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Xqlyhuvlwd* gl Vlhqd

Sld}}d V1 Iudqfhvfr :/ 86433 Vlhqd

Qryhpehu 57/ 4<<<

Devwudfw

Ilowudo rssruwxqlw| udqnlqjv +IRUv, duh gh�qhg/ dqg wkhlu edvlf surs0

huwlhv duh vwxglhg1 D fkdudfwhul}dwlrq ri IRUv lq whupv ri wkhlu chvvhqwldolw|0
rshudwruv* lv surylghg1 Lw lv dovr vkrzq wkdw d vxlwdeo| dxjphqwhg vhw ri
IRUv dgplwv vhyhudo cqlfh* djjuhjdwlrq uxohv lq dq Duurzldq vhwwlqj1 MHO
Fodvvl�fdwlrq Qxpehuv=G:4/3581

4 Lqwurgxfwlrq

Lq wkh odvw ihz |hduv wkhuh kdv ehhq d uhpdundeoh jurzwk ri lqwhuhvw lq fulwhuld

iru hydoxdwlqj vrfldo vlwxdwlrqv lq whupv ri wkh ciuhhgrp ri fkrlfh* wkh| d�rug

wkh uhohydqw djhqwv1 Xqghu wkh prvw reylrxv xqghuvwdqglqj ri wkh sureohp/ doo

wklv dprxqwv wr orrnlqj iru d sodxvleoh crssruwxqlw| udqnlqj* ri wkh srzhu vhw

S +[, ri wkh vhw [ ri edvlf dowhuqdwlyhv/ zlwkrxw uho|lqj dw doo rq lqirupdwlrq

frqfhuqlqj suhihuhqfhv rq [1 Lq zkdw iroorzv L vkdoo ghqrwh wkdw yhuvlrq ri wkh

rssruwxqlw|0hydoxdwlrq lvvxh dv wkh csxuh rssruwxqlw|0udqnlqj* sureohp1

Lq sulqflsoh/ lw lv zlgho| dfnqrzohgjhg wkdw rqh vkrxog vhwwoh iru vrph vxlw0

deo| cfrpsuhkhqvlyh* sduwldo �dv rssrvhg wr wrwdo� crssruwxqlw| suhrughu+v,*+vhh

h1j1 Sxssh+4<<9, iru d uhfhqw uhvwdwhphqw ri wklv prvw lq xhqwldo ri Dpduw|d

Vhq*v jhqhudo whqhwv frqfhuqlqj vrfldo0phdvxuhphqw0uhodwhg lvvxhv,1 Krzhyhu/

wkh hduo| uhpdundeoh fkdudfwhul}dwlrq ri wkh fduglqdolw|0edvhg wrwdo suhrughu

zlwklq wkh fodvv ri doo suhrughuv e| phdqv ri d vlpsoh vhw ri sulpd idflh plog

frqglwlrqv +vhh Sdwwdqdln/[x+4<<3,, kdv ehhq odujho| uhfhlyhg dv d vruw ri clp0

srvvlelolw| wkhruhp* frqfhuqlqj wkh csxuh rssruwxqlw|0udqnlqj* sureohp1 Lqghhg/

lw kdv ehhq uhshdwhgo| dujxhg wkdw wkh Sdwwdqdln0[x uhvxow vkrzv wkdw wkh

hydoxdwlrq ri rssruwxqlw| vhwv fdqqrw eh vhqvleo| glyrufhg iurp d frpsdudwlyh

hydoxdwlrq ri vlqjoh edvlf dowhuqdwlyhv/ l1h1 iurp vwdqgdug suhihuhqfhv +vhh h1j1
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Vhq+4<<4,,1 Wkhuhiruh/ wkh suhydlolqj uhdfwlrq wr wkh Sdwwdqdln0[x fkdudfwhul0

}dwlrq kdv dujxdeo| uhvxowhg lq d vkliw ri irfxv dzd| iurp wkh csxuh rssruwxqlw|0

udqnlqj* sureohp/ dqg �pruh riwhq wkdq qrw�iurp sduwldo suhrughuv dv zhoo +zlwk

Sxssh+4<<9, dqg Nohplvfk0Dkohuw+4<<6, dv surplqhqw h{fhswlrqv,1 Dv d pdwwhu

ri idfw/ prvw ri wkh vxevhtxhqw frqwulexwlrqv kdyh ehhq fhqwhuhg � zlwk vrph0

zkdw gl�huhqw hpskdvhv� rq zd|v ri dpdojdpdwlqj vhyhudo fulwhuld iru hydoxdwlqj

rssruwxqlw| vhwv/ lqfoxglqj wrwdo suhihuhqfh suhrughuv rq [ dqg rwkhu wrwdo ru0

ghulqjv +vhh dprqj rwkhuv Nohplvfk0Dkohuw+4<<6,/ Ervvhuw/Sdwwdqdln/[x+4<<7,/

Sxssh+4<<8,/ Gxwwd/Vhq+4<<9,/ Ervvhuw+4<<:,/ Sdwwdqdln/[x+4<<;,/Judyho+4<<;,/

Qhkulqj/Sxssh+4<<<,,1

Wkh suhvhqw sdshu lv qrw jrlqj wr gzhoo rq wkh vxewoh frqfhswxdo lvvxhv xq0

ghuo|lqj wkh iruhjrlqj frqwuryhuv| rq wkh surshu uhodwlrqvkls ehwzhhq ciuhhgrp

ri fkrlfh* dqg csuhihuhqfhv* lq udqnlqj rssruwxqlw| vhwv1 Udwkhu/ lw lv dvvxphg

khuh wkdw

l, wkh csxuh rssruwxqlw|0udqnlqj* sureohp lv lqwhuhvwlqj shu vh/ dqg ghvhuyhv

d vhsdudwh dqdo|vlv zkdwhyhu wkh frpsdudwlyh zhljkw rqh lv lqfolqhg wr doorfdwh

wr ciuhhgrp ri fkrlfh* dv vxfk lq wkh ryhudoo hydoxdwlrq ri rssruwxqlw| vhwv>

ll, lghqwli|lqj vrph sduwldo �dv rssrvhg wr wrwdo� crssruwxqlw| suhrughu* lv wr

eh frqvlghuhg dv wkh sulpdu| wdvn lqyroyhg lq rxu csxuh rssruwxqlw|0 udqnlqj*

sureohp dv ghvfulehg deryh1

Pruhryhu/ zh dovr uho| rq wkh iroorzlqj prwlydwlrq1 Zkloh wkh zkroh lghd

ri udqnlqj rssruwxqlw| vhwv lq whupv ri ciuhhgrp ri fkrlfh* dujxdeo| uhtxluhv

wkh qrwlrq ri cpdq| ghjuhhv* ri iuhhgrp+v, +dqg lv lqghhg frqvlvwhqw zlwk wkh

hyhq vxewohu qrwlrq ri csrvlwlyh* 0 srvvleo| soxudo0 iuhhgrp+v,,/ wkhuh lv dovr d

zhoo0hvwdeolvkhg wudglwlrq zklfk uhihuv wr rqh +vlqjxodu, ciuhhgrp* dqg wuhdwv lw

dv d gh�qlwho| cfulvs*+c|hv0ru0qr*, frqfhsw1 Fdq wkhvh wzr ylhzv eh vrphkrz

uhfrqflohg lq d irupdo prghoB

Zrunlqj xqghu wkrvh dvvxpswlrqv/ dqg uho|lqj rq vxfk lqwxlwlrqv dqg pr0

wlydwlrq/ rqh vlpsoh fodvv ri sduwldo rssruwxqlw| udqnlqjv � khuhe| fdoohg �o0

wudo rssruwxqlw| udqnlqjv +IRUv, � lv gh�qhg dqg vlqjohg rxw iru dqdo|vlv lq

zkdw iroorzv1 Eulh |/ IRUv hperg| d plqlpdo vwdqgdug ri iuhhgrp1 Ehorz wkh

vwdqgdug + d iuhhgrp0 sryhuw|0 olqh ri vruwv, wkh rssruwxqlw| vhwv duh htxdwhg

+l1h1lqgl�huhqw, wr d qr0iuhhgrp vlwxdwlrq1 Deryh wkh vwdqgdug IRUv vlpso|

uhsolfdwh wkh vhw 0lqfoxvlrq sduwldo rughu 1 Wkh vwdqgdug ri iuhhgrp ri d IRU

frqvlvwv lq dq rughu0�owhu ri +S +[,>�, + d vshfldol}hg yhuvlrq ri wkh vdph

qrwlrq iru wrwdo rssruwxqlw| udqnlqjv lv vxjjhvwhg dqg eulh | glvfxvvhg lq Vxs0

shv+4<;:,> krzhyhu/ wr wkh ehvw ri p| nqrzohgjh/ Jhnnhu+4<<<, vkrxog eh fuhg0

lwhg iru wkh lqwurgxfwlrq ri jhqhudo rughu0�owhuv dv vwdqgdugv ri iuhhgrp lq d

vlplodu vhwwlqj,1

Wkh suhvhqw sdshu lv wkhuhiruh ghyrwhg wr d txlwh ghwdlohg vwxg| ri IRUv1

Lw wxuqv rxw wkdw IRUv duh hqgrzhg zlwk d uhpdundeo| uhjxodu vwuxfwxuh zklfk

doorzv dq lqwhuhvwlqj fkdudfwhul}dwlrq ri wkhp lq whupv ri wkhlu hvvhqwldolw|0

rshudwruv dv �uvw lqwurgxfhg e| Sxssh+4<<9, xqghu d voljkwo| gl�huhqw whupl0

qrorj|1 Pruhryhu/ lw lv vkrzq wkdw IRUv duh dovr dphqdeoh wr cqlfh* djjuhjd0

wlrq uhvxowv lq dq Duurzldq vhwwlqj1 Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv1

