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Devwudfw

Vwdelolw| surshuwlhv ri vhyhudo jryhuqdqfh vwuxfwxuhv duh vwxglhg e|

phdqv ri wkhlu h�hfwlylw| ixqfwlrqv1 Lw lv vkrzq wkdw +vwurqj, vwdelolw| ri

d jryhuqdqfh vwuxfwxuh lv pdlqo| ghwhuplqhg e| wkh froohjldo vwdwxv ri wkh

xqghuo|lqj dvvhpeo|*v ghflvlrq uxoh1MHO f1q1=G:3/G:4/G:5

4 Lqwurgxfwlrq

Wkh suhvhqw sdshu lv ghyrwhg wr wkh wdvn ri h{sorulqj cvwdelolw|* surshuwlhv

ri jryhuqdqfh vwuxfwxuhv lq pxowlsduw| hqylurqphqwv e| phdqv ri d frdolwlrqdo

jdph0wkhruhwlf prgho lq h�hfwlylw|0ixqfwlrq irup +vhh Ydqqxffl+4<<<, iru d vlp0

lodu dwwhpsw lq d pruh vshfldol}hg vhwwlqj, 1 Lqghhg/ cvwdelolw|*�l1h h{lvwhqfh ri

cvwdeoh* rxwfrphv rq d vxlwdeo| odujh grpdlq ri suhihuhqfh sur�ohv� lv zlgho| uh0

jdughg dv d surplqhqw fulwhulrq ri jrrg shuirupdqfh iru d jryhuqdqfh vwuxfwxuh/

dqg xqghuvwdqgdeo| vr= xqvwdeoh v|vwhpv duh surqh wr xqsuhglfwdeoh ehkdylrxu

dqg lqh!flhqf| wr dq h{whqw wkdw/ dujxdeo|/ vwdeoh rqhv duh qrw1

Xqiruwxqdwho|/ lq d pxowlsduw| hqylurqphqw lqvwdelolw| lv d vhulrxv srvvlelolw|/

dqg d glvwxuelqj rqh lq ylhz ri wkh iroorzlqj frqvlghudwlrqv=

l, dv d pdwwhu ri idfw/ vhyhudo prghuq ghprfudflhv gr h{klelw hlwkhu zhoo0

hvwdeolvkhg ru lqflslhqw pxowlsduwlvp + l1h1 h{lvwhqfh ri wkuhh ru pruh h�hfwlyh

sduwlhv,>

ll, lqvwlwxwlrqdo frpsuhvvlrq ri d pxowlsduw| v|vwhp wr d wzr0sduw| irupdw lv

remhfwlrqdeoh rq wkh jurxqgv wkdw lw pd| xqghuplqh idlu uhsuhvhqwdwlrq dqg2ru

sduw| glvflsolqh>

lll, pruhryhu/ wkhuh lv vfdufh hylghqfh wkdw pxowlsduw| v|vwhpv fdq eh dw

doo h�hfwlyho| frpsuhvvhg wr d wzr0sduw| irupdw e| dq| dffhswdeoh lqvwlwxwlrqdo

phdqv>
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ly, vwdqgdug sduoldphqwdu| jryhuqdqfh vwuxfwxuhv vhhp wr idfh dq lqhvfdsdeoh

lqvwdelolw| wkuhdw/ exw wkhq suhvlghqwldo0olnh jryhuqdqfh vwuxfwxuhv�dv vxfk�duh

qr hdv| uhphg| djdlqvw rxwfrph lqvwdelolw|1 E| glvdoorzlqj ghprwlrq ri wkh h{0

hfxwlyh e| phdqv ri sduoldphqwdu| qrq0frq�ghqfh yrwhv suhvlghqwldo v|vwhpv fdq

fhuwdlqo| gholyhu d frqvlghudeoh dprxqw ri fdelqhw0vwdelolw|/ exw qhhg qrw sur0

gxfh vwdelolw| lq wkh rxwfrph ru srolf| vsdfh 1 +Lqghhg/ pdq| fulwlfv fodlp wkdw

vwdqgdug suhvlghqwldo v|vwhpv duh d uhflsh iru lqh�hfwlyh/ zhdn jryhuqphqw,1

Dv d uhvxow/ ghvljqlqj dq rxwfrph0vwdeoh jryhuqdqfh vwuxfwxuh lq d pxowl0

sduw| hqylurqphqw lv dssduhqwo| d qrq0wulyldo wdvn1 Lq zkdw iroorzv/ zh sur0

fhhg wr frqvlghu vhyhudo frpelqdwlrqv ri edvlf ihdwxuhv ri fxuuhqw jryhuqdqfh

vwuxfwxuhv/ dqg hpskdvl}h wkh qhhg iru dq h{solflw ghvfulswlrq ri wkh uhohydqw

pdmrulw| irupdwlrq uxohv/ zklfk glfwdwh wkh vhw ri h�hfwlyh�l1h1 cdgplvvleoh*�

pdmrulw| frdolwlrqv/ shukdsv dv dq rxwfrph ri wkh hohfwrudo surfhvv1 Dv phq0

wlrqhg deryh/ zh uho| rq h�hfwlylw| ixqfwlrqv +HIv,/ d txlwh devwudfw dqg  h{leoh

prgho ri frdolwlrqdo srzhu = d vhdw0doorfdwlrq0sdudphwhul}hg idplo| ri HIv �

ru HI0vfkhph +HIV,� lv dwwdfkhg wr dq| jryhuqdqfh vwuxfwxuh dv gh�qhg e| d

vxlwdeoh frpelqdwlrq ri edvlf ihdwxuhv1 Wkhq/ wkh vwdelolw| ri wkh odwwhu rq d

odujh grpdlq ri suhihuhqfh sur�ohv lv dqdo|vhg xvlqj wkh fruh�lq d �uh�qhg� yhu0

vlrq zklfk lv uhodwhg wr lwv Yrq Qhxpdqq0Prujhqvwhuq0vwdelolw| surshuwlhv�dv d

vroxwlrq frqfhsw1

Wkh uhvxowlqj prgho surylghv d olvw ri uhpdundeo| vkdus uhvxowv rq vwdelolw|

wkdw pd| eh vxppdul}hg dv iroorzv=

� li wkh pdmrulw| irupdwlrq uxoh lv froohjldo l1h1 +hvvhqwldoo|, wkh rxwfrph

ri wkh hohfwrudo surfhvv lqfoxghv d �{hg plqlpdo pdmrulw| frdolwlrq wkhq�h{fhsw

iru vwdqgdug suhvlghqwldo v|vwhpv zlwk shuihfw vhsdudwlrq ri srzhuv� rxwfrph0

vwdelolw| hqvxhv hyhq lq pxowlsduw| hqylurqphqwv/ zkdwhyhu wkh uhvshfwlyh srz0

huv ri wkh dvvhpeo| dqg wkh suhvlghqw +li dq|, frqfhuqlqj ohjlvodwlrq dqg r!fh

whuplqdwlrq>

�li wkh pdmrulw| irupdwlrq uxoh lv qrw froohjldo +l1h1 wkh rxwfrph ri wkh

hohfwrudo surfhvv doorzv irupdwlrq ri vhyhudo dowhuqdwlyh plqlpdo pdmrulw| frdol0

wlrqv, wkhq lq pxowlsduw| hqylurqphqwv rxwfrph0lqvwdelolw| fdqqrw eh uxohg rxw

e| rwkhu lqvwlwxwlrqdo phdqv/ wr wkh h{whqw wkdw wkh dvvhpeo| kdv vrph srolf|0

uhohydqw ohjlvodwlrq srzhu>

� e| frqwudvw/ wzr0sduw| hqylurqphqwv duh frqgxflyh wr rxwfrph0vwdelolw|

hyhq xqghu suhvlghqwldo jryhuqdqfh vwuxfwxuhv +doehlw lq d vrphzkdw zhdnhu

vhqvh,1

Wr sxw lw vlpso|/ wkh glvwlqjxlvklqj ihdwxuhv ri sduoldphqwdu|/ suhvlghqwldo

dqg pl{hg jryhuqdqfh vwuxfwxuhv +qdpho|/ vhsdudwlrq ri srzhuv/ dqg lwv h{whqw/

dqg wkh doorfdwlrq ri whuplqdwlrq srzhu dprqj dvvhpeolhv dqg suhvlghqwv, ds0

shdu wr eh odujho| luuhohydqw zkhq lw frphv wr wkh lvvxh ri rxwfrph0vwdelolw| rq d

codujh* grpdlq ri suhihuhqfh sur�ohv1 Wkh froohjldo +l1h1 �{hg yv1yduldeoh, qdwxuh

ri wkh ohdglqj pdmrulw| zlwklq d ohjlvodwxuh lv wkh nh| idfwru iru rxwfrph0vwdelolw|

dfurvv +yhu|, gl�huhqw uhjlphv +lq edvlf rughu0wkhruhwlf whupv/ froohjldolw| ri

wkh ohdglqj pdmrulw| dprxqwv wr uhtxlulqj wkh vhw ri czlqqlqj* ru doo srzhuixo

frdolwlrqv wr eh d sulqflsdo�khqfh odwwlfldo�rughu �owhu,1 Wkh vlqjoh surplqhqw

h{fhswlrq lv wkh fodvvlfdo suhvlghqwldo v|vwhp zlwk �{hg whupv ri r!fh/ zklfk
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hperglhv d wulyldo doorfdwlrq ri whuplqdwlrq srzhuv +l1h1 qhz hduo| hohfwlrqv fdq

