh 6; +4<;7,= 8<;09451

^4<` Iodvfkho/ Shwhu/ dqg Jdqgroi Jurk1 �Wkh fodvvlfdo jurzwk f|foh= Uh0

irupxodwlrq/ vlpxodwlrq dqg vrph idfwv1� Hfrqrplf Qrwhv 57 +4<<8,=

5<606591

^53` Iudqnh/ Uhlqhu1 �Vwdeoh/ xqvwdeoh/ dqg shuvlvwhqw f|folfdo ehkdylru lq

d Nh|qhv0Zlfnvhoo prqhwdu| jurzwk prgho1� R{irug Hfrqrplf Sdshuv

77 +4<<5,= 57505891

^54` Iudqnh/ Uhlqhu/ dqg Wrlfklur Dvdgd1 �D Nh|qhv0Jrrgzlq prgho ri wkh

exvlqhvv f|foh1� Mrxuqdo ri Hfrqrplf Ehkdylru dqg Rujdql}dwlrq 57

+4<<7,= 5:605<81

^55` Ixqnh/ Plfkdho1 �D jhqhudol}hg Jrrgzlq prgho lqfrusrudwlqj whfkqlfdo

surjuhvv dqg yduldeoh sulfhv1� Hfrqrplf Qrwhv q1 5 +4<;:,= 6907:1

^56` Jdqgroir/ Jldqfduor1 Hfrqrplf G|qdplfv/ Vwxg| Hglwlrq1 Ehuolq=

Vsulqjhu0Yhuodj/ 4<<:1

^57` Jorperzvnl/ Mùuj/ dqg Plfkdho Nuÿjhu1 �Rq wkh uroh ri glvwulexwlrq lq

gl�huhqw wkhrulhv ri f|folfdo jurzwk1� Uhvhdufk Phprudqgxp/ q1 4651

Wloexuj= Ghsduwphqw ri Hfrqrplfv/ Wloexuj Xqlyhuvlw|/ 4<;61

^58` Jorperzvnl/ Mùuj/ dqg Plfkdho Nuÿjhu1 �Vrph h{whqvlrqv ri d fodv0

vlfdo jurzwk f|foh prgho1� Lq Frpshwlwlrq/ Lqvwdelolw|/ dqg Qrqolqhdu

F|fohv1 Surfhhglqjv ri dq Lqwhuqdwlrqdo Frqihuhqfh/ Qhz Vfkrro iru Vr0

fldo Uhvhdufk/ Qhz \run/ XVD/ Pdufk 4<;8/ hglwhg e| Zlool Vhppohu/

54505841 Ehuolq= Vsulqjhu0Yhuodj/ 4<;91

^59` Jorperzvnl/ Mùuj/ dqg Plfkdho Nuÿjhu1 �Jhqhudol}dwlrqv ri Jrrg0

zlq*v jurzwk f|foh prgho1� Lq Hfrqrplf Hyroxwlrq dqg Vwuxfwxudo Dg0

mxvwphqw1 Surfhhglqjv ri Lqylwhg Vhvvlrqv rq Hfrqrplf Hyroxwlrq dqg

Vwuxfwxudo Fkdqjh Khog dw wkh 8wk Lqwhuqdwlrqdo Frqihuhqfh rq Pdwkh0

pdwlfdo Prghoolqj dw wkh Xqlyhuvlw| ri Fdoliruqld/ Ehunoh|/ Fdoliruqld/

XVD/ Mxo| 5<064/ 4<;8/ hglwhg e| Gdylg Edwwhq/ Mrkq Fdvwl dqg Eùumh

Mrkdqvvrq/ 59305<31 Ehuolq= Vsulqjhu0Yhuodj/ 4<;:1

^5:` Jorperzvnl/ Mùuj/ dqg Plfkdho Nuÿjhu1 �D vkruw0shulrg jurzwk f|foh

prgho1� Uhfkhufkhv Hfrq1 Orxydlq 87 +4<;;,= 756076;1

5<



^5;` Jrrgzlq/ Ulfkdug P1 �D jurzwk f|foh1� Lq Vrfldolvp/ Fdslwdolvp dqg

Hfrqrplf Jurzwk/ hglwhg e| Fkduohv K1 Ihlqvwhlq1 Fdpeulgjh= Fdp0

eulgjh Xqlyhuvlw| Suhvv/ 8708;/ 4<9:1