Lq vhfwlrq 5 IRUv duh lqwurgxfhg/ dqg vrph ri wkhlu edvlf surshuwlhv�lqfoxglqj
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fkdudfwhul}dwlrqv� duh suhvhqwhg1 Vhfwlrq 6 lv ghyrwhg wr wkh IRU0djjuhjdwlrq

sureohp lq d jhqhudol}hg Duurzldq vhwwlqj 1

5 Ilowudo rssruwxqlw| udqnlqjv= edvlf surshuwlhv

dqg fkdudfwhul}dwlrq

Ohw [ eh wkh vhw ri dowhuqdwlyhv2rssruwxqlwlhv/ dqg S +[, wkh fruuhvsrqglqj

vhw ri rssruwxqlw| vhwv1 Lw lv dovr dvvxphg wkdw &[ � 6 lq rughu wr dyrlg

wulyldolwlhv ru whglrxv txdol�fdwlrqv1 Zh duh frqfhuqhg khuh zlwk gh�qlqj d

sxuh rssruwxqlw| udqnlqj ? ri S +[,/ qdpho| d elqdu| uhodwlrq +S +[,>?, wkdw

+zhdno|, h{whqgv +S +[,>�, �l1h1 D � E hqwdlov D ? E� wkh xqghuo|lqj

lqwhusuhwdwlrq ehlqj wkdw D ? E phdqv �D hperglhv pruh rssruwxqlwlhv+ ru

srvlwlyh iuhhgrp , wkdqE �1 Zh dovr ghqrwh dv xvxdo e|" dqg� wkh dv|pphwulf

dqg v|pphwulf frpsrqhqwv ri ? / uhvshfwlyho|1 Lq rughu wr dffrprgdwh vrph

edvlf lqwxlwlrqv frqfhuqlqj wkh yhu| lghd ri dq �rssruwxqlw| udqnlqj� zh vkdoo

frqvlghu vrph plqlpdo uhvwulfwlrqv rq +S +[,>?,> qdpho| =

+Suhrughu +SU,, = +S +[,>?, lv wudqvlwlyh dqg uh h{lyh 1

+Iuhhgrp Lpsurydelolw| +IL,, = Iru dq| D 9@ [ d E � [ h{lvwv vxfk wkdw

D ^E " D1

+Zhdn Prqrwrqlflw| +ZP,,= Iru dq| D>E � [/ D ^E ? D 1
D zhdnhqhg yhuvlrq ri +ZP, zloo dovr eh frqvlghuhg/ qdpho|=

+Uhvwulfwhg Zhdn Prqrwrqlflw| +UZP,,= Iru dq| D>E � [> li ^hlwkhu D @ E

ru D @ [ ru hovh E @ > ` wkhq D ? E=

Lq wklv sdshu/ zh vkdoo eh pdlqo| frqfhuqhg zlwk wkrvh rssruwxqlw| udqnlqjv

+S +[,>?, zklfk duh suhrughuv dqg vdwlvi| erwk +IL, dqg +ZP, +ru +UZP,,1
Lq sduwlfxodu/ zh duh lqwhuhvwhg khuh �dv phqwlrqhg deryh� lq d fodvv ri

+sduwldo, rssruwxqlw| udqnlqjv wkdw dulvh lq d qdwxudo zd| zkhqhyhu

d, doo wkh dowhuqdwlyhv duh +srwhqwldoo|, cjrrg* 0ru cqrw edg*0 = wklv lqwhusuh0
wdwlrq ri wkh uhohydqw dowhuqdwlyhv fdq eh sodxvleo| vxssruwhg e| uhihuulqj wr dq

xqghuo|lqj xqprghoohg vhw ri cdgplvvleoh* suhihuhqfhv rq [ vxfk wkdw dq| { 5 [

lv d pd{lpxp ru pd{lpdo dowhuqdwlyh zlwk uhvshfw wr vrph suhihuhqfh lq wkh

vhw1+ Wklv vxjjhvwhg prwlydwlrq lv wr eh glvwlqjxlvkhg iurp wkh dssurdfk sur0

srvhg lq Sdwwdqdln/[x+4<<;, zkhuh wkh rssruwxqlw| udqnlqj lwvhoi � dv rssrvhg
wr wkh edvlf vhw [ �lv ghwhuplqhg e| phdqv ri vxfk d vhw ri suhihuhqfhv rq [ , >

e, wkh xowlpdwh vljql�fdqfh ri wkh ihdvleoh dowhuqdwlyhv ghshqgv rq d wkuhvk0

rog h�hfw vr wkdw hlwkhu hdfk dowhuqdwlyh lv d vljql�fdqw rssruwxqlw| ru qrqh ri
wkhp lv dffruglqj wr wkh orfdwlrq ri wkh phqx z1u1w1 wkh plqlpxp vwdqgdug +l1h1

cderyh* ru cehorz* wkh vwdqgdug,1
Wkrvh uhtxluhphqwv � wkdw dprxqw wr wkh lqwurgxfwlrq ri vrph vruw ri �iuhhgrp0

sryhuw| olqh��fdq dovr eh uhjdughg dv dq dwwhpsw wr dffrprgdwh wkh zlghvsuhdg

wuhdwphqw ri �iuhhgrp� dv d c|hv0ru0qr* frqfhsw zkloh lqvlvwlqj rq wkh lghd ri
cpdq|*ghjuhhv ri iuhhgrp dv vxjjhvwhg e| w|slfdo qrwlrqv ri csrvlwlyh iuhhgrp* 1

Zh vkdoo khdylo| uho| rq wkh iroorzlqj qrwlrq=
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Gh�qlwlrq 4 +Rughu �owhu ri d suhrughuhg vhw, Ohw +\>), eh d qrq0hpsw| suh0

rughuhg vhw1 Dq rughu �owhu ri +\>), lv d qrq0hpsw| vhw ] � \ vxfk wkdw iru
dq| {> | / { 5 ] dqg | ) { hqwdlo | 5 ]1 Lq sduwlfxodu/ vxfk dq rughu0�owhu ]

lv vdlg wr eh qrq0wulyldo li ] 9@ \=

Wkh iroorzlqj vshfldol}dwlrq ri wkh suhylrxv gh�qlwlrq zloo dovr eh xvhg lq
wkh vhtxho=

Gh�qlwlrq 5 +Sulqflsdo rughu �owhu ri d suhrughuhg vhw , Ohw +\>), eh d suh0
rughuhg vhw11 D sulqflsdo rughu �owhu ri +\>), lv d vhw ] � \ vxfk wkdw

] @ i{ 5 \ = { ) |j iru vrph | 5 \ 1 Lw vkrxog eh uhfdoohg khuh wkdw� zkhqhyhu

+\>), lv d odwwlfh+ vhh Vhfwlrq 6 ehorz iru dq h{solflw gh�qlwlrq,� d sulqflsdo

rughu �owhu lv dovr d odwwlfldo �owhu l1h1 lv a0forvhg 1

Wkh qrwlrq ri dq rughu �owhu hqdeohv xv wr irupxodwh lq d qdwxudo zd| d

vshfldo w|sh ri rssruwxqlw| udqnlqj wkdw hperglhv uhtxluhphqwv d, dqg e, iru

rssruwxqlw| udqnlqjv dv phqwlrqhg deryh1 Wklv lv pdgh suhflvh e| wkh iroorzlqj

gh�qlwlrq =

Gh�qlwlrq 6 +Ilowudo rssruwxqlw| udqnlqjv , D �owudo rssruwxqlw| udqnlqj

+IRU, lv d elqdu| uhodwlrq +S +[,>?, vxfk wkdw iru vrph rughu �owhu I ri

+S +[,>�, / D ? E li dqg rqo| li hlwkhu D � E ru E @5 I=

Qrwdwlrq 7 D IRU zlwk rughu �owhu I zloo dovr eh ghqrwhg e| +S +[,>?I ,=

Uhpdun 8 Dv phqwlrqhg deryh/ d vshfldol}hg yhuvlrq ri IRUv zdv �uvw lqwur0

gxfhg e| Vxsshv+4<;:,/ zlwk d txlwh vlplodu prwlydwlrq +vhh dovr Jhnnhu+4<<<,,1
Vxsshv lv frqfhuqhg zlwk d wrwdo rssruwxqlw| udqnlqj +S +[,>?F�, gh�qhg dv iro0