rqo| eh wuljjhuhg e| yroxqwdu| uhvljqdwlrqv ru surfhgxudoo| htxlydohqw hyhqwv,1

Pruhryhu/ wkh zhoo0nqrzq vwdelolw|0vxssruwlqj surshuwlhv ri wzr0sduw| v|vwhpv

fdq eh uhsolfdwhg xqghu pxowlsduw| v|vwhpv� wr d odujh h{whqw1 Wkh h{fhswlrq

lv/ djdlq/ wkh fodvvlfdo suhvlghqwldo v|vwhp/ zkrvh rxwfrph0vwdelolw| dssduhqwo|

uhtxluhv�dffruglqj wr rxu prgho*v suhglfwlrqv� d vxlwdeoh wzr0sduw| hqylurq0

phqw1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lv ghyrwhg wr d vkruw suhvhqwdwlrq

ri vrph uhohydqw edfnjurxqg dqg prwlydwlrq1 Lq Vhfwlrq 6/ wkh prgho dqg uhvxowv

duh suhvhqwhg1 Lq Vhfwlrq 7/ d vkruw glvfxvvlrq rq wkh vljql�fdqfh ri wkh uhvxowv

ri wkh suhylrxv vhfwlrq +lqfoxglqj frpphqwv rq uhfhqw lqvwlwxwlrqdo uhirupv lq

Lvudho dqg Lwdo|, lv surylghg1 Vhfwlrq 8 frqvlvwv ri d ihz frqfoxglqj uhpdunv1

Surriv duh frq�qhg wr dq Dsshqgl{1

5 Sduoldphqwdu|/ suhvlghqwldo dqg pl{hg jryhu0

qdqfh vwuxfwxuhv

Dv suhylrxvo| phqwlrqhg/ zh wdnh wkh zlgho| khog ylhz wkdw wkh glvwlqfwlyh ihd0

wxuh ri sduoldphqwdu| v|vwhpv lv wkh uhtxluhphqw ri d frqwlqxhg vxssruw iurp wkh

dvvhpeo| iru wkh vxuylydo ri wkh fdelqhw +lqfoxglqj wkh suhvlghqw/ li vkh kdv dq|

uroh lq lw,1 Wklv lv hqvxuhg e| wkh uljkw ri wkh iruphu wr lvvxh d +qrq0,frq�ghqfh

yrwh xqghu vxlwdeoh frqglwlrqv wkdw fdq eh xqlodwhudoo| holflwhg erwk e| wkh dv0

vhpeo| dqg wkh fdelqhw1 Fulwlfv fodlp wkdw lq d pxowlsduw| hqylurqphqw wklv

duudqjhphqw lv erxqg wr uhvxow lq xqvwdeoh�khqfh lqh�hfwlyh�jryhuqphqw1 Rq

wkh rwkhu kdqg/ wkh prvw fkdudfwhulvwlf ihdwxuh ri suhvlghqwldo v|vwhpv lv xvxdoo|

wdnhq wr eh d vxlwdeoh vhsdudwlrq ri srzhuv ehwzhhq wkh suhvlghqwldo fdelqhw dqg

wkh dvvhpeo|1 Wkdw lv w|slfdoo| phdqw wr hqwdlo erwk d uhdvrqdeo| fohdu vhsdud0

wlrq ri wkh lvvxhv xqghu wkhlu uhvshfwlyh frqwuro/ dqg lqghshqghqfh ri wkhlu ds0

srlqwphqw dqg vxevwlwxwlrq surfhgxuhv1 Wkh pdlq xqghuo|lqj udwlrqdoh iru wkdw

lv dssduhqwo| wkh dlp ri hvwdeolvklqj d vhw ri �fkhfnv dqg edodqfhv� wr wkh h�hfw

ri hqkdqflqj dffrxqwdelolw| ri wkh v|vwhp1 Fulwlfv* uhexnh lv wkdw vxfk dq du0

udqjhphqw lv olnho| wr eh frqgxflyh wr d glylghg�khqfh zhdn dqg lqghflvlyh�w|sh

ri jryhuqphqw1+Dqrwkhu fulwlflvp wkdw lv vrphwlphv udlvhg djdlqvw suhvlghqwldo

v|vwhpv lqyrnhv wkhlu fodlphg surqhqhvv wr dxwkrulwduldq uxoh e| wkh suhvlghqw1

Zkloh wklv fulwlflvp pd| zhoo eh dssursuldwh zkhqhyhu srru lqvwlwxwlrqdo ghvljq

dqg2ru xqiruwxqdwh srolwlfdo flufxpvwdqfhv surgxfh d jurvvo| xqedodqfhg glyl0

vlrq ri srzhuv lq idyrxu ri wkh suhvlghqw/ lw vhhpv wr eh kdugo| uhohydqw djdlqvw

suhvlghqwldo v|vwhpv lq jhqhudo/ dw ohdvw xqghu wkh suhylrxvo| sursrvhg gh�qlwlrq

wkdw uhtxluhv lq idfw d vxlwdeoh vhsdudwlrq ri srzhuv,1 Pl{hg jryhuqdqfh vwuxf0

wxuhv dprxqw wr v|vwhpv wkdw doorz qrq0frq�ghqfh yrwhv djdlqvw wkh fdelqhw

+exw qrw djdlqvw wkh suhvlghqw, dqg2ru h{klelw d ohvv0wkdq0shuihfw vhsdudwlrq ri

srzhuv1 Pl{hg vwuxfwxuhv duh riwhq sruwud|hg e| wkhlu sursrqhqwv dv d vhqvleoh

zd| rxw ri wkh dssduhqw gudzedfnv ri sduoldphqwdu| dqg suhvlghqwldo v|vwhpv/

dqg e| fulwlfv dv xqiruwxqdwh frpsurplvhv wkdw fdq rqo| frpsrxqg wkhlu uh0
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vshfwlyh ghihfwv +vhh Vkxjduw/Fduh|+4<<5,/ Vduwrul+4<<7,/ ru Olmskduw+4<<<, iru

frpsuhkhqvlyh vxuyh|v/ dqg dowhuqdwlyh ylhzv rq wkh fodvvl�fdwlrq ri fxuuhqw

jryhuqdqfh vwuxfwxuhv,1

Wkh pdlq dlp ri wkh suhvhqw sdshu lv wr surylgh d eurdg frdolwlrqdo jdph0

wkhruhwlf iudphzrun zklfk vkrxog hqdeoh d fohdu glvfxvvlrq dqg dvvhvvphqw ri

vxfk vkduso| frq lfwlqj ylhzv frqfhuqlqj pruh ru ohvv ydjxho| gh�qhg �vwdelolw|�

dqg2ru �ghflvlyhqhvv� surshuwlhv ri gl�huhqw jryhuqdqfh vwuxfwxuhv1 Lq rughu wr

dffrpsolvk wklv wdvn lq wkh vlpsohvw dqg prvw h�hfwlyh zd|/ L vkdoo uho| rq d

kljko| vw|ol}hg prgho irfxvvlqj rq d suhvlghqw dqg dq dvvhpeo| zkrvh vhdwv duh

frqwuroohg e| dw ohdvw wkuhh sduwlhv1 Wkxv/ wkhuh zloo eh qr h{solflw prgholqj ri

vwuxfwxuhv ihdwxulqj erwk d suhvlghqw dqg d suhplhu dv glvwlqfw sod|huv/ ru elfdp0

hudolvp/ mxvw wr qdph d frxsoh ri pdmru h{dpsohv1 Udwkhu/ wkh irfxv zloo eh rq

wkh rxwfrph0vwdelolw| h�hfwv ri gl�huhqw duudqjhphqwv frqfhuqlqj l, vhsdudwlrq

ri srzhuv ehwzhhq wkh dvvhpeo| dqg wkh suhvlghqw/ dqg ll, wkh vhw ri h�hfwlyh ru

dgplvvleoh pdmrulw| frdolwlrqv l1h1 wkrvh pdmrulw| frdolwlrqv wkdw duh hqwlwohg wr

frqwuro wkh dvvhpeo|/ iru dq| �{hg doorfdwlrq ri vhdwv1 Wkhuhiruh/ wkh rxwfrph

ru srolf| vsdfh [ lv ghfrpsrvhg lqwr wkuhh frpsrqhqw vxevsdfhv \/]/G uhs0

uhvhqwlqj wkh dvvhpeo|*v mxulvglfwlrq/ wkh suhvlghqwldo mxulvglfwlrq/ dqg wkh mrlqw

mxulvglfwlrq/ uhvshfwlyho|1 Hdfk mxulvglfwlrq lv vxssohphqwhg zlwk d glvwlqjxlvkhg

rxwfrph uhsuhvhqwlqj �ghprwlrq�ru uhvljqdwlrq�ri suhvlghqw�/ �dvvhpeo| whupl0

qdwlrq�/ dqg �whuplqdwlrq ri mrlqw dfwlylwlhv�/ uhvshfwlyho|1 Wkhq/ vhsdudwlrq ri

srzhuv fdq eh prghohg dorqj wzr glphqvlrqv/ qdpho|= d, wkh vfrsh ri suhvl0

ghqw*v dqg dvvhpeo|*v mxulvglfwlrqv/ dqg e,wkh doorfdwlrq ri �whuplqdwlrq� srzhu/

l1h1 wkh delolw| +ru odfn ri lw, ri wkh dvvhpeo| wr uhpryh dqg vxevwlwxwh wkh suhv0

lghqw lq r!fh/ dqg ylfh yhuvd1 D pdmrulw| irupdwlrq uxoh prghov wkh rxwfrph

ri wkh hohfwrudo surfhvv1 Lqghhg/ zh lpsolflwo| glvwlqjxlvk wzr w|shv ri hohfwrudo