^5<` Kduylh/ Gdylg1 �Whvwlqj Jrrgzlq= jurzwk f|fohv lq whq RHFG frxq0

wulhv1� Glvfxvvlrq Sdshu Vhulhv/ q1 H<:2381 Ohhgv/ XN= Exvlqhvv Vfkrro/

Ohhgv Xqlyhuvlw|/ Dsulo 4<<:1

^63` L}}r/ Oxljl1 �Od prqhwd lq xq prghoor gl vyloxssr flfolfr1� Lq Vdjjl

gl dqdolvl h whruld prqhwduld/ 4;705431 Plodqr= Iudqfr Dqjhol Hglwruh/

4<:41

^64` Ndogru/ Qlfkrodv1 �Dowhuqdwlyh wkhrulhv ri glvwulexwlrq1�Uhylhz ri Hfr0

qrplf Vwxglhv 56 +4<89,= ;604331

^65` Nlqg/ Fkulvwrsk1 �Uhpdunv rq wkh hfrqrplf lqwhusuhwdwlrq ri Krsi

elixufdwlrqv1� Hfrqrplf Ohwwhuv 95 +4<<<,= 47:04871

^66` Oruhq}/ Kdqv0Zdowhu1 Qrqolqhdu Hfrqrplf G|qdplfv dqg Fkdrwlf Pr0

wlrq/ 5qg hglwlrq1 Ehuolq= Vsulqjhu0Yhuodj/ 4<<61

^67` Phglr/ Doiuhgr1 Whruld qrqolqhduh gho flfor hfrqrplfr1 Erorjqd= Lo

Pxolqr/ 4<:<1

^68` Phglr/ Doiuhgr1 �Rvfloodwlrqv lq rswlpdo jurzwk prghov1� Mrxuqdo ri

Hfrqrplf Ehkdylru dqg Rujdql}dwlrq ; +4<;:,= 746075:1

^69` Phglr/ Doiuhgr1 Fkdrwlf G|qdplfv1 Wkhru| dqg Dssolfdwlrqv wr Hfr0

qrplfv/ lq frooderudwlrq zlwk Jldpsdror Jdoor1 Fdpeulgjh= Fdpeulgjh

Xqlyhuvlw| Suhvv/ 4<<51

^6:` Qxvvh/ Khohqd H1/ \runh/ Mdphv D1 G|qdplfv= Qxphulfdo H{sorudwlrqv/

5qg/ uhylvhg dqg hqodujhg hglwlrq1 Ehuolq= Vsulqjhu0Yhuodj/ 4<<;1

^6;` Sdvlqhwwl/ Oxljl O1 �Udwh ri sur�w dqg lqfrph glvwulexwlrq lq uhodwlrq wr

wkh udwh ri hfrqrplf jurzwk1� Uhylhz ri Hfrqrplf Vwxglhv 5< +4<95,=

59:05:<1

^6<` Sdvlqhwwl/ Oxljl O1 �Wkh udwh ri sur�w lq dq h{sdqglqj hfrqrp|1� Lq

Jurzwk dqg Lqfrph Glvwulexwlrq1 Hvvd|v lq Hfrqrplf Wkhru|/ 45404791

Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<:71

^73` Sorhj/ Iuhghulfn ydq ghu1 �Hfrqrplf jurzwk dqg frq lfw ryhu wkh glv0

wulexwlrq ri lqfrph1� Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 9

+4<;6,= 58605:<1

^74` Sorhj/ Iuhghulfn ydq ghu1 �Suhgdwru0suh| dqg qhr0fodvvlfdo prghov ri

f|folfdo jurzwk1� ]hlwvfkuliw iÿu Qdwlrqdoùnrqrplh 76 +4<;6,= 56805891
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^75` Sorhj/ Iuhghulfn ydq ghu1 �Lpsolfdwlrqv ri zrunhuv* vdylqjv iru hfr0