orzv = iru dq| D>E � [/ D ?F� E l� hlwkhu D � F�
ru E . F�

+ iru vrph

vxlwdeoh F� � [,1 Fohduo| hqrxjk/ ?F�uhgxfhv wr wkh iroorzlqj udqnlqj sur0

fhgxuh= d, lqwurgxfh d sulqflsdo rughu0�owhu I ri +S +[,>�, +khqfh d odwwlfldo

�owhu dv zhoo,/ e, gh�qh d IRU +S +[,>?I , zlwk I dv uhihuhqfh �owhu / dqg

f, h{whqg +S +[,>?I , wr d wrwdo +glfkrwrplf, suhrughu e| srvlwlqj htxlydohqfh

ehwzhhq dq| D>E 5 I 1

Wkh iroorzlqj hohphqwdu| surshuwlhv krog wuxh ri IRUv =

Sursrvlwlrq 9 Ohw +S +[,>?, eh d elqdu| uhodwlrq1 Wkhq

l, +S +[,>?, lv d IRU zlwk rughu �owhu I li dqg rqo| li � iru dq| D>E � [�

D ? E li dqg rqo| li iru dq| rughu �owhu I 3
ri +S +[,>�,> I 3 � I dqg E 5 I 3

mrlqwo| hqwdlo D 5 I 3
1

ll, Li +S +[,>?, lv d IRU iru vrph rughu �owhu I ri +S +[,>�, wkhq lw lv d

suhrughu wkdw vdwlv�hv erwk ZP dqg IL1 Pruhryhu/ iru dq| suhrughu +S +[,>?,
wkdw vdwlv�hv erwk ZP dqg IL d sdlu ri rughu �owhuv I> I 3 ri +S +[,>�, h{lvw
vxfk wkdw ?I� ? � ?I 3 1
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Surri1 l, Ohw +S +[,>?, eh d IRU zlwk rughu �owhu I> dqg D ? E 1 Khqfh
hlwkhu D � E ru E @5 I= Qrz/ wdnh dq rughu �owhu I 3 � I= Li D � E 5 I 3 wkhq
reylrxvo| D 5 I 3> zkhuhdv li hlwkhu D � E @5 I 3 ru E @5 I wkhuh lv qrwklqj
wr suryh1 Frqyhuvho|/ ohw +S +[,>?, eh vxfk wkdw �iru vrph rughu �owhu I ri
+S +[,>�,� D ? E l� D 5 I 3 iru dq| rughu �owhu I 3 � I zlwk E 5 I 3= Ohw xv
wkhq dvvxph wkdw D ? E> dqg E 5 I= Li EqD 9@ > wkhq wdnh wkh rughu �owhu
I 3 @ iF � [ = F � Ej 1 Fohduo|/ I 3 � I> E 5 I 3/ dqg D @5 I 3/ d frqwudglfwlrq1

ll, Ohw +S +[,>?, eh d IRU zlwk rughu �owhu I 1 Wkhq/ uh h{lylw| ri ? lv
wulyldo1 Wudqvlwlylw| lv hdvlo| fkhfnhg= lqghhg/ wdnh D ? E> dqg E ? F= Wkhq/
hlwkhu +D � E dqg E � F/ zkhqfh D � F iroorzv dv dq reylrxv frqvhtxhqfh,/
ru +F @5 I , / ru hovh + E @5 I dqg E � F> zkhqfh djdlq F @5 I ,= lq dq| fdvh/
lw iroorzv�e| gh�qlwlrq ri ?� wkdw D ? F=

Zhdn Prqrwrqlflw| ri +S +[,>?, lv lpphgldwh vlqfh D � E l� D ^E @ D1
Lq rughu wr fkhfn Iuhhgrp Lpsurydelolw|/ wdnh dq| D � [= Li D @5 I> wdnh dq|
D3 � D vxfk wkdw D3 5 I> dqg srvlwE @ D3qD = wkhq� fohduo| hqrxjk� D^E ? D
dqg qrw D ? D^E= Li D 5 I> wdnh dq| { 5 [qD= Djdlq/ D ^ i{j ? D/ dqg qrw
D ? D ^ i{j e| gh�qlwlrq ri ?1

Frqyhuvho|/ ohw +S +[,>?, eh d suhrughu wkdw vdwlv�hv erwk ZP dqg IL1

Rxu �uvw fodlp lv wkdw dq rughu �owhu I ri +S +[,>�, h{lvwv vxfk wkdw iru dq|
D>E � [> D ? E rqo| li hlwkhu D � E ru E @5 I 1 Lqghhg/ vxssrvh qrw1 Wkhq/
iru dq| rughu �owhu I ri +S +[,>�, d sdlu D @ D+I , � [>E @ E+I , � [ h{lvwv
vxfk wkdw ^D ? E> D . E dqgE 5 I `= Lq sduwlfxodu/ frqvlghu wkh cvpdoohvw*rughu
�owhu I @ i[j = Wkhq/ E+I , @ [> dqg D+I , � E+I ,> l1h1 D+I , 9@ [1 Khqfh
D+I ,^F " D+I , iru vrph F � [ +e| IL ,1 Qrz/ E+I , ? D+I ,^F +e| ZP ,1

Lw iroorzv wkdw E+I , " D+I , +ehfdxvh +S +[,>?, lv d suhrughu,=frqwudglfwlrq1

Qh{w/ rxu �qdo fodlp = dq rughu �owhu I 3 ri +S +[,>�, h{lvwv vxfk wkdw iru dq|
D>E � [/ D ? E li hlwkhu D � E ru E @5 I= Djdlq/ vxssrvh qrw1 Wkhq iru dq|

rughu �owhu I ri +S +[,>�,/ D+I ,> E+I , � [ h{lvw vxfk wkdw qrw D ? E dqg

hlwkhu D � E ruE @5 I= Qrz/ qrw D ? E dqg D � E duh lqfrqvlvwhqw vwdwhphqwv/
e| ZP1 Khqfh/ lw pxvw eh wkh fdvh wkdw qrw D ? E dqg E @5 I= Exw wkhq/ wdnh

I @ S +[,= Khqfh E 5 I iru dq| E � [/ d frqwudglfwlrq djdlq1�

Zh surfhhg qrz wr surylgh d fkdudfwhul}dwlrq ri IRUv lq whupv ri wkhlu hv0

vhqwldolw| rshudwruv � khqfhiruwk H0rshudwruv �dv �uvw lqwurgxfhg e| Sxssh+4<<9,
lq d voljkwo| gl�huhqw vhwwlqj1

Gh�qlwlrq : +H0Rshudwru ri dq Rssruwxqlw| Suhrughu,1 Ohw +S +[,>?, eh d

suhrughu1 Wkhq wkh H0rshudwru H? = S +[, $ S +[, ri +S +[,>?, lv gh�qhg dv

iroorzv= iru dq| D � [

H?+D, @ i{ 5 D = D " Dq i{jj =

Wkh iroorzlqj surshuwlhv ri jhqhudo rshudwruv K) = ] $ ] rq dq duelwudu|

suhrughuhg vhw +]>), zloo eh frqvlghuhg =
+Gh dwlrq, Dq rshudwru K) = ] $ ] lv gh dwlrqdu| z1u1w1 +]>), l� } )

K)+}, iru dq| } 5 ] >
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+Prqrwrqlflw|, Dq rshudwru K) = ] $ ] lv prqrwrqlf z1u1w1 +]>), l�

K)+}, ) K)+|, iru dq| }> | 5 ] vxfk wkdw } ) |=

+Lghpsrwhqfh, Dq rshudwru K) = ] $ ] lv lghpsrwhqw z1u1w1 +]>), l�

K)+K)+},, � K)+}, iru dq| } 5 ] 1

Lq sduwlfxodu/ dq rshudwru K) rq d suhrughuhg vhw +]>), lv vdlg wr eh d
surmhfwlrq ri +]>), l� lw lv erwk prqrwrqlf dqg lghpsrwhqw z1u1w1 +]>),/ dqg
d nhuqho rshudwru ri +]>), l� lw lv d gh dwlrqdu| surmhfwlrq ri +]>),= Pruhryhu/
d nhuqho rshudwru K) ri d suhrughuhg vhw +]>), zlwk d pd{lpxp hohphqw }�

+wkh cwrs*hohphqw ri ], lv vdlg wr eh qrupdo l� K)+}
�, � }�=

+Dxwr0Ilowudolw|, Dq rshudwru K) = ] $ ] rq d suhrughuhg vhw +]>), zlwk
d plqlpxp }3 +wkh cerwwrp* hohphqw ri ], lv vdlg wr eh dxwr0�owudo l� wkh vhw�
} 5 ] = }3 9@ } @ K)+},

�
ri lwv qrq0erwwrp �{hg srlqwv lv dq rughu �owhu ri

+]>),=
Lq wkh pruh vshfldol}hg vhwwlqj ri rshudwruv rq suhrughuhg srzhu vhwv wkh

iroorzlqj surshuwlhv fdq dovr eh gh�qhg=
+Lqfoxvlrq0Ilowudolw|, Dq rshudwru K? = S +\ , $ S +\ , rq d suhrughuhg

srzhu vhw +S +\ ,>?, lv vdlg wr eh lqfoxvlrq0�owudo l� wkh vhw iD � \ = > 9@ D @ K?+D,j
ri lwv qrq0hpsw| �{hg srlqwv lv dq rughu �owhu ri +S +\ ,>�,=