uxohv dffruglqj wr wkhlu rxwsxw/ zklfk pd| frqvlvw hlwkhu l, ri d vhdw doorfdwlrq

zlwk qr frqvwudlqw zkdwvrhyhu rq wkh frdolwlrq irupdwlrq surfhvv/ ru ll, ri d vhdw

doorfdwlrq dqg d surshu vxevhw ri dgplvvleoh +ru h�hfwlyh, pdmrulw| frdolwlrqv

+ srvvleo| d vlqjoh hohfwhg plqlpdo pdmrulw| frdolwlrq,1 Xqghu fdvh l, wkh vhw

ri h�hfwlyh pdmrulw| frdolwlrqv lv vlpso| wkh vhw ri pdmrulw| frdolwlrqv lqgxfhg

e| wkh jlyhq vhdw doorfdwlrq/ zkhuhdv xqghu fdvh ll, wkh vhw ri h�hfwlyh pdmrulw|

frdolwlrqv pd| uhgxfh wr d froohjldo vhw ri vhohfwhg pdmrulw| frdolwlrqv1

Dv phqwlrqhg lq wkh lqwurgxfwlrq/ d vxlwdeo| gh�qhg HI0vfkhph lv dwwdfkhg

wr hdfk jryhuqdqfh vwuxfwxuh1 Ri frxuvh/ rqh surplqhqw dgydqwdjh ri dq HI0

prgho lv wkdw frpplwphqw wr dq| vshfl�f vwudwhjlf jdph irup lv dyrlghg1 Krz0

hyhu/ wkh lqyroyhg HIVv duh phdqw wr uhsuhvhqw wkh HIV ri vrph xqghuo|lqj

vwudwhjlf jdph irupv= lq rughu wr hqvxuh frqvlvwhqf| zlwk vxfk dq lqwhusuhwd0

wlrq prqrwrqlflw| lv uhtxluhg1 Pruhryhu/ vxfk dq lqwhusuhwdwlrq fdoov iru d ixu0

wkhu rswlrq ehwzhhq pd{lplq0olnh dqg plqlpd{0olnh ciruflqj* srzhu ri frdolwlrqv

+l1h1 �0HIVv dqg �0HIVv/ zklfk uhtxluh uhjxodulw| dqg pd{lpdolw|/ uhvshfwlyho|=

vhh h1j1 Degrx/Nhlglqj+4<<4,/ Rwwhq/Erup/Vwrufnhq/Wlmv+4<<8,,1 Dv phqwlrqhg

deryh/ wkh rxwfrph0vwdelolw| lvvxh lv dgguhvvhg xvlqj fruh0vwdelolw| dqg vwurqj

vwdelolw| +d uh�qhphqw ri fruh0vwdelolw| wkdw suhyhqwv d fhuwdlq vruw ri frdolwlrqdo

pdqlsxodwlrq ri suhihuhqfh uhyhodwlrq, dv vroxwlrq frqfhswv1
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6 Prgho dqg uhvxowv

Ohw Q/[ eh wzr qrq0hpsw| vhwv +ghqrwlqj wkh sod|hu vhw dqg wkh rxwfrph vhw/

uhvshfwlyho|,/ dqg S+Q,/S+[, wkhlu srzhu vhwv1 Dq h�hfwlylw| ixqfwlrq +HI, rq

+Q/[, lv d ixqfwlrq H=S+Q, $ S +S +[,, vxfk wkdw =

HI 4, H+Q, @ S +[,q i>j > HI 5, H+>, @ > > HI 6, [ 5 H+V, iru dq|
V 5 S +Q,q i>j > HI 7, > @5 H+V, iru dq| V 5 S +Q,q i>j =

Wkh iroorzlqj surshuwlhv ri dq HI zloo eh uhshdwhgo| wdnhq lqwr frqvlghudwlrq=

Q0Prqrwrqlflw|= Dq HI H rq +Q>[, lv Q � prqrwrqlf li iru dq| D � [
dqg V � W � Q> D 5 H+V, hqwdlov D 5 H+W ,=

[0Prqrwrqlflw|= Dq HIH rq +Q>[, lv[�prqrwrqlf li iru dq|D � E � [>
dqg V � Q> D 5 H+V, hqwdlov E 5 H+V,=

Prqrwrqlflw|= Dq HI H rq +Q>[, lv prqrwrqlf li lw lv erwk Q 0prqrwrqlf

dqg [0prqrwrqlf1

Uhjxodulw|= Dq HI H rq +Q>[, lv uhjxodu li iru dq| D>E � [> dqg V � Q>

D 5 H+V, dqg E 5 H+QqV, mrlqwo| hqwdlo D _E 9@ >=
Pd{lpdolw|= Dq HI H rq +Q>[, lv pd{lpdo li iru dq| D � [> dqg V �

Q>D @5 H+V, lpsolhv wkdw d E � [ h{lvwv vxfk wkdw D_E @ > dqg E 5 H+QqV,=
Vxshudgglwlylw|= Dq HI H rq +Q>[, lv vxshudgglwlyh li iru dq| V> W � Q>

dqg D>E � [> D 5 H+V,> E 5 H+W , dqg V _ W @ > hqwdlo D _E 5 H+V ^ W ,1
Frqyh{lw|= Dq HI H rq +Q>[, lv frqyh{ li iru dq| V> W � Q> dqg D>E �

[>D 5 H+V, dqg E 5 H+W , lpso| wkdw hlwkhu D _ E 5 H+V ^ W , ru D ^ E 5
H+V _ W ,=

Wkh iruhjrlqj surshuwlhv duh qrw pxwxdoo| lqghshqghqw1 Lq sduwlfxodu/ lw lv

hdvlo| fkhfnhg wkdw frqyh{lw| hqwdlov vxshudgglwlylw| wkdw lq wxuq hqwdlov erwk

uhjxodulw| dqg Q0prqrwrqlflw|1

Wkh xvxdoo| vxjjhvwhg lqwhusuhwdwlrq ri wkh vwdwhphqw cD 5 H+V,* lv wkdw

frdolwlrq V fdq �irufh� wkh rxwfrph zlwklq vxevhw D> dffruglqj wr wkh uxohv

ri ri dq xqghuo|lqj ghflvlrq phfkdqlvp wkdw lv ohiw xqvshfl�hg1 Lq wkdw frq0

qhfwlrq/ wkhuh duh dw ohdvw wzr qdwxudo lqwhusuhwdwlrqv ri �iruflqj srzhu� wkdw

frppdqg frqvlghudwlrq1 Wkh �uvw dqg vwurqjhvw yhuvlrq ri �iruflqj srzhu�

lv ��h�hfwlylw| +z1u1w1 d vwudwhjlf jdph irup, zklfk uhihuv wr wkh delolw| ri

frdolwlrq V wr frruglqdwh rq d vwudwhj| sur�oh zklfk jxdudqwhhv wkdw wkh �qdo

rxwfrph zloo eh lq D qr pdwwhu zkdw wkh frpsohphqwdu| frdolwlrq QqV grhv1

Wkh vhfrqg dqg zhdnhu lv ��h�hfwlylw| +z1u1w1 d vwudwhjlf jdph irup,/ zklfk

uhihuv wr wkh delolw| ri frdolwlrq V wr uhso| wr dq| vwudwhj| sur�oh fkrvhq e| wkh

frpsohphqwdu| frdolwlrq QqV e| fkrrvlqj d vxlwdeo| vwudwhj| sur�oh fdxvlqj

wkh rxwfrph wr eh lq D= D ihz edvlf idfwv derxw �� dqg ��h�hfwlylw| ixqfwlrqv

duh wr eh uhfdoohg khuh1 Iluvw/ lw lv txlwh fohdu wkdw iru dq| �{hg vwudwhjlf jdph

irup wkh ��h�hfwlylw| ydoxh H�+V, ri hdfk frdolwlrq V pxvw eh d vxevhw ri wkh

��h�hfwlylw| ydoxh H�+V,= Pruhryhu/ wkh ��dqg �� h�hfwlylw| ixqfwlrqv ri d

vwudwhjlf jdph irup J duh lghqwlfdo li dqg rqo| li wkh ��h�hfwlylw| ixqfwlrq ri

J lv pd{lpdo1 Lw lv dovr zhoo0nqrzq/ dqg hdvlo| fkhfnhg/ wkdw wkh ��HI +��HI,
ri d vwudwhjlf jdph irup lv prqrwrqlf dqg vxshudgglwlyh +prqrwrqlf dqg pd{0

lpdo,1 Ilqdoo|/ lw fdq eh vkrzq +vhh h1j1 Rwwhq/ Erup/ Vwrufnhq/ Wlmv+4<<8,,
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wkdw dq| HI H wkdw vdwlv�hv erwk [�prqrwrqlflw| dqg vxshudgglwlylw| lv wkh

��h�hfwlylw| ixqfwlrq ri vrph vxlwdeo| gh�qhg vwudwhjlf jdph irup1

Lq wkh vhtxho/ zh zdqw wr fryhu erwk wkh �jxdudqwhhlqj� dqg wkh �uhso|lqj�

yhuvlrq ri �iruflqj srzhu� zkloh dyrlglqj frpplwphqw wr dq| vshfl�f vwudwhjlf

jdph irup1 Wkhuhiruh/ zh iroorz Degrx/ Nhlglqj+4<<4, dqg gh�qh d srodu0

lw| rshudwru rq HIv/ zklfk dprxqwv wr dq devwudfw frdolwlrqdo jdph0wkhruhwlf

frxqwhusduw wr wkh vwudwhjlf �� dqg ��h�hfwlylw| frqfhswv=

Gh�qlwlrq 4 +Srodu HI ri dq HI, Ohw H eh dq HI rq +Q>[,1 Wkhq wkh srodu

H� ri H lv wkh HI rq +Q>[, gh�qhg e| wkh iroorzlqj uxoh= iru dq| V � Q>V 9@
> = H�

+V, @ iE � [ = E _ F 9@ > iru dq| F 5 H+QqV,j/ dqg H�
+>, @ >=

Lw fdq eh lpphgldwho| fkhfnhg wkdw wkh iroorzlqj idfwv krog wuxh +vhh h1j1
Degrx/Nhlglqj+4<<4, , = +d, H lv prqrwrqlf rqo| li H�lv dovr prqrwrqlf / +e,
li H lv uhjxodu wkhq H+V, � H�

+V, iru dq| V � Q / +f, li H lv prqrwrqlf wkhq
D 5 H�

+V, li dqg rqo| li[qD @5 H+QqV,/ +g, li H lv prqrwrqlf dqg uhjxodu wkhq
H� lv pd{lpdo/ dqg +h, H @ H� li dqg rqo| li H lv erwk uhjxodu dqg pd{lpdo 1

Lq sduwlfxodu/ lw iroorzv iurp idfw +h, wkdw li dq HI lv erwk vxshudgglwlyh dqg
pd{lpdo wkhq lw fdq eh uhjdughg lqgl�huhqwo| dv wkh ��h�hfwlylw| ixqfwlrq ru
wkh ��h�hfwlylw| ixqfwlrq ri dq xqghuo|lqj vwudwhjlf jdph irup1 Wkhuhiruh/ lq
wkdw sduwlfxodu fdvh wkh fkrlfh ehwzhhq wkh �jxdudqwhhlqj� dqg wkh �uhso|lqj�
lqwhusuhwdwlrq ri �iruflqj srzhu� wxuqv rxw wr eh lqfrqvhtxhqwldo1 Dv phqwlrqhg
deryh/ frdolwlrqdo vwdelolw| ri dq HI zloo eh dvvhvvhg xvlqj wkh fruh dv wkh edvlf
vroxwlrq frqfhsw1

Gh�qlwlrq 5 +Fruh vwdelolw| ri dq HI, Ohw H eh dq HI rq +Q>[, dqg G+Q>[,

d grpdlq ri suhihuhqfh sur�ohv "@ +"l,l5Q / zkhuh� iru dq| l 5 Q � "llv d

vxlwdeoh elqdu| uhodwlrq rq [= Wkh fruh ri H dw " �zulwwhq F+H>", � lv wkh vhw

ri +H>",0xqgrplqdwhg rxwfrphv l1h1

F+H>", @

�
{ 5 [ = iru qr V � Q>E � [>E 5 H+V,

dqg e "l { iru dq| e 5 E> l 5 V

�
=

Dq HI H rq +Q>[, lv +fruh0,vwdeoh rq G+Q>[, li F+H>", 9@ > iru dq|
"5 G+Q>[, dqg xqvwdeoh rwkhuzlvh1

Dv lw kdsshqv/ fruh0vwdelolw| riH fdqqrw jxdudqwhh wkdw dq +H>",0grplqdwhg

rxwfrph eh grplqdwhg wkurxjk vrph vxevhw lqfoxglqj vrph fruh0rxwfrph ri

+H>", +vhh h1j1 Ghpdqjh+4<;:, ru Degrx/ Nhlglqj+4<<4, rq wklv xqsohdvdqw

skhqrphqrq wkdw fuhdwhv vrph rssruwxqlwlhv iru frdolwlrqdo pdqlsxodwlrq ri wkh

rxwfrph xqghu wkh prvw frpprq flufxpvwdqfhv/ l1h1 zkhqhyhu suhihuhqfhv duh

qrw yhul�deoh,1 Wklv prwlydwhv d vwurqjhu vwdelolw| uhtxluhphqw �uvw lqwurgxfhg

e| Ghpdqjh+4<;:,/ qdpho|=

Gh�qlwlrq 6 +Vwurqj vwdelolw| ri dq HI,1 Ohw H eh dq HI rq +Q>[, dqg
G @ G+Q>[, d grpdlq ri suhihuhqfh sur�ohv dv gh�qhg deryh1 H lv vdlg wr eh

vwurqjo| vwdeoh ryhu G li iru dq| sur�oh "5 G+Q>[, wkh iroorzlqj krogv wuxh=

iru dq| { 5 [qF+H>", d sdlu V � Q>E � [ h{lvwv vxfk wkdw E_F+H>", 9@ >>
E 5 H+V, dqg e "l { iru dq| e 5 E> l 5 V=
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Uhpdun 7 Lw lv hdvlo| fkhfnhg e| gluhfw lqvshfwlrq wkdw vwurqj vwdelolw| ryhu

G ri dq HI H rq +Q>[, fdq dovr eh uhirupxodwhg lq whupv ri Yrq Qhxpdqq0
Prujhqvwhuq +YQP, vwdeoh vhwv/ qdpho| H lv vwurqjo| vwdeoh li dw dq| suhihuhqfh

sur�oh "5 G wkh fruh F+H>", lv d YQP vwdeoh vhw ri wkh devwudfw jdph +[>E,
zkhuh wkh grplqdqfh uhodwlrq E@E +H>", rq [ lv gh�qhg e| wkh iroorzlqj uxoh=
iru dq| {> | 5 [> { E | li dqg rqo| li D � [>V � Q h{lvw vxfk wkdw l,{ 5 D /

ll, D 5 H+V, / dqg lll, { "l | iru doo l 5 V1

Qrwdwlrq 8 Lq zkdw iroorzv/ zh vkdoo eh frqfhuqhg zlwk wkh grpdlq G� @
G�+Q>[, ri doo sur�ohv ri zhdn rughuv rq [ +l1h1 dv|pphwulf dqg qhjdwlyho|

wudqvlwlyh elqdu| uhodwlrqv, kdylqj d pd{lpdo hohphqw1

Lw lv zhoo0nqrzq wkdw dq| frqyh{ HI lv vwurqjo| vwdeoh rq G� +vhh Gh0

pdqjh+4<;:,/ Degrx/Nhlglqj+4<<4,,/ zkloh +fruh0,vwdelolw| rqG� kdv ehhq vkrzq

wr eh htxlydohqw wr d frqglwlrq fdoohg df|folflw| ri H rq G� +vhh djdlq De0
grx/Nhlglqj+4<<4,,1 D qhfhvvdu| frqglwlrq iru +fruh0,vwdelolw| ri dq HI H rq

G� lv orzhu df|folflw| ru devhqfh ri orzhu f|fohv/ zklfk duh gh�qhg dv iroorzv=

Gh�qlwlrq 9 +Orzhu f|fohv ri dq HI, D orzhu f|foh ri dq HI H rq +Q>[, lv

d �qlwh vhtxhqfh ++Vl,> +El,, l @ 4> ==> n vxfk wkdw
Vn

l@4El @ [> El 5 H+Vl,> l @

4> ==> n>
Wn

l@4 Vl @ >> dqg El _ Em @ > iru dq| l> m @ 4> 5> 6> l 9@ m +vhh h1j1

Degrx/Nhlglqj+4<<4,,1

Zh duh qrz uhdg| wr dffrpsolvk rxu wdvn ri uhsuhvhqwlqj jryhuqdqfh vwuxf0

wxuhv e| phdqv ri h�hfwlylw| ixqfwlrqv1 Lq rughu wr doorz d xql�hg wuhdwphqw
ri dowhuqdwlyh jryhuqdqfh vwuxfwxuhv zh hqylvdjh wkh iroorzlqj vlpsol�hg vfh0

qdulr1 Wkh rxwfrph ri wkh hohfwrudo surfhvv lqfoxghv dq cdvvhpeo|* dqg d

csuhvlghqw*/ zklfk duh wr eh wdnhq dv lqvwlwxwlrqdoo| qhxwudo odehov +vhh h1j1

Vkxjduw/Fduh|+4<<5, iru d vlplodu fkrlfh ri whuplqrorj|,1 Zh vkdoo devwudfw iurp

wkh ghwdlov ri wkh xqghuo|lqj hohfwrudo surfhvvhv dqg�dw ohdvw iru wkh prphqw�

iurp wkh doorfdwlrq ri srzhuv dprqj wkhp1 Lq rughu wr uxoh rxw luuhohydqw

glvwlqfwlrqv frqfhuqlqj hohfwrudo surfhgxuhv/ krzhyhu/ lw pd| eh xvhixo wr wklqn

ri erwk wkh cdvvhpeo|* dqg wkh csuhvlghqw* dv dssrlqwhg e| phdqv ri jhqhudo

hohfwlrqv +d ixuwkhu dujxphqw iru hqylvdjlqj gluhfwo| hohfwhg csuhvlghqwv* hyhq lq

sduoldphqwdu| v|vwhpv lv uhodwhg wr csrzhu vkdulqj* uhtxluhphqwv dv h{sodlqhg

ehorz/ lq Vhfwlrq 7,1

Wkh csuhvlghqw * lv ghqrwhg dv sod|hu 31 Wkh +q�sod|hu> k�vl}hg, cdvvhpeo| *

+y>k, 5 ]q

.�].q i3j�zlwk zhljkw sur�oh y @ +y4> ==> yq, vxfk wkdw
S

q

l@4
yl @ k�

frpsulvhv k vhdwv zklfk duh glylghg dprqj d �qlwh qxpehu ri sduwlhv/ ghqrwhg

dv sod|huv 4> 5> ==> q> zlwk q � 6= wkh yrwlqj zhljkw y
l
ri sduw| l ghqrwhv wkh +qrq0

qhjdwlyh/ lqwhjhu, qxpehu ri vhdwv xqghu l*v frqwuro1 Zh srvlw Q @ i4> => qj dqg

ghqrwh e| Y +q> k, wkh vhw ri doo q0djhqw zhljkw sur�ohv iru d k0vl}hg dvvhpeo|1

Ghflvlrqv duh wdnhq e| wkh dvvhpeo| xvlqj d uxoh wkdw lv lpsolflwo| gh�qhg e| d

pdmrulw| irupdwlrq uxoh Z � = � � Y +q> k,$ S +S +Q,,q i>j vxfk wkdw =

+PI4, = iru dq| y 5 �/ Z �+y, lv dq rughu �owhu ri +S +Q,>�, l1h1 iru dq|

V> W � Q / V 5Z �+y, dqg V � W hqwdlo W 5Z �+y, / dqg

:



+PI5, = Z �+y, � Z +y,> zkhuh Z +y, lv wkh vhw ri doo vlpsoh pdmrulw|
frdolwlrqv dw y> qdpho| frdolwlrq V 5Z +y, li dqg rqo| li

S
l5V

yl � ek@5f.41
Wkxv/ d pdmrulw| irupdwlrq uxoh Z �+=, ghwhuplqhv � iru dq| dgplvvleoh

zhljkw sur�oh y 5 �� wkh +qrq0hpsw|, rughu0�owhu Z �+y, � S +Q, ri dgplvvleoh

pdmrulw| frdolwlrqv 1
Wkh Qdndpxud qxpehu �QN+Z �+y,, ri wkh vhw Z �+y, lv gh�qhg e| wkh

iroorzlqj uxoh +vhh Qdndpxud+4<:<,,=

�QN+Z �+y,, @

�
plq i&Z =Z �Z �+y,>_Z @ >j li _Z �+y, @ > dqg

4 rwkhuzlvh

�
=

D vhwZ�+y, ri dgplvvleoh pdmrulwlhv iru dvvhpeo| +y> k, lv vdlg wr eh froohjldo
li Z �+y, lv d sulqflsdo +ru/ htxlydohqwo|/ odwwlfldo, �owhu l1h1 d +pdmrulw|,
frdolwlrq V � Q h{lvwv vxfk wkdw Z �+y, @ iW � Q = V � Wj +V lv dovr uhihuuhg
wr dv wkh edvlf frdolwlrq ri Z �+y,,1 Dovr/ Z �+y, lv plqlpdo froohjldo li lw lv
froohjldo dqg lwv edvlf frdolwlrq lv plqlpdo +d pdmrulw| frdolwlrq V 5 Z +y, lv
vdlg wr eh plqlpdo li W @5Z +y, iru dq| W � V> W 9@ V,1

D pdmrulw| irupdwlrq uxoh Z �+=, lv vdlg wr eh +plqlpdo, froohjldo rq � li
Z �+y, lv +plqlpdo, froohjldo dw dq| y 5 �> dqg qrq0froohjldo rwkhuzlvh1 Iru dq|
+rxwfrph, vhw \ / d pdmrulw| irupdwlrq uxoh Z �+y, lv vdlg wr eh vwulfwo| qrq0

froohjldo rq +�> \ , li wkhuh h{lvwv vrph y 5 � vxfk wkdw Z �+y, lv qrw froohjldo
dqg �QN+Z�+y,, ? &\=

Pruhryhu/ zlwkrxw dq| uhdo orvv ri jhqhudolw|/ wkh rxwfrph ru srolf| vsdfh [

lv wdnhq wr eh ghfrpsrvdeoh lqwr wkuhh glvwlqfw qrq0ryhuodsslqj mxulvglfwlrqv/ l1h1

[ @ \ �]�X> zkhuh \ ghqrwhv wkh mxulvglfwlrq ri wkh dvvhpeo|/ ] ghqrwhv wkh

suhvlghqwldo mxulvglfwlrq/ dqg X ghqrwhv wkh mrlqw mxulvglfwlrq1 Zh dovr dvvxph

wkdw wkhuh h{lvw �vshfldo� rxwfrph0frpsrqhqwv |� 5 \> }� 5 ]> x� 5 X +zkrvh

h{dfw lqwhusuhwdwlrq zloo eh pdgh ghshqghqw rq frqwh{w dv h{sodlqhg ehorz, dqg

wkdw &D � 6 iru dq| D 5 i\> ]> Xj > lq rughu wr dyrlg wulyldolwlhv1 Pruhryhu/

L vkdoo eh deoh wr dyrlg vrph luuhohydqw frpsolfdwlrqv e| irfxvvlqj rq vwurqj

dvvhpeolhv l1h1wkrvh dvvhpeolhv zkrvh wzr0frdolwlrqv sduwlwlrqv pxvw lqfoxgh

rqh pdmrulw|1 Vwurqj dvvhpeolhv duh fkdudfwhul}hg e| d vwurqj zhljkw sur�oh dv

gh�qhg ehorz1

Gh�qlwlrq : +Vwurqj zhljkw sur�ohv, Dq q�glphqvlrqdo zhljkw sur�oh y iru d

k0vl}hg dvvhpeo| lv vdlg wr eh vwurqj li iru dq| frdolwlrq V � Q hlwkhu
S

l5V
yl �

ek@5f.4 ru
S

l5QqV
yl � ek@5f.4= Wkh vhw ri doo vxfk q�glphqvlrqdo k�vl}hg

vwurqj zhljkw sur�ohv lv ghqrwhg e| Y �+q> k,=

Qrwdwlrq ; Wkh iroorzlqj qrwdwlrq zloo eh xvhg= d sdudphwhul}hg idplo| H+=,
ri HIv zloo dovr eh uhihuuhg wr dv dq HI0vfkhph +HIV, 1 Dq HI0vfkhph H+=,
zlwk sdudphwhu vhw Y lv vdlg wr hqmr| surshuw| S rq Y li dqg rqo| li H+y, lv S
iru dq| y 5 Y= Lq sduwlfxodu/ zkhq uhihuulqj wr vwdelolw| surshuwlhv lw zloo eh vdlg

wkdw H+=, lv +vwurqjo|, vwdeoh rq +Y>G, li dqg rqo| li H+y, lv +vwurqjo|, vwdeoh
rq G iru dq| y 5 Y> dqg xqvwdeoh rwkhuzlvh1

Zh duh qrz uhdg| wr gh�qh wkh zhljkw0sdudphwhul}hg h�hfwlylw| ixqfwlrqv

wr eh dwwdfkhg wr wkh sduoldphqwdu|/ suhvlghqwldo/ dqg pl{hg jryhuqdqfh vwuxf0

wxuhv zh duh jrlqj wr vfuxwlql}h +vhh Ydqqxffl+4<<<, iru d vshfldol}hg yhuvlrq ri

;



wkh vdph prgho dv dssolhg wr sduoldphqwdu| jryhuqdqfh vwuxfwxuhv zlwkrxw dq|

glvwlqfwlrq dprqj gl�huhqw mxulvglfwlrqv,1

Wr ehjlq zlwk/ zh frqvlghu d vw|ol}hg yhuvlrq ri sduoldphqwdu| jryhuqdqfh

vwuxfwxuhv1 Vxfk vwuxfwxuhv duh fkdudfwhul}hg khuh e| wkh xqlodwhudo srzhu ri

wkh dvvhpeo| �l1h1 ri lwv h�hfwlyh pdmrulwlhv�wr uhpryh wkh h{hfxwlyh dqg2ru

eorfn lwv dfwlrqv +vhh krzhyhu Olmskduw+4<<<, iru d txlwh gl�huhqw fodvvl�fd0

wlrq ri jryhuqdqfh vwuxfwxuhv zklfk hpskdvl}hv gluhfw hohfwlrq ri csuhvlghqwv*

dv d glvwlqfwlyh ihdwxuh ri suhvlghqwldo jryhuqdqfh vwuxfwxuhv,1 Pruhryhu/ zh

irfxv rq wkh vrphzkdw vlpsol�hg duudqjhphqw wkdw uhtxluhv dssrlqwphqw ri d

�srvvleo| qhz�suhvlghqw zkhqhyhu wkh crog* dvvhpeo| lv uhsodfhg1 Wkxv/ wkh

zhljkw0sdudphwhul}hg HI ri d sduoldphqwdu| jryhuqdqfh vwuxfwxuh vxfk wkdw

hohfwlrq ri d qhz dvvhpeo| dozd|v lqyroyhv hohfwlrq ri d qhz suhvlghqw fdq eh

gh�qhg dv iroorzv=

Gh�qlwlrq < + Wkh HI0vfkhph HSD+Z �+=,, ri d sduoldphqwdu| jryhuqdqfh

vwuxfwxuh zlwk dv|pphwulf whuplqdwlrq srzhu, Ohw y eh dq q�glphqvlrqdo zhljkw
sur�oh iru d k�vl}hg dvvhpeo|/ Z �+y, wkh qrq0hpsw| vhw ri h�hfwlyh pdmrulwlhv

dw y/ Q� @ Q ^ i3j >[ @ +\ q i|�j � ]q i}�j � Xq ix�j, ^ +\ � i}�j � ix�j,1
Wkhq/ HSD+Z