qrplf jurzwk dqg wkh fodvv vwuxjjoh1� Lq Qrqolqhdu Prghov ri Ioxfwx0

dwlqj Jurzwk1 Dq Lqwhuqdwlrqdo V|psrvlxp/ Vlhqd/ Lwdo| 4<;6/ hglwhg

e| Ulfkdug P1 Jrrgzlq/ Plfkdho Nuÿjhu dqg Dohvvdqgur Yhufhool/ 40461

Ehuolq= Vsulqjhu0Yhuodj/ 4<;71

^76` Sorhj/ Iuhghulfn ydq ghu1 �Jurzwk f|fohv/ lqgxfhg whfkqlfdo fkdqjh/ dqg

shushwxdo frq lfw ryhu wkh glvwulexwlrq ri lqfrph1� Mrxuqdo ri Pdfurh0

frqrplfv < +4<;:,= 40451

^77` Skloolsv/ D1Z1 �Wkh uhodwlrq ehwzhhq xqhpsor|phqw dqg wkh udwh ri

fkdqjh ri prqh| zdjh udwhv lq wkh Xqlwhg Nlqjgrp/ 4;9404<8:1� Hfr0

qrplfd 58 +4<8;,= 5;605<<1

^78` Vdvdnxud/ Nd}x|xnl1 �Rq wkh g|qdplf ehkdylru ri Vfklqdvl*v exvlqhvv

f|foh prgho1� Mrxuqdo ri Pdfurhfrqrplfv 49 +4<<7,= 75607771

^79` Vhppohu/ Zlool1 �D pdfurhfrqrplf olplw f|foh zlwk �qdqfldo shuwxu0

edwlrqv1� Mrxuqdo ri Hfrqrplf Ehkdylru dqg Rujdql}dwlrq ; +4<;:,=

79<07<81

^7:` Vsruwhool/ Pdulr F1 �D Nroprjrur� jhqhudol}hg suhgdwru0suh| prgho ri

Jrrgzlq*v jurzwk f|foh1� Mrxuqdo ri Hfrqrplfv 94 +4<<8,= 68097

^7;` Vsruwhool/ Pdulr F1/ dqg P1 Survshur Fdjqhwwd1 Oh htxd}lrql gl Orwnd0

Yrowhuud h od whruld hfrqrplfd gho flfor h ghood fuhvflwd1 Edul= Fdfxffl

Hglwruh/ 4<<31

^7<` Wruuh/ Y1 �H{lvwhqfh ri olplw f|fohv dqg frqwuro lq frpsohwh Nh|qhvldq

v|vwhp e| wkhru| ri elixufdwlrqv1� Hfrqrphwulfd 78 +4<::,= 478:047991

^83` Yhoxsloodl/ Nxpdudvzdp|1 �Vrph vwdelolw| surshuwlhv ri Jrrgzlq*v

jurzwk f|foh1� ]hlwvfkuliw iÿu Qdwlrqdoùnrqrplh 6< +4<:<,= 578058:1

^84` Yhoxsloodl/ Nxpdudvzdp|1 �Olqhdu dqg qrqolqhdu g|qdplfv lq hfr0

qrplfv= Wkh frqwulexwlrqv ri Ulfkdug Jrrgzlq1� Hfrqrplf Qrwhv/ q1

6 +4<;5,= :60<51

^85` ]kdqj/ Zhl0Elq1 �Olplw f|fohv lq ydq ghu Sorhj*v prgho ri hfrqrplf

jurzwk dqg frq lfw ryhu wkh glvwulexwlrq ri lqfrph1� Mrxuqdo ri Hfr0

qrplfv 7; +4<;;,= 48<04:61
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