+Grxeoh Ilowudolw|, Dq rshudwru K? = S +\ , $ S +\ , rq d suhrughuhg srzhu

vhw +S +\ ,>?, lv vdlg wr eh grxeo| �owudo l� lw lv erwk dxwr0�owudo dqg lqfoxvlrq0

�owudo1

+H{dfw Grxeoh Ilowudolw|, Dq rshudwru K? = S +\ , $ S +\ , rq d suhrughuhg

srzhu vhw +S +\ ,>?, lv vdlg wr eh h{dfwo| grxeo| �owudo l� lw lv grxeo| �owudo dqg

wkh lghqwlw| ixqfwlrq Lg lv dq rughu0lvrprusklvp ehwzhhq

+iD � \ = > 9@ D @ H?+D,j >?, dqg +iD � \ = > 9@ D @ H?+D,j >�,1
+Phhw0Dgglwlylw|, Dq rshudwru K? = S +\ , $ S +\ , rq d suhrughuhg srzhu

vhw +S +\ ,>?, lv phhw0dgglwlyh l� iru dq| D>E � \ = K?+D _ E, � K?+D, _
K?+E,=

+Xqlyhuvdo Orfdo0Iodwqhvv +XOI,, Dq rshudwru K? = S +\ , $ S +\ , rq d

suhrughuhg srzhu vhw +S +\ ,>?, lv xqlyhuvdoo| orfdoo|0 dw l� iru dq| D � \ /

K?+D, 5 iD> >j =
D phhw0dgglwlyh qrupdo nhuqho rshudwru K? ri d suhrughuhg srzhu vhw

+S +\ ,>?, pd| dovr dswo| vdlg wr eh d wrsrorjlfdo nhuqho rshudwru +e| zd| ri

dqdorj| zlwk wkh vshfldo fdvh +S +\ ,>�, / zkhuh vxfk dq K? @ K� grhv lqghhg

lqgxfh d wrsrorj| rq \ zkrvh rshq vhwv duh suhflvho| wkh �{hg srlqwv ri K� ,1

Pruhryhu/ wkh iroorzlqj vlpsoh idfw lv wr eh hpskdvl}hg=

Fodlp ; Ohw K? eh dq dxwr0�owudo rshudwru rq d suhrughuhg srzhu vhw +ru rs0

sruwxqlw| udqnlqj, +S +\ ,>?, zklfk vdwlv�hv ZP1 Wkhq K? lv lqfoxvlrq0�owudo

dv zhoo +khqfh grxeo| �owudo,1

Surri1 Ohw D>E � [ eh vxfk wkdw > 9@ D @ K?+D,/ dqg E � D= Wkhq

E ? D e| ZP1 Vlqfh K? lv dxwr0�owudo lw iroorzv wkdw E @ K?+E,= �

Uhpdun < Lq zkdw iroorzv zh vkdoo prvwo| frqvlghu rssruwxqlw| udqnlqjv kdy0

lqj dq dxwr0�owudo H0rshudwru1 Wkh prvw reylrxv idplo| ri h{dpsohv ri rssruwx0

qlw| udqnlqjv kdylqj dq H0rshudwru wkdw lv qrw dxwr0�owudo frqvlvwv ri rssruwxqlw|

9



udqnlqjv lqgxfhg e| d olqhdu rughulqj ri [/ wkurxjk pd{lpl}dwlrq ri wkh odwwhu

rq S +[,= Dqrwkhu h{dpsoh ri dq rssruwxqlw| udqnlqj zlwk d qrq0dxwr0�owudo

H0rshudwru lv surylghg e| wkh wrwdo rssruwxqlw| suhrughu +S +[,>?F�, douhdg|

hqfrxqwhuhg ehiruh = lqghhg/ lw lv hdvlo| fkhfnhg wkdw wkh vhw ri qrq0hpsw| �{hg

srlqwv ri H?F� uhgxfhv wr iF�j / qrw dq rughu0�owhu ri +S +[,>?F�, zkhqhyhu

F� 9@ [=

Wkh iroorzlqj ohppdwd zloo suryh wr eh prvw xvhixo lq wkh vhtxho =

Ohppd 43 Ohw +S +[,>?, eh dq rssruwxqlw| suhrughu wkdw vdwlv�hv ZP/ dqg

vxfk wkdw H? lv dxwr0�owudo dqg vdwlv�hv XOI1 Wkhq/ H? lv dq rughu0krprprusklvp

ri +S +[,>?, l1h1 D ? E lpsolhv H?+D, ? H?+E, iru dq| D>E � [= Pruh0

ryhu/ li H? lv h{dfwo| grxeo| �owudo dv zhoo/ wkhq H? lv dq rughu0hpehgglqj ri

+S +[,>?, l1h1 D ? E li dqg rqo| li H?+D, ? H?+E, iru dq| D>E � [=

Surri1 Ohw +S +[,>?, eh dq rssruwxqlw| suhrughu vdwlvi|lqj ZP dqg vxfk

wkdw H? lv erwk dxwr0�owudo dqg XOI1 Qrz/ frqvlghu D>E � [ vxfk wkdw D ? E=

Zh fodlp wkdw H?+D, ? H?+E,= Li D @ >>wkhq > ? E ? H?+E, +e| ZP , khqfh
> ? H?+E, / e| wudqvlwlylw|1 Lw iroorzv wkdw H? +D, ? H? +E,/ e| ZP dqg

wudqvlwlylw| djdlq1 Vlploduo|/ li E @ > wkhq e| gh�qlwlrq H?+E, @ >/ zkhqfh
H?+D, ? H?+E, e| ZP1 Wkxv/ zh pd| vdiho| dvvxph wkdw D 9@ >> E 9@ >=
Lw iroorzv iurp wkh XOI surshuw| ri H? wkdw rqh ri wkh iroorzlqj irxu fdvhv

rewdlqv = +d, H?+D, @ D> H?+E, @ E > +e,H?+D, @ D> H?+E, @ > > +f,
H?+D, @ H?+E, @ > > +g, H?+D, @ >> H?+E, @ E 1 Xqghu fdvh +d, H?+D, ?
H?+E, iroorzv wulyldoo| iurp rxu k|srwkhvlv wkdw D ? E= Xqghu fdvhv +e, dqg

+f, H?+D, ? H?+E, iroorzv lpphgldwho| iurp ZP1 Xqghu fdvh +g, zh pd|
lqihu wkdw E 5 I? iD � [ = D 9@ >> D @ H?+D,j�dq rughu0�owhu ri +S +[,>?,
e| dxwr0�owudolw| ri H? = Exw wkhq D ? E hqwdlov D 5 I? l1h1 D @ H?+D,>
zkhqfh H?+D, @ D ? E @ H?+E,= Wklv frpsohwhv wkh surri ri wkh �uvw sduw ri

rxu ohppd1

Qrz/ vxssrvh wkdw H? lv dovr h{dfwo| grxeo| �owudo/ dqg frqvlghu D>E � [

vxfk wkdw H?+D, ? H?+E,= Vlqfh H? vdwlv�hv wkh XOI surshuw| rqh ri wkh

fdvhv +d,/+e,/+f,/+g, dv olvwhg deryh pxvw rffxu1 Zh kdyh wr vkrz wkdw D ? E

lv dovr wkh fdvh1 Wklv iroorzv wulyldoo| xqghu fdvh +d,/ dqg lpphgldwho| iurp
ZP dqg wudqvlwlylw| xqghu fdvh +g,1 Ohw xv wkhq frqvlghu fdvhv +e, dqg +f,/

zkhuh H?+E, @ >= Ri frxuvh/ E @5 I? dv gh�qhg deryh1 Li E @ > wkh wkhvlv lv
lpphgldwh djdlq e| ZP1 Wkxv/ zh pd| dvvxph z1o1r1j1 wkdw E 9@ >= Lw iroorzv
iurp XOI dqg ZP wkdw E � Eq i{j iru dq| { 5 E= Vlqfh I? lv dq rughu0�owhu

ri +S +[,>?, dqg E @5 I? / lw iroorzv iurp h{dfw grxeoh0�owudolw| ri H? wkdw
Eq i{j @5 I? dv zhoo/ khqfh H?+Eq i{j, @ > +e| wkh XOI surshuw|,1 Lw lv wkhq

lpphgldwh wr hvwdeolvk e| d vlpsoh lqgxfwlrq dujxphqw �dqg e| wudqvlwlylw|�

wkdw E � >> zkhqfh D ? E 1 �

Ohppd 44 Ohw +S +[,>?I , eh d IRU zlwk rughu �owhu I= Wkhq/ l, wkh H0

rshudwru H?I vdwlv�hv XOI 1 Lq sduwlfxodu/ iru dq| qrq0hpsw| D � [ = H?I +D, @
D l� D 5 I + ru htxlydohqwo| H?I +D, @ > l� D @5 I , 1 Pruhryhu/ ll, H?I lv