�+y,, lv wkh HI rq +Q�> [, dv gh�qhg e| wkh iroorzlqj uxohv= iru

dq| V � Q�> E � [> E 5 HSD+Z
�+y,,+V, l� rqh ri wkh iroorzlqj fodxvhv

dssolhv

+l, E 9@ > dqg V �P ^ i3j iru vrph P 5Z �+y, >

+ll, +|> }�> x�, 5 E iru vrph | 5 \ / dqg V �P iru vrph P 5Z �+y,>

+lll, +|�> }�> x�, 5 E dqg V _P 9@ > iru dq| P 5 Z �+y, >

+ly, E � \ � i}�j � ix�j/ dqg 3 5 V >

+y, E @ [ dqg V 9@ >=

Lq zrugv/ d frdolwlrq lv doo0srzhuixo li dqg rqo| li lw frpsulvhv erwk dq hi0
ihfwlyh pdmrulw| dqg wkh suhvlghqw1 Dq h�hfwlyh pdmrulw| kdv ixoo frqwuro ryhu
wkh mxulvglfwlrq ri wkh dvvhpeo| +lqfoxglqj ri frxuvh wkh uljkw wr fdoo iru qhz
hohfwlrqv,1 Dq h�hfwlyho| eorfnlqj frdolwlrq fdq fdoo iru qhz hohfwlrqv dqg srvvl0
eo| uhpryh wkh suhvlghqw +fdoolqj iru qhz suhvlghqwldo hohfwlrqv,1 Wkh suhvlghqw
uhwdlqv frqwuro ri khu mxulvglfwlrq h{fhsw iru wkh srvvlelolw| ri ehlqj uhpryhg
+h1j1 e| phdqv ri d qrq0frq�ghqfh yrwh, dv phqwlrqhg deryh1

Sursrvlwlrq 43 Ohw Y �+q> k, wkh vhw ri vwurqj zhljkw sur�ohv dv gh�qhg deryh

dqg Z �+=, d pdmrulw| irupdwlrq uxoh rq Y �+q> k,= Wkhq/

l, HSD+Z
�+=,, lv prqrwrqlf/ vxshudgglwlyh dqg pd{lpdo rq Y �+q> k,= Pruh0

ryhu/
ll, li Z �+=, lv d froohjldo uxoh/ wkhq HSD+Z

�+=,, lv frqyh{ rq Y �+q> k, �
khqfh vwurqjo| vwdeoh rq +Y �+q> k,> G�,>

lll, li Z �+=, lv vwulfwo| qrq0froohjldo rq +Y �+q> k,> \ ,> wkhq HSD+Z
�+=,, lv

xqvwdeoh rq +Y �+q> k,> G�,=

D vlplodu uhvxow rewdlqv iru d sduoldphqwdu| jryhuqdqfh vwuxfwxuh zlwk v|p0

phwulf whuplqdwlrq srzhu/ zkhuh wkh hohfwhg suhvlghqw lv dovr hqdeohg wr fdoo

iru qhz jhqhudo hohfwlrqv +h1j1 erwk qrq0frq�ghqfh yrwhv dqg suhvlghqwldo uhvlj0

qdwlrq wuljjhu qhz hohfwlrqv,/ dv gh�qhg ehorz1

<



Gh�qlwlrq 44 +Wkh HI0vfkhph HSD�+Z
�+=,, ri d sduoldphqwdu| jryhuqdqfh

vwuxfwxuh zlwk v|pphwulf whuplqdwlrq srzhu ,1 Ohw y>Z�+y,,/Q� eh wkh vdph
dv xqghu wkh suhylrxv gh�qlwlrq deryh/ dqg [

�

@ \ q i|�j�]q i}�j�Xq ix�j^
i+|�> }�> x�,j =

Wkhq/ HSD�+Z
�+y,, lv wkh HI rq +Q�> [

�

, gh�qhg dv iroorzv = iru dq|
V � Q�> D � [

�

> D 5 HSD�+Z
�+y,,+V, li dqg rqo| li

+l, D 9@ > dqg V �P ^ i3j iru vrph P 5Z �
+y, / ru

+ll, +|�> }�> x�, 5 D dqg V _P 9@ > iru dq| P 5Z �
+y,> ru

+lll, +|�> }�> x�, 5 D dqg 3 5 V / ru

+ly, D @ [
�

dqg V 9@ >=

Lqghhg/ wkh iroorzlqj sursrvlwlrq lv hdvlo| hvwdeolvkhg1

Sursrvlwlrq 45 Ohw Y �
+q> k, wkh vhw ri vwurqj zhljkw sur�ohv dv gh�qhg deryh

dqg Z �
+=, d pdmrulw| irupdwlrq uxoh rq Y �

+q> k,= Wkhq/

l, HSD�+Z
�
+=,, lv prqrwrqlf/ vxshudgglwlyh dqg pd{lpdo rq Y �

+q> k,=Pruh0

ryhu/

ll, li Z �
+=, lv d froohjldo uxoh/ wkhq HSD�+Z

�
+=,, lv frqyh{ rq Y �

+q> k,>

khqfh vwurqjo| vwdeoh�rq +Y �
+q> k,> G�

,>

lll, li Z �
+=, lv vwulfwo| qrq0froohjldo rq +Y �

+q> k,> \ ,/ wkhq HSD�+Z
�
+=,, lv

xqvwdeoh rq +Y �
+q> k,> G�

,=

Zh surfhhg qrz wr dqdo|}h suhvlghqwldo0olnh v|vwhpv1 Dv phqwlrqhg deryh/

wkh gh�qlqj ihdwxuh ri wkrvh v|vwhpv lv wkdw wkh csuhvlghqw* lv qrw vxemhfwhg

wr d qrq0frq�ghqfh yrwh rq wkh sduw ri wkh dvvhpeo|/ dqg lv wkhuhiruh hqwlwohg

wr nhhs khu r!fh wloo wkh +hvvhqwldoo|, suh�{hg gdwh ri wkh qh{w suhvlghqwldo

hohfwlrq1 Zh vkdoo glvwlqjxlvk wzr edvlf suhvlghqwldo0olnh v|vwhpv1 Iluvw/ zh

frqvlghu d suhvlghqwldo v|vwhp zkhuh wkh suhvlghqw lv hqdeohg wr fdoo iru qhz

hohfwlrqv wkhuhe| whuplqdwlqj wkh dvvhpeo| zkloh uhwdlqlqj khu r!fh1 Wklv lv

pdgh suhflvh e| wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq 46 +Wkh HI0vfkhph HISV�+Z
�+=,, ri d suhvlghqwldo jryhuqdqfh

vwuxfwxuh zlwk dvvhpeo|0whuplqdwlrq srzhu , 1 Ohw y>Z �+y,> Q�
eh dv suhylrxvo|

gh�qhg / dqg [� @ +\ q i|�j�]q i}�j�Xq ix�j,^ +i|�j�] �i}�j,= Wkhq/
HSV�+Z

�+y,, lv wkh HI rq +Q�> [�, gh�qhg dv iroorzv = iru dq| V � Q�> D �
[�> D 5 HSV�+Z

�+y,,+V, li dqg rqo| li

+l, D 9@ > dqg V �P ^ i3j iru vrph P 5Z �+y, ru

+ll, +|�> }> x�, 5 D iru vrph } 5 ] / dqg 3 5 V ru

+lll, D � i|�j � ] � ix�j dqg V _P 9@ > iru dq| V 5Z �+y, ru

+ly, D @ [�
dqg V 9@ >=

Zh dvn djdlq wkh� e| qrz�idploldu txhvwlrq frqfhuqlqj vwdelolw| ri HSV�+Z
�+y,,

dqg lwv srvvleoh ghshqghqfh rq wkh ihdwxuhv riZ �+y,= Wkh dqvzhu lv vxppdul}hg

e| wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 47 Ohw Y �+q> k, wkh vhw ri vwurqj zhljkw sur�ohv dv gh�qhg deryh/

dqg Z �+=, d pdmrulw| irupdwlrq uxoh rq Y �+q> k,= Wkhq/
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l, HSV�+Z
�+=,, lv prqrwrqlf/vxshudgglwlyh dqg pd{lpdo rq Y �+q> k,

ll, liZ �+=, lv d froohjldo uxoh wkhq HSV�+Z
�+=,, lv frqyh{ rq Y �+q> k,> khqfh

vwurqjo| vwdeoh rq +Y �+q> k,> G�,
lll, li Z �+=, lv vwulfwo| qrq0froohjldo rq +Y �+q> k,> \ , � wkhq HSV�+Z

�+=,,
lv xqvwdeoh rq +Y �+q> k,> G�,=

Khqfh/ wkh froohjldo vwuxfwxuh ri Z�+y, wxuqv rxw wr eh �djdlq� wkh nh|

ihdwxuh wkdw surylghv vwurqj vwdelolw| hyhq wr suhvlghqwldo0olnh jryhuqdqfh vwuxf0
wxuhv zlwk suhvlghqwldo dvvhpeo|0whuplqdwlrq srzhu1 Lw vkrxog dovr eh qrwlfhg

khuh wkdw suhvlghqwldo dvvhpeo|0whuplqdwlrq srzhu� d ihdwxuh vkduhg e| wkh HI0

vfkhphv HSD�+Z
�+=,, dqg HSV�+Z

�+=,, � fdq eh uhjdughg dv d fkdudfwhulvwlf
wudlw ri pl{hg jryhuqdqfh vwuxfwxuhv +rq wkhvh jurxqgv zh duh hqwlwohg wr fodlp

wkdw pl{hg v|vwhpv duh dovr fryhuhg e| wkh suhvhqw dqdo|vlv,1

Ohw xv qrz wxuq wr wkh dqdo|vlv ri +d vw|ol}hg yhuvlrq ri, �fodvvlfdo� suhvlghq0
wldo jryhuqdqfh vwuxfwxuhv zlwk d �shuihfw� vhsdudwlrq ri srzhuv1 Xqghu wkrvh

v|vwhpv/ wkh suhvlghqw uhwdlqv ixoo frqwuro ryhu wkh h{hfxwlyh lq wkdw qhlwkhu wkh
suhvlghqw qru +phpehuv ri, wkh h{hfxwlyh fdq eh ghprwhg e| phdqv ri qrq0

frq�ghqfh yrwhv ri wkh dvvhpeo|1 Lq sduwlfxodu/ wkh suhvlghqw lv hqwlwohg wr nhhs

khu r!fh wloo wkh qh{w suhvlghqwldo hohfwlrq +wr eh khog dw dq hvvhqwldoo| suh�{hg
gdwh,1 Rq wkh rwkhu kdqg/ wkh suhvlghqw lv qrw doorzhg wr lqwhuihuh zlwk wkh

dvvhpeo| ru ohjlvodwlyh erg| = lq sduwlfxodu/ vkh gh�qlwho| fdqqrw fdoo iru qhz

hohfwlrqv dqg whuplqdwh wkh ohjlvodwxuh1 Wklv nlqg ri lqvwlwxwlrqdo duudqjhphqw
pd| eh dswo| uhsuhvhqwhg e| wkh iroorzlqj idplo| ri h�hfwlylw| ixqfwlrqv1

Gh�qlwlrq 48 +Wkh HI0vfkhphHSV+Z
�+=,, ri d suhvlghqwldo jryhuqdqfh vwuxf0

wxuh zlwk shuihfw vhsdudwlrq ri srzhuv,1 Ohw y>Z �+y,> Q� eh dv lq Gh�qlwlrq

< deryh/ dqg [3 @ ^\ q i|�j � ]q i}�j � Xq ix�j` ^ ^i|�j � ] � ix�j` ^ ^\ �
i}�j�ix�j`= Wkhq/ HSV+Z

�+y,, lv wkh HI rq +Q�> [3, wkdw lv gh�qhg e| wkh

iroorzlqj uxohv = iru dq| V � Q�> D � [� / D 5 HSV+Z
�+y,,+V, li dqg rqo|

li

+l, D 9@ > dqg V �P ^ i3j iru vrph P 5Z �+y, / ru

+ll, D � i|j � ] � ix�j iru vrph | 5 \ dqg V �P iru vrph P 5Z �+y,/
ru

+lll, +|�> }> x�, 5 D iru vrph } 5 ]> 3 5 V dqg V _P 9@ > iru dq| P 5
Z �+y,/ ru

+ly, D � i|�j � ] � ix�j dqg V _P 9@ > iru dq| P 5Z �+y,/ ru
+y, D � \ � i}j � ix�j iru vrph } 5 ] dqg 3 5 V/ ru hovh

+yl, D @ [ 3 dqg V 9@ > 1

Fruh0vwdelolw| dqg uhodwhg surshuwlhv ri HSV+Z
�+=,, duh vxppdul}hg e| wkh

iroorzlqj sursrvlwlrq=

Sursrvlwlrq 49 Ohw Y �+q> k, wkh vhw ri vwurqj zhljkw sur�ohv dv gh�qhg deryh/

dqg Z �+=, d pdmrulw| irupdwlrq uxoh dv gh�qhg rq Y �+q> k,1 Wkhq/

l, HSV+Z
�+=,, lv prqrwrqlf dqg vxshudgglwlyh/ exw qrw pd{lpdo rq Y �+q> k,

ll, li Z �+=, lv froohjldo wkhq HSV+Z
�+=,, lv xqvwdeoh rq +Y �+q> k,> G�,>
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lll, li Z �+=, lv vwulfwo| qrq0 froohjldo rq +Y �+q> k,> \ ,/ wkhq HSV+Z
�+=,, lv

dovr xqvwdeoh rq +Y �+q> k,> G�,>
ly, wkh srodu H�

SV
+Z �+=,, lv +prqrwrqlf/ pd{lpdo dqg, xqvwdeoh rq +Y �+q> k,>G�,

zkhwkhuZ �+=, lv froohjldo +rq Y �+q> k,, ru vwulfwo| qrq0froohjldo +rq +Y �+q> k,> \ ,,=

Wkxv/ zh kdyh hyhqwxdoo| vlqjohg rxw d fodvv ri vwuxfwxuhv zkhuh d frooh0

jldo jryhuqdqfh ri wkh dvvhpeo| lv qrw hqrxjk wr hqvxuh vwdelolw| +ohw dorqh

vwurqj vwdelolw|, ri rxwfrphv= shukdsv xqvxusulvlqjo|/ suhvlghqwldo v|vwhpv zlwk

d �shuihfw� vhsdudwlrq ri srzhuv wxuq rxw wr hperg| vxfk d fkdudfwhulvwlf ihd0

wxuh1 Dssduhqwo|/ wklv lv vr ehfdxvh zlwklq wkrvh v|vwhpv ghflvlrq srzhu lv vr

h�hfwlyho| gloxwhg dprqj gl�huhqw dfwruv wkdw qr frvwudlqw rq frdolwlrq irupd0

wlrq fdq eh vwurqj hqrxjk wr uhdoljq wkhlu uhvshfwlyh lqwhuhvwv wr wkh h�hfw ri

surgxflqj d vwdeoh rxwfrph zkdwhyhu wkh suhydlolqj suhihuhqfhv1

7 Glvfxvvlrq= srzhu vkdulqj dqg wzr0sduw| hq0

ylurqphqwv

Wkh jlvw ri wkh uhvxowv surylghg e| rxu vw|ol}hg prgho vkrxog eh e| qrz txlwh

fohdu / qdpho| = zkhq lw frphv wr rxwfrph0vwdelolw| wkh nh| srlqw lv wkh froohjldo

vwdwxv ri wkh ohdglqj pdmrulw|1 Li �dqg rqo| li�wkh pdmrulw| frdolwlrq lv hohfwhg

dqg hvvhqwldoo| �{hg wkhq d sduoldphqwdu| ru pl{hg jryhuqdqfh vwuxfwxuh fdq

hqvxuh rxwfrph fruh0vwdelolw| �dqg vwurqj vwdelolw|� hyhq lq pxowlsduw| v|vwhpv1

Wklv lv krzhyhu qrw wkh fdvh iru d vwdqgdug suhvlghqwldo vwuxfwxuh zlwk shuihfw

vhsdudwlrq ri srzhuv1

Exw wkhq/ lw pljkw eh sodxvleo| revhuyhg wkdw wklv lv vr suhflvho| ehfdxvh

fodvvlf suhvlghqwldo v|vwhpv zhuh ruljlqdoo| ghylvhg lq rughu wr hqvxuh d surshu

glvshuvlrq ri ghflvlrq srzhu dprqj gl�huhqw erglhv dv rssrvhg wr rxwfrph0

vwdelolw|1 Zkloh wklv sdshu lv lqghhg irfxvvhg rq rxwfrph0vwdelolw|/ wkh iruhjrlqj

revhuydwlrq fdqqrw eh oljkwo| glvplvvhg dv luuhohydqw wr rxu suhvhqw frqfhuqv1

Lq idfw/ lw udlvhv d prvw lpsruwdqw lvvxh uhjduglqj wkh vljql�fdqfh ri rxu uh0

vxowv1 Duh wkh odwwhu wr eh lqwhusuhwhg dv d +e| qr phdqv qhz, vxjjhvwlrq

wkdw wkhcsrzhu vkdulqj* sulqflsoh �krzhyhu lpsohphqwhg� hqwdlov odfn ri jhqhudo

rxwfrph0vwdelolw| B Li vr/ rxu uhvxowv pljkw eh frqvwuxhg dv d odwh dgglwlrq wr

d orqj olvw ri clpsrvvlelolw| wkhruhpv*1 Krzhyhu/ lw lv wkh ylhz ri wkh suhvhqw

dxwkru wkdw vxfk dq lqwhusuhwdwlrq vkrxog eh �upo| uhvlvwhg1 Wkhuhiruh/ wkh

csrzhu vkdulqj* lvvxh lv wr eh +eulh |, dgguhvvhg khuh1 Lq rughu wr gr wkdw/ zh

�uvw qhhg d vxlwdeo| jhqhudo qrwlrq ri csrzhu vkdulqj*1 Khuh zh sursrvh wr uho|

rq wkh iroorzlqj gh�qlwlrqv =

Gh�qlwlrq 4: +Wkh zlqqlqj vlpsoh jdph ri dq HI, Ohw H eh dq HI rq +Q>[,1
Wkhq/ wkh zlqqlqj vlpsoh jdph +ZVJ, ri H lv wkh vlpsoh jdph +Q>Z ^H`,
gh�qhg dv iroorzv = Z ^H` @ iV � Q = H+V, @ S +[,q i>jj =

Wkxv/ wkh ZVJ ri dq HI H dprxqwv wr wkh olvw ri wkrvh frdolwlrqv zklfk

duh deoh wr hqirufh e| wkhpvhoyhv dq| frqfhlydeoh rxwfrph1 Uho|lqj rq ZVJv
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zh duh qrz deoh wr lqwurgxfh d txlwh qdwxudo plqlpdo uhtxluhphqw ri csrzhu

vkdulqj* iru wkh fkdudfwhulvwlf HIv ri d jryhuqdqfh vwuxfwxuh1

Gh�qlwlrq 4; +Plqlpdo cSrzhu Vkdulqj*, Ohw Q�
@ Q ^ i3j eh wkh +�qlwh,

sod|hu vhw +zlwk &Q @ q,> [ wkh rxwfrph vhw/ Y �
+q> k, wkh vhw ri vwurqj zhljkw

q0sur�ohv iru dq k0vl}hg dvvhpeo| dv gh�qhg deryh/ Z �
+=, d pdmrulw| irupdwlrq

uxoh rq Y �
+q> k,= Wkhq/ d Y �

+q> k,�sdudphwhul}hg HI0vfkhph H+Z�
+=,, rq

+Q�> [, lv vdlg wr vdwlvi| wkh Plqlpdo Srzhu Vkdulqj surshuw| l� �iru dq| y 5

Y �
+q> k,� Z ^H+Z �

+y,,` lv qrw glfwdwruldo +ru/ htxlydohqwo|/ lv qrw dq xowud�owhu,

l1h1 iru qr l 5 Q� = Z ^H+Z �
+y,,` @ iV � Q�

= l 5 Q�j =

Zh duh qrz uhdg| wr vwdwh wkh iroorzlqj

Fodlp 4< Wkh HI0vfkhphv HSD+Z
�
+=,,> HSD�+Z

�
+=,,> HSV+Z

�
+=,,> HSV�+Z

�
+=,,

+vhh gh�qlwlrqv </44/46/48 deryh, gr vdwlvi| wkh Plqlpdo Srzhu Vkdulqj surs0

huw|1

Surri1 Lw iroorzv wulyldoo| iurp wkh gh�qlwlrqv/ lq wkdw �iru hdfk ri wkrvh

HIVv� dq| czlqqlqj*+l1h1 doo0srzhuixo, frdolwlrq pxvw lqyduldeo| lqfoxgh d fhuwdlq
pdmrulw|0frdolwlrq lq Q dqg wkh csuhvlghqw* 3 @5 Q +khqfh dw ohdvw wzr sod|huv$,1

�

Wkhuh lv olwwoh grxew wkdw vwurqjhu qrwlrqv ri csrzhu vkdulqj* pljkw eh gh0

ylvhg wkdw zrxog wxuq rxw wr eh lqfrqvlvwhqw zlwk rxwfrph0vwdelolw|1 Krzhyhu/
wkh suhylrxv Fodlp �dv frpelqhg zlwk Sursrvlwlrqv 43/45/47 deryh�vx!fhv wr

hvwdeolvk wkdw lq jhqhudo rxwfrph0vwdelolw| dqg vrph yhuvlrq ri wkh srzhu0vkdulqj

sulqflsoh duh mrlqwo| lpsohphqwdeoh1
Ilqdoo|/ zh surfhhg wr frqvlghu wkh lpsolfdwlrqv ri rxu uhvxowv lq d d wzr0

sduw| hqylurqphqw1 Wklv lv d prvw uhohydqw lvvxh vlqfh wzr0sduw| v|vwhpv duh

zlgho| uhjdughg dv d ehqfk pdun e| vfkroduv dqg sudfwlwlrqhuv dv zhoo1 Frq0
fhuqlqj wkdw pdwwhu/ wkh pdlq txhvwlrq lv= gr wzr0sduw| v|vwhpv vljql�fdqwo|

d�hfw wkh shuirupdqfh ri wkh HIVv zh kdyh ehhq frqvlghulqj lq wklv sdshu/ dqg
�li vr� krzB Dv d pdwwhu ri idfw/ wkh lvvxh fdq eh lpphgldwho| vhwwohg uho|0

lqj rq wkh iroorzlqj vlpsoh revhuydwlrq= rq wkh vhw Y �+5> k, ri 50glphqvlrqdo

vwurqj zhljkw sur�ohv/ wkh vhw ri doo ihdvleoh pdmrulw| frdolwlrqv lv lqyduldeo| dq
xowud�owhu/ khqfh lq sduwlfxodu froohjldo1 Dv idu dv wkh sduoldphqwdu| dqg pl{hg

HIVv duh frqfhuqhg/ wkh flufxpvwdqfhv wkdw zrxog hqjhqghu wkhlu lqvwdelolw| lq

wkh jhqhudo q�sduw| fdvh fdqqrw srvvleo| rffxu= +vwurqj, vwdelolw| surshuwlhv ri
wkh iruphu gr qrw qhhg dq| sduwlfxodu uhvwulfwlrq rq wkh pdmrulw| irupdwlrq sur0

fhvv1 Rq wkh rwkhu kdqg/ lw lv lpphgldwho| vhhq wkdw �rq Y �+5> k,�sduoldphqwdu|

jryhuqdqfh vwuxfwxuhv zlwkrxw d gluhfwo| hohfwhg csuhvlghqw*+suhplhu, zrxog uh0

gxfh wr glfwdwruldo vlpsoh HIv/ wkhuhe| ylrodwlqj wkh cplqlpdo srzhu vkdulqj*

uhtxluhphqw dv irupxodwhg deryh1 +Wklv flufxpvwdqfh lv lqghhg rqh ri wkh pd0
mru prwlydwlrqv xqghuo|lqj rxu lqvlvwhqfh rq cqhr0sduoldphqwdu|* v|vwhpv/ l1h1

sduoldphqwdu| jryhuqdqfh vwuxfwxuhv zlwk d gluhfwo| hohfwhg suhplhu,1

Wkh lpsdfw ri d wzr0sduw| hqylurqphqw rq wkh csxuh* suhvlghqwldo HIVv zlwk
shuihfw vhsdudwlrq ri srzhuv lv pxfk pruh vljql�fdqw/ vlqfh lq wkdw fdvh wkh
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xqtxdol�hg lqvwdelolw|0yhuglfw ri Sursrvlwlrq 49 lv sduwldoo| uhyhuvhg/ dqg vwurqj

vwdelolw| lv uh0hvwdeolvkhg iru wkh uhohydqw ��HI/ zkloh lqvwdelolw| ri wkh ��HI
lv �jhqhudoo| vshdnlqj�frq�uphg1 Doo wklv lv vxppdul}hg dqg pdgh suhflvh e|

wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 53 Ohw Y �+5> k, eh wkh vhw ri 50glphqvlrqdo vwurqj zhljkw sur�ohv

iru d k0vl}hg dvvhpeo|/ dqg Z +=, wkh xquhvwulfwhg pdmrulw| irupdwlrq uxoh rq

Y �+5> k, 1 Wkhq/

l, HSV+Z +=,, lv prqrwrqlf dqg frqyh{ �khqfh vwurqjo| vwdeoh rq +Y �+5> k,> G�+5> [3,,
zlwk [3 dv gh�qhg deryh +vhh Ghi147,0 exw qrw pd{lpdo >

ll, wkh srodu H�

SV
+Z +=,, lv prqrwrqlf dqg pd{lpdo exw lv xqvwdeoh rq +Y �+5> k,> G�+5> [3,,

iru vrph fkrlfh ri \ dqg ] lq [3=

Wr sxw lw lq rwkhu whupv/ vwdqgdug wzr0sduw| v|vwhpv zlwk qr xqdqlplw|

frqvwudlqwv rq pdmrulw| irupdwlrq frqihu vwurqj vwdelolw| hyhq wr d csxuh* suhv0

lghqwldo jryhuqdqfh vwuxfwxuh zlwk shuihfw vhsdudwlrq ri srzhuv/ exw qrw lq d

fohdu fxw zd|1 Lqghhg/ vwurqj vwdelolw| rqo| uhvxowv dffruglqj wr wkh vwulfwhu

pd{plq0olnh ��h�hfwlylw| qrwlrq ri chqiruflqj srzhu*/ dqg qrw dffruglqj wr

wkh eurdghu plqpd{0olnh qrwlrq ri ��h�hfwlylw|1 Wkxv/ wzr0sduw| hqylurqphqwv

juhdwo| hqkdqfh vwdelolw| surshuwlhv ri csxuh* suhvlghqwldo v|vwhpv/ exw qrw wr d

ixoo h{whqw1

8 Frqfoxglqj uhpdunv

�Vwdelolw| uhtxluhv d wzr0sduw| v|vwhp�/ �vwdelolw| rqo| uhtxluhv d el0srodu v|v0

whp�/ �vwdelolw| lv lqfrqvlvwhqw zlwk pxowlsduw| sduoldphqwdu| v|vwhpv�/ �vwd0

elolw| lv lqfrqvlvwhqw zlwk suhvlghqwldo v|vwhpv�/ �hohfwrudo uxohv duh fuxfldo wr

vwdelolw|�/ �hohfwrudo uxohv duh odujho| luuhohydqw wr vwdelolw|�= wkrvh vwdwhphqwv

duh dujxdeo| d idluo| jrrg vxppdu| ri vrph ri wkh ylhzv zlgho| khog dqg yr0

fdoo| h{suhvvhg e| dqdo|vwv dqg srolwlfldqv lq fxuuhqw ghedwhv rq lqvwlwxwlrqdo

uhirupv/ hvshfldoo| zkhuhyhu wkh odwwhu duh �ru kdyh ehhq uhfhqwo|� rq wkh sxeolf

djhqgd + h1j1 Lwdo|/ Lvudho,1 Sulpd idflh/ wkh iruhjrlqj olvw ri vwdwhphqwv vxjjhvw

d krshohvv fodvk ri ghhso| dqg luuhgxfleo| rssrvhg rslqlrqv1 D txlwh uhpdundeoh

srlqw pdgh e| wkh HI prgho sursrvhg lq wkh suhvhqw sdshu lv wkdw prvw ri wkrvh

ylhzv pd| eh lqghhg mrlqwo| dffrprgdwhg/ li surshuo| txdol�hg1 Lq sduwlfxodu/

wkh prvw vljql�fdqw