:



h{dfwo| grxeo|0�owudo / dqg lll, H?I lv dq rughu0hpehgglqj ri +S +[,>?I , l1h1

iru dq| D>E � [/ D ?I E l� H?I +D, ?I H?I +E,=

Surri1 l, Wr ehjlq zlwk/ H?I +>, @ > iroorzv wulyldoo| iurp wkh gh�qlwlrq

ri H?I =Ohw D � [ eh vxfk wkdw D 9@ >> dqg D 5 I= Wkhq/ iru dq| { 5 D/

qrw Dq i{j ?I D> zkloh�e| ZP � D ?I Dq i{j = Khqfh/ e| gh�qlwlrq ri H?I /

H?I +D, @ D= E| frqwudvw/ li D @5 I wkhq �e| gh�qlwlrq ri ?I� D �I Dq i{j
iru dq| { 5 D> zkhqfh H?I +D, @ >=

ll, Ohw D>E � [ eh vxfk wkdw D 9@ >> H?I +D, @ D> dqg E ?I D= Zh fodlp

wkdw H?I +E, @ E= Iru/ vxssrvh qrw 1 Wkhq/ e| sduw l, ri wkh suhvhqw surri / D 5
I> dqg H?I +E, @ > = Pruhryhu/ E ?I D hqwdlov > @ H?I +E, ?I H?I +D, @ D

vlqfh H?I lv dq rughu0hpehgglqj ri +S +[,>?,> e| sduw ll, deryh1 Vlqfh D 5 I

lw iroorzv wkdw > @ D/ e| gh�qlwlrq ri ?I = frqwudglfwlrq1 Wkxv/ H?I lv dxwr0

�owudo1 Wkhq/ lqfoxvlrq0�owudolw| +khqfh grxeoh �owudolw| , ri H?I iroorzv iurp

Zhdn Prqrwrqlflw| ri ? / lq ylhz ri Fodlp ; deryh1 Lw uhpdlqv wr eh fkhfnhg

wkdw +iD � [ = > 9@ D @ H?I +D,j >?I , dqg +iD � [ = > 9@ D @ H?I +D,j >�,
duh rughu0lvrprusklf1 Wr vhh wklv/ frqvlghu dq| D>E � [ vxfk wkdw H?I +D, @
D 9@ >> H?I +E, @ E 9@ >> dqg D ?I E= Wkhq/ e| gh�qlwlrq ri ?I > hlwkhu D � E

ru E @5 I= Krzhyhu/ E @5 I lpsolhv H?I +E, @ >/ frqwudglfwlqj rxu fkrlfh ri E=

Wkhuhiruh lw pxvw eh wkh fdvh wkdw D � E= Frqyhuvho|/ ohw D>E � [ eh vxfk

wkdw H?I +D, @ D 9@ >> H?I +E, @ E 9@ >/ dqg D � E1 Wkhq D ?I E/ e|

Zhdn Prqrwrqlflw| ri ?I = Lw iroorzv wkdw Lg lv lq idfw dq rughu0lvrprusklvp/

dqg H?I lv wkhuhiruh h{dfwo| grxeo|0�owudo dv uhtxluhg1

lll, Dq lpphgldwh fruroodu| ri sduwv l,0ll, ri wkh suhvhqw surri dv frpelqhg

zlwk Ohppd 43 deryh 1 �

Ixuwkhupruh/ lw wxuqv rxw wkdw wkh H0rshudwru ri d IRU lv uhpdundeo| uhj0

xodu/ dv whvwl�hg e| wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 45 Ohw +S +[,>?I , eh d IRU zlwk rughu �owhu I 1 Wkhq lwv H0

rshudwru H?I lv d qrupdo nhuqho rshudwru ri +S +[,>?I ,= Pruhryhu/ li I lv d

qrq0wulyldo sulqflsdo rughu �owhu wkhq lwv H0rshudwru H?I lv d wrsrorjlfdo nhuqho

rshudwru ri +S +[,>?I ,=

Surri1 Iluvw/ revhuyh wkdw H?I lv gh dwlrqdu| vlqfh ?I lv lq idfw d suhrughu

dqg vdwlv�hv Zhdn Prqrwrqlflw|/ e| Sursrvlwlrq 9 ll, deryh +lqghhg/ iru dq|

D � [/ D � H?I +D, e| gh�qlwlrq/ khqfh�e| ZP ri ?I� D ?I H?I +D,,1
Fohduo| hqrxjk/ Ohppd 44 deryh/ sduw lll, lpsolhv wkdw H?I lv lqghhg prqr0

wrqlf z1u1w1 +S +[,>?I ,=
Qrz/ dvvxph E @5 I= Lq wklv fdvh zh dovr nqrz iurp Ohppd 44 l, wkdw

H?I +E, @ >= Wkhuhiruh H?I +D, � H?I +E,> khqfh djdlq Zhdn Prqrwrqlflw| ri

?I hqwdlov H?I +D, ?I H?I +E,=
Lghpsrwhqfh riH?I lv suryhg dv iroorzv1 Iru dq|D � [> frqvlghuH?I +H?I +D,,=

Zh nqrz iurp Ohppd 44 l, wkdwD 5 I hqwdlovH?I +D, @D khqfhH?I +H?I +D,, @
H?I +D,/ zkhuhdv D @5 I hqwdlov H?I +D, @ > khqfh H?I +H?I +D,, @ H?I +>, @
> @ H?I +D, djdlq 1

;



Ixuwkhupruh/ wdnh dq| { 5 [= Zh nqrz iurp Sursrvlwlrq 9 ll, deryh wkdw

?I vdwlv�hv Iuhhgrp Lpsurydelolw|= lw iroorzv wkdw [ "I [q i{j = Wkhuhiruh
H?I +[, @ [> khqfh d iruwlrul H?I +[, �I [ l1h1 H?I lv qrupdo 1

Ilqdoo|/ ohw I @ iD � [ = D � D�j iru vrph D� � [> D 9@ >= Wkhq/ iru
dq| D>D3 5 I / D _ D3 5 I dv zhoo +l1h1 I lv lqghhg sulqflsdo/ khqfh d odwwlfldo

�owhu ri +S +[,>�,,1 Qrz/ wdnh dq| D>E � [ = e| Ohppd 44 l, li iD>Ej - I

wkhq > 5 iH?I +D,> H?I +E,j = Wkhuhiruh H�I +D,_H?I +E, @ > � H?I +D_E,=
Rwkhuzlvh/ l1h1 li iD>Ej � I / zh pd| frqfoxgh iurp wkh iruhjrlqj revhuydwlrq

wkdw D _ E 5 I / khqfh�e| Ohppd 44 l, djdlq� H?I +D _ E, @ D _ E �
H?I +D, _ H?I +E,= Lq erwk fdvhv H?I +D _ E, ?I H?I +D, _ H?I +E, iro0

orzv iurp Zhdn Prqrwrqlflw| ri ?I = Ixuwkhupruh/ Prqrwrqlflw| ri H?Iz1u1w1

+S +[,>?I , +dv hvwdeolvkhg deryh lq wkh suhylrxv Ohppd/ sduw lll,, dqg Zhdn

Prqrwrqlflw| ri ?I �dv frpelqhg zlwk XOI dqg h{dfw grxeoh0�owudolw| mrlqwo|

hqwdlo H?I +D, _H?I +E, ?I H?I +D _E,= Wkxv/ H?I lv lqghhg phhw0dgglwlyh/

zklfk lv rxu wkhvlv1�

Uhpdun 46 Wkh iruhjrlqj uhvxow kdv ehhq lqfoxghg khuh lq rughu wr vwuhvv rqh

lqwhuhvwlqj vlplodulw| ehwzhhq IRUv +hvshfldoo| IRUv zlwk d sulqflsdo �owhu,

dqg dqrwkhu pxfk vwxglhg rssruwxqlw| udqnlqj prwlydwhg e| ciuhhgrp ri fkrlfh*/

qdpho| wkh fduglqdolw|0edvhg rqh +S +[,>�&,1 Lqghhg/ lw lv hdvlo| fkhfnhg wkdw

iru dq| D � [ / H�&+D, @ D / l1h1 H�& @ Lg 1 Lw iroorzv wkdw H�&dovr

vdwlv�hv XOI/ dqg lv d wrsrorjlfdo nhuqho rshudwru + dv zhoo dv d wrsrorjlfdo

forvxuh rshudwru,= fohduo| hqrxjk/ wkh uhvxowlqj wrsrorj| lv wkh glvfuhwh rqh1

Lw wxuqv rxw wkdw wkh XOI surshuw| ri IRUv lv d fuxfldo sduw ri d vlpsoh

fkdudfwhul}dwlrq ri wkh odwwhu/ dv vwdwhg lq wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 47 Ohw +S +[,>?, eh dq rssruwxqlw| udqnlqj1 Wkhq +S +[,>?, lv

d IRU zlwk rughu �owhu I 5 x+S +[,>�, li dqg rqo| li +S +[,>?, vdwlv�hv

SU/ZP dqg lv vxfk wkdw H? lv h{dfwo| grxeo|0�owudo dqg vdwlv�hv XOI 1

Surri1 Lw iroorzv iurp Sursrvlwlrq 9 ll, dqg Ohppd 44 deryh wkdw d IRU

+S +[,>?I , vdwlv�hv SU dqgZP/ dqg H?I vdwlv�hv XOI/ lv h{dfwo| grxeo|0�owudo
dqg lv dq rughu0hpehgglqj ri +S +[,>?I ,1 Wr suryh wkh frqyhuvh lpsolfdwlrq/

wdnh dq duelwudu| rssruwxqlw| udqnlqj +S +[,>?, wkdw vdwlv�hv wkh iruhjrlqj

surshuwlhv1 Zh kdyh wr suryh wkdw +S +[,>?, lv d IRU zlwk rughu �owhu I /
iru vrph I 5 x+S +[,>�,1 Lqghhg/ vxssrvh qrw1 Wkhq/ iru hyhu| rughu �owhu

I 5 x+S +[,>�, lw pxvw eh wkh fdvh wkdw ?9@?I l1h1 htxlydohqwo| hlwkhu +d, d
sdlu +D+I ,> E+I ,, 5 S +[,� S +[, h{lvwv vxfk wkdw D+I , . E+I ,/ E+I , 5 I /

dqg D+I , ? E+I , / ru +e, d sdlu +D+I ,> E+I ,, 5 S +[, � S +[, h{lvwv vxfk

wkdw E+I , @5 I dqg qrw D+I , ? E+I , + wkh fdvh zlwk D+I , � E+I , dqg
qrw D+I , ? E+I , fdq eh uxohg rxw lpphgldwho| vlqfh e| k|srwkhvlv +S +[,>?,
vdwlv�hv ZP ,1

Ohw xv �uvw frqvlghu srvvlelolw| +d,> dqg wdnh I @ iD � [ = > 9@ D @ H?+D,j=
h{dfw grxeoh �owudolw| ri H? hqwdlov wkdw lqghhg I 5 x+S +[,>?,_x+S +[,>�,/

<



dqg wkh lghqwlw| ixqfwlrq Lg = I $ I lv dq rughu0lvrprusklvp ehwzhhq +I>?,

dqg +I>�, = Exw wkhq/ D+I , ? E+I , dqg E+I , 5 I mrlqwo| hqwdlo D+I , 5 I =

khqfh h{dfw grxeoh �owudolw| hqwdlov D+I , � E+I ,> frqwudglfwlqj +d,=

Ohw xv wkhq frqvlghu srvvlelolw| +e,> dqg fkrrvh djdlq

I @ iD � [ = > 9@ D @ H?+D,j1
Qrz/ wdnh dq| E � [ vxfk wkdw E @5 I 1 Wkhq/ e| gh�qlwlrq ri I dqg wkh

XOI surshuw| ri H? > lw pxvw eh wkh fdvh wkdw H?+E, @ >1 Wkxv/ iru dq| D � [>

H?+D, � H?+E,> zkhqfh H?+D, ? H?+E, +e| ZP ,1 Vlqfh H? lv e| k|srwkhvlv

dq rughu0hpehgglqj ri +S +[,>?,> lw iroorzv wkdw D ? E> frqwudglfwlqj +e, dv

zhoo1 Wkxv/ zh kdyh vlqjohg rxw dq rughu �owhu I 5 x+S +[,>�, vxfk wkdw

+S +[,>?, @ +S +[,>?I ,> dqg rxu wkhvlv lv wkhuhiruh hvwdeolvkhg1 �

Uhpdun 48 Lq rughu wr fkhfn jhqhudo lqghshqghqfh ri wkh iruhjrlqj frqglwlrqv/

frqvlghu wkh iroorzlqj h{dpsohv zlwk &[ � 7=

l, +S +[,>�&, lv d suhrughu wkdw vdwlv�hv ZP/ dqg H�& lv XOI + dqg dq

rughu hpehgglqj ri +S +[,>�&,, exw lv qrw h{dfwo| grxeo| �owudo >

ll, +S +[,>?B, +zkhuh ?B@ i+D>E, 5 S +[,� S +[, = hlwkhu D @ [ ru D @ Ej,
lv d +wulyldo, suhrughu wkdw grhv qrw vdwlvi| ZP/ dqg vxfk wkdw H?B lv XOI/ h{0

dfwo| grxeo| �owudo dqg dq rughu0hpehgglqj ri +S +[,>?B, + ehfdxvh H?B+D, @
> iru dq| D 9@ [/ dqg H?B+[, @ [ , >

lll, +S +[,>?.
I
, / zkhuh I @ iD � [ = D � i{> |jj dqg

?
.
I
@?I ^i+i{j > i|j,> +i|j > i}j,j iru vrph {> |> } 5 [ vxfk wkdw

& i{> |> }j @ 6 = khuh/ e| gh�qlwlrq/ H
?
.

I

@ H?I >zkloh ?
.
I
vdwlv�hv ZP/ exw

lv qrw wudqvlwlyh>

ly, +S +[,>? +�,,/ zkhuh

? +�, @

�
+D>E, 5 S +[,� S +[, = D @ [> ru D � E/ ru E 9@ [ dqg
pd{�D � pd{�E / ru D @ > dqg E @ i{j iru vrph { 5 [

�

dqg +[>�, lv d olqhdu rughu +l1h1 dq dqwlv|pphwulf/wrwdo/ wudqvlwlyh elqdu|
uhodwlrq,/ lv d suhrughu wkdw vdwlv�hv ZP +e| gh�qlwlrq,/ zkloh H?+�, lv h{dfwo|
grxeo| �owudo +ehfdxvh H?+�,+D, @ D l� D @ [, dqg dq rughu0hpehgglqj/ exw
grhv qrw vdwlvi| XOI 1

Qr fodlp ri hohjdqfh ru vshfldo surplqhqfh lv pdgh frqfhuqlqj wkh iruhjrlqj
fkdudfwhul}dwlrq ri IRUv 1 Zkdw lv fodlphg lv wkdw fkdudfwhul}dwlrqv ri wklv
vruw �l1h1 lq whupv ri H0rshudwruv� pd| eh pxfk khosixo iru lpsurylqj rxu xq0
ghuvwdqglqj ri wkh pdlq vwuxfwxudo gl�huhqfhv ehwzhhq dowhuqdwlyh rssruwxqlw|
udqnlqjv1

6 Ilowudo rssruwxqlw| udqnlqjv = djjuhjdwlrq

Xqghu wkh prvw reylrxv lqwhusuhwdwlrq/ IRUv fdq eh uhjdughg dv wkh lqglylgxdo
hydoxdwlrqv�ru rslqlrqv� rq dowhuqdwlyh rssruwxqlw| vhwv zklfk duh hqwhuwdlqhg
e| djhqwv ri d fhuwdlq vrflhw| +hyhq d Plqvnldq �vrflhw| ri plqg� pljkw shukdsv
eh lqfoxghg dprqj wkh srvvleo| uhohydqw lqwhusuhwdwlrqv,1 D qdwxudo txhvwlrq
wkhq lpphgldwho| dulvhv= fdq IRUv eh djjuhjdwhg dffruglqj wr vrph cqlfh*
jhqhudo uxoh/ dqg�li vr� krzB
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Djjuhjdwlrq sureohpv iru rssruwxqlw| udqnlqjv kdyh ehhq suhylrxvo| dg0
guhvvhg e| vhyhudo dxwkruv1 Lqghhg/ Vxsshv+4<;:, lqfoxghv d vkruw glvfxvvlrq rq

wkh djjuhjdwlrq ri wrwdo rssruwxqlw| udqnlqjv dv gh�qhg rq gl�huhqw vhwv ri dowhu0

qdwlyhv/ dqg dgplwwlqj uhsuhvhqwdwlrqv e| qxphulfdo udwlr vfdohv1 Gxwwd/Vhq+4<<9,

frqvlghu zd|v ri djjuhjdwlqj wkh fduglqdolw|0edvhg dqg wkh lqgluhfw0xwlolw|0pd{lpl}dwlrq

wrwdo rssruwxqlw| suhrughuv/ dqg wdfnoh wkh lvvxh e| uhgxflqj lw wr d wzr0djhqw

Duurz0olnh djjuhjdwlrq sureohp rq d uhvwulfwhg grpdlq ri sur�ohv1 Lq zkdw

iroorzv zh dgguhvv wkh sureohp zlwklq d jhqhudol}hg ruglqdo Duurzldq vhwwlqj1

Wr ehjlq zlwk/ zh uhfdoo khuh wkh qrwlrq ri dq djjuhjdwlrq uxoh lq dq ruglqdo

Duurzldq iudphzrun 1

Ohw [ eh wkh qrq0hpsw| �qlwh vhw ri edvlf dowhuqdwlyhv/ Q eh wkh qrq0hpsw|

�qlwh vhw ri djhqwv/ q @ &Q> SU+S +[,, wkh vhw ri doo suhrughuv rq S +[,>

dqg x�
+S +[,, wkh vhw ri doo �owudo rssruwxqlw| udqnlqjv + zh douhdg| nqrz

iurp rxu �uvw sursrvlwlrq deryh wkdw x�
+S +[,, � SU+S +[,,,1 Zh dovr srvlw

?3@ i+D>E, = D @ [> ru E @ >> ru D @ E j > dqg ghqrwh e|x�

3+S +[,, wkh?30

dxjphqwhg vhw ri �owudo rssruwxqlw| udqnlqjv l1h1 x�

3
+S +[,, @ x

�
+S +[,,^i?3j

+lw fdq eh hdvlo| fkhfnhg wkdw ?3lv lqghhg d suhrughu wkdw vd�v�hv erwk IL

dqg UZP / exw qrw ZP = khqfh/ reylrxvo| ?3 @5 x
�
+S +[,, ,1 Iru dq| S �

SU+S +[,, d Q�sur�oh rq S lv d ixqfwlrq � = Q $ S= Wkh vhw ri doo Q�sur�ohv

rq S lv ghqrwhg e| SQ = Iru dq| sur�oh � 5 ^SU+S +[,,`
Q / dqg dq| sdlu

+D>E, 5 S +[,�S +[, zh srvlw Q+�> +D>E,, @ il 5 Q = +D>E, 5 �+l,j +zkhuh

�+l, @?l,= Vlploduo|/ iru dq| � 5 ^SU+S +[,,`
Q dqg dq| ?5 SU+S +[,, zh dovr

srvlw Q+�>?, @ il 5 Q = iru dq| D>E � [/ li D ? E wkhq +D>E, 5 �+l,j/ dqg

Q�
+�>?, @ il 5 Q = iru dq| D>E � [/ li +D>E, 5 �+l, wkhq D ? Ej =

Dq djjuhjdwlrq uxoh rq ^SU+S +[,,`
Q lv d ixqfwlrq i = GQ

$ G3 zlwk

G>G3
� SU+S +[,, +wkh lqwhqghg lqwhusuhwdwlrq ehlqj wkdw +D>E, 5 i+�,

zkhqhyhu D hperglhv pruh iuhhgrp wkdq E> dffruglqj wr cdjjuhjdwh* rssru0

wxqlw| udqnlqj i+�, ,1 Wkh iroorzlqj zhoo0nqrzq surshuwlhv ri djjuhjdwlrq uxohv

duh dovr wr eh uhfdoohg =

+Lqghshqghqfh, iru dq| D>E � [> dqg iru doo �> �3
5 GQ / li Q+�> +D>E,, @

Q+�3> +D>E,, wkhq +D>E, 5 i+�, l� +D>E, 5 i+�3
,=

+Xqdqlplw|/ +ru Sduhwr H!flhqf|,, iru dq| D>E � [/ dqg dq| � 5 GQ > li
Q+�> +D>E,, @ Q wkhq +D>E, 5 i+�,=

+Dqrq|plw|, iru dq| shupxwdwlrq +l1h1 elmhfwlrq, � = Q $ Q / dqg dq|
� 5 GQ > i+��, @ i+�, +zkhuh iru dq| l 5 Q = ��+l, @ �+�+l,, ,1

Vrph rwkhu lpsruwdqw �li ohvv vwdqgdug�surshuwlhv ri djjuhjdwlrq uxohv zloo
dovr eh xvhg lq wkh vhtxho + vhh h1j1 Prqmdughw+4<<3, iru d suhvhqwdwlrq ri vxfk
surshuwlhv lq d pruh jhqhudo vhwwlqj/ dqg zlwk d voljkwo| gl�huhqw whuplqrorj| ,=

+ Lvrwrq| , = iru dq| �> �3 5 GQ / li iru hyhu| l 5 Q> dqg iru dq| D>E � [/
+D>E, 5 �+l, hqwdlov +D>E, 5 �3+l, wkhq iru dq| D>E � [> +D>E, 5 i+�,
hqwdlov +D>E, 5 i+�3,=

+ Lghpsrwhqfh , = iru dq| � 5 GQ / li d ?5 G h{lvwv vxfk wkdw �+l, @? iru
hyhu| l 5 Q / wkhq i+�, @? =

+El0Lghpsrwhqfh, = iru dq| � 5 GQ / li d sdlu i?>?3j � G h{lvwv vxfk wkdw
�+l, 5 i?>?3j iru hyhu| l 5 Q / wkhq i+�, 5 i?>?3j =

+Jhqhudo Qhxwudo Q0Prqrwrqlflw|,= iru dq| ?>?35 SU+S +[,,dqg �> �3 5
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^SU+S +[,`Q / li Q+�>?,, � Q+�3>?3, wkhq ^++D>E, 5 i+�, iru dq| D>E � [

vxfk wkdw D ? E , hqwdlov ++F>G, 5 i+�3, iru dq| F>G � [ vxfk wkdw F ?3 G,`=
+Gxdo Jhqhudo Qhxwudo Q0Prqrwrqlflw|,= iru dq| ?>?35 SU+S +[,,> dqg

�> �3 5 ^SU+S +[,,`Q / li Q�+�>?, � Q�+�3>?3, wkhq ^ + +D>E, 5 i+�, hqwdlov
D ? E iru dq| D>E � [, hqwdlov ++F>G, 5 i+�3, hqwdlov F ?3 G iru dq|
F>G � [ , `=

Lw wxuqv rxw wkdw IRUv�dv rssrvhg wr/ vd|/ wrwdo suhrughuv ru olqhdu rughuv�
dgplw cqlfh* l1h1lqghshqghqw/Sduhwr h!flhqw dqg dqrq|prxv djjuhjdwlrq uxohv1
Lq rughu wr suryh wklv idfw/ d ihz gh�qlwlrqv duh wr eh uhfdoohg1 D odwwlfh lv
d sduwldoo| rughuhg vhw +O>�, l1h1 d wudqvlwlyh/ uh h{lyh/ dqwlv|pphwulf elqdu|
uhodwlrq vxfk wkdw iru dq| {> | 5 O> erwk d orzhvw xsshu erxqg { b | dqg d
juhdwhvw orzhu erxqg { a | h{lvw iru wkh sdlu i{> |j = D odwwlfh lv glvwulexwlyh li
iru dq| {> |> } 5 O = {a +| b }, @ +{a |,b +{a }, + ru htxlydohqwo| {b +| a }, @
+{b|,a+{b},,1 Wkh iroorzlqj ohppd lv wkh fuxfldo vwhs iru surylqj wkh srvlwlyh
uhvxow rq djjuhjdwlrq uxohv dooxghg wr deryh1

Ohppd 49 +x�

3+S +[,,>�, lv d glvwulexwlyh odwwlfh lvrprusklf wr wkh odwwlfh

+x+S +[,,>�, ri rughu �owhuv ri +S +[,>�, dv rughuhg e| vhw0lqfoxvlrq1

Surri1 Wr ehjlq zlwk/ lw lv zhoo0nqrzq wkdw +x+S +[,,>�, lv d glvwulex0

wlyh odwwlfh +vhh h1j1 Dqghuvrq+4<;:,/ ohppd 461417,1 Khqfh/ surylqj rxu

ohppd dprxqwv wr h{klelwlqj d odwwlfldo lvrprusklvp k = +x+S +[,,>�, $
+x�

3
+S +[,,>�, ru htxlydohqwo| d elmhfwlrq k pdsslqj wkh vhw x+S +[,, ri doo

rughu �owhuv ri S +[, rqwr x�

3
+S +[,, dqg vxfk wkdw/ iru dq| I> I 3 5 x+S +[,,>

I � I 3 li dqg rqo| li k+I , � k+I 3,=
Wkxv/ zh gh�qh d ixqfwlrq k = x+S +[,, $ x

�

3
+S +[,, e| srvlwlqj/ iru dq|

I 5 x+S +[,,q iS +[,j/
k+I , @?I@ i+D>E, = D>E � [> dqg hlwkhu D � E ru E @5 Ij >
dqg k+S +[,, @?3 = Fohduo| hqrxjk/ ?I lv gh�qhg lq dq xqdpeljxrxv zd|/

khqfh k lv zhoo0gh�qhg dv d ixqfwlrq1 Li I> I 3 5 x+S +[,, dqg I 9@ I 3> wkhq

z1o1r1j1 D 5 IqI 3 iru vrph D � [1 Li D @ >>wkhq I @ S +[, 9@ I 3 khqfh e|

gh�qlwlrq k+I , @?3 9@ k+I 3, @?
I

35 x
�+S +[,,= Li D 9@ >> wkhq e| gh�qlwlrq

> ?
I

3 D dqg qrw > ?I D/ zkhqfh k+I , 9@ k+I 3,= Pruhryhu/ li ?5 x�+S +[,,
wkhq e| gh�qlwlrq ?@?I l1h1 ?@ k+I , iru vrph I 5 x

�+S +[,,= Lw iroorzv wkdw
k lv lqghhg d elmhfwlrq 1

Qh{w/ frqvlghu I> I 3
5 x+S +[,, vxfk wkdw I � I 3

1 Wzr fdvhv pxvw eh glv0

wlqjxlvkhg/ qdpho| I 3
9@ S +[, dqg I 3 @ S +[,= Li I 3

9@ S +[, wkhq e| gh�qlwlrq

I � I 3
hqwdlov k+I 3, @ i+D>E, = D>E � [> dqg hlwkhu D � E ru E @5 I 3

j �

i+D>E, = D>E � [ dqg hlwkhu D � E ru E @5 Ij @ k+I ,> dqg ylfh yhuvd1

Li I 3 @ S +[,> wkhq
k+I 3, @?3@ i+D>E, = D>E � [> dqg D @ [> ru E @ >/ ru D @ Ej �

� i+D>E, = D>E � [ dqg hlwkhu D � E ru E @5 Ij @ k+I ,
zkloh k+I , � k+S +[,, @?3 reylrxvo| hqwdlov I � S +[,= �

Sursrvlwlrq 4: Ohw i = ^x�

3
+S +[,,`Q $ x

�

3
+S +[,, eh dq djjuhjdwlrq uxoh iru

wkh ?3 �dxjphqwhg vhw ri IRUv1 Wkhq l, i vdwlv�hv Dqrq|plw|/ Lqghshq0
ghqfh/Xqdqlplw|/ Lvrwrq| dqg El0Lghpsrwhqfh l� �iru dq| � 5 ^x�

3
+S +[,,`Q�
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i+�, @
V
iV�Q =&V�eq@5f.4j

W
l5V �+l,/ l1h1i lv wkh Vlpsoh Pdmrulw| Uxoh > ll, i

vdwlv�hv Dqrq|plw|/ Jhqhudo Qhxwudo Q0Prqrwrqlflw| dqg Lghpsrwhqfh l� �iru
dq| � 5 ^x�3+S +[,,`Q� i+�, @

W
l5Q �+l, / l1h1 i lv wkh Xqdqlplw| Uxoh> lll, i

vdwlv�hv Dqrq|plw|/ Gxdo Jhqhudo Qhxwudo Q0Prqrwrqlflw|/ dqg Lghpsrwhqfh

l� �iru dq| � 5 ^x�3+S +[,,`Q� i+�, @
V
l5Q �+l, / l1h1 i lv wkh Dffhswdqfh

Uxoh1

Surri1 Wklv sursrvlwlrq lv d vwudljkwiruzdug fruroodu| ri Ohppd 49 dv frp0
elqhg zlwk vrph nqrzq uhvxowv rq odwwlfh0sro|qrpldo djjuhjdwlrq ixqfwlrqv dv

suhvhqwhg lq Prqmdughw +4<<3,1 Lq sduwlfxodu/ l, iroorzv iurp rxu Ohppd dqg

Fruroodu| :17 lq Prqmdughw+4<<3, zklfk fkdudfwhul}hv wkh pdmrulw| djjuhjdwlrq
uxoh rq glvwulexwlyh odwwlfhv> ll, iroorzv iurp rxu Ohppd dqg Fruroodu| 4 dv

vwdwhg lq Eduwkìohp|/ Ohfohuf/ Prqmdughw +4<;7,> lll, iroorzv iurp +odwwlfldo,

gxdol}dwlrq ri wkh dujxphqw lpsolflw lq ll, 1 �

Lw vkrxog eh uhpdunhg wkdw wkh iruhjrlqj Sursrvlwlrq dprxqwv wr d vwurqjo|

srvlwlyh uhvxow rq Duurzldq0vw|oh djjuhjdwlrq +lw vkrxog dovr eh hpskdvl}hg khuh

wkdw wkh vhw ri lqgluhfw0suhihuhqfh0pd{lpl}lqj wrwdo suhrughuv dulvlqj iurp d

olqhdu rughu rq [ lv rughu0lvrprusklf wr wkh vhw ri doo olqhdu rughuv rq [ dqg

wkhuhiruh�lq ylhz ri Duurz*v Lpsrvvlelolw| Wkhruhp� qrw dphqdeoh wr d cqlfh* dj0

juhjdwlrq surfhvv/ zkloh wkh fduglqdolw|0edvhg wrwdo suhrughu rq S +[, lv xqltxho|
gh�qhg khqfh qrw dphqdeoh wr dq| qrq0wulyldo djjuhjdwlrq,1

Lqghhg/ dv phqwlrqhg deryh/ zh pd| xvh wkh odeho cqlfh* � frqvlvwhqwo| zlwk

vwdqgdug Duurzldq djjuhjdwlrq wkhru|�iru djjuhjdwlrq uxohv vdwlvi|lqj Dqrq|plw|/

Lqghshqghqfh/ dqg Xqdqlplw| +l1h1 Sduhwr H!flhqf|,1 Wkhq/ lw lv lpphgldwho|

fkhfnhg e| gluhfw lqvshfwlrq wkdw wkh Vlpsoh Pdmrulw| Uxoh/ wkh Xqdqlplw| Uxoh/

dqg wkh Dffhswdqfh Uxoh dv gh�qhg deryh duh lqghhg cqlfh*1 Rxu suhylrxv fodlp

wr wkh h�hfw wkdw wkh vhw ri IRUv +dv surshuo| dxjphqwhg, doorzv iru cqlfh*

vroxwlrqv ri wkh fodvvlf djjuhjdwlrq sureohp lv wkhuhiruh hvwdeolvkhg1

Uhihuhqfhv

^4` Dqghuvrq L1 +4<;:,= Frpelqdwrulfv ri Ilqlwh Vhwv1 R{irug= R{irug Xqlyhu0

vlw| Suhvv1

^5` Eduwkìohp| M1S1/ E1 Ohfohuf/ E1 Prqmdughw +4<;7,= Txhotxhv Dvshfwv gx

Frqvhqvxv hq Fodvvl�fdwlrq/ lq H1Glgd| hw do1+hgv1,= Gdwd Dqdo|vlv dqg

Lqirupdwlfv/ LLL1 Dpvwhugdp= Hovhylhu Vflhqfh Sxeolvkhuv1

^6` Ervvhuw Z1 +4<<:, = Rssruwxqlw| Vhwv dqg Lqglylgxdo Zhoo0Ehlqj1 Vrfldo

Fkrlfh dqg Zhoiduh47/ <:04451

^7` Ervvhuw Z1/ S1N1 Sdwwdqdln/ \1 [x +4<<7, = Udqnlqj Rssruwxqlw| Vhwv= Dq

D{lrpdwlf Dssurdfk1Mrxuqdo ri Hfrqrplf Wkhru| 96/ 65906781
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^8` Gxwwd E1/ D1Vhq +4<<9,= Udqnlqj Rssruwxqlw| Vhwv dqg Duurz Lpsrvvlelo0

lw| Wkhruhpv= Fruuhvsrqghqfh Uhvxowv1 Mrxuqdo ri Hfrqrplf Wkhru| :4/

<304341

^9` Jhnnhu U1 +4<<<,= Rq wkh D{lrpdwlf Dssurdfk wr Iuhhgrp dv Rssruwxqlw|=

D Jhqhudo Fkdudfwhul}dwlrq Uhvxow1 Plphr/ Vfkrro ri Pdqdjhphqw dqg

Exvlqhvv/ Xqlyhuvlw| ri Zdohv1

^:` Judyho Q1 +4<<;,= Udqnlqj Rssruwxqlw| Vhwv rq wkh Edvlv ri wkhlu Iuhh0

grp ri Fkrlfh dqg wkhlu Delolw| wr Vdwlvi| Suhihuhqfhv= D Gl!fxow|1 Vrfldo

Fkrlfh dqg Zhoiduh 48/ 6:406;51

^;` Nohplvfk0Dkohuw P1 +4<<6,= Iuhhgrp ri Fkrlfh1 D Frpsdulvrq ri Gl�huhqw

Udqnlqjv ri Rssruwxqlw| Vhwv1 Vrfldo Fkrlfh dqg Zhoiduh43/ 4;<053:1

^<` Prqmdughw E1 +4<<3,= Duurzldq Fkdudfwhul}dwlrqv ri Odwwlfldo Ihghudwlrq

Frqvhqvxv Ixqfwlrqv1 Pdwkhpdwlfdo Vrfldo Vflhqfhv 53/ 840:41

^43` Qhkulqj N1/F1Sxssh +4<<<,= Rq wkh Pxowl0Suhihuhqfh Dssurdfk wr Hydox0

dwlqj Rssruwxqlwlhv1 Vrfldo Fkrlfh dqg Zhoiduh 49/ 740961

^44` Sdwwdqdln S1N1/ \1 [x +4<<3,= Rq Udqnlqj Rssruwxqlw| Vhwv lq Whupv ri

Iuhhgrp ri Fkrlfh1 Uhfkhufkhv Hfrqrpltxhv gh Orxydlq 89/ 6;606<31

^45` Sdwwdqdln S1N1/ \1 [x +4<<;,= Rq Suhihuhqfh dqg Iuhhgrp1 Wkhru| dqg

Ghflvlrq 7;/ 4:604<;1

^46` Sxssh F1 +4<<8, = Iuhhgrp ri Fkrlfh dqg Udwlrqdo Ghflvlrqv1 Vrfldo Fkrlfh

dqg Zhoiduh45/ 46:04861

^47` Sxssh F1 +4<<9, = Dq D{lrpdwlf Dssurdfk wr cSuhihuhqfh iru Iuhhgrp ri

Fkrlfh*1 Mrxuqdo ri Hfrqrplf Wkhru| 9;/ 4:704<<1

^48` Vhq D1N1 +4<<4, = Zhoiduh/ Suhihuhqfh dqg Iuhhgrp1 Mrxuqdo ri Hfrqrphw0

ulfv 83/ 4805<1

^49` Vxsshv S1 +4<;:,= Pd{lpl}lqj Iuhhgrp ri Ghflvlrq= Dq D{lrpdwlf Dqdo0

|vlv/ lq J1U1Ihlzho+hg1,=Duurz dqg wkh Irxqgdwlrqv ri wkh Wkhru| ri Hfr0

qrplf Srolf|1 Orqgrq= Pdfploodq1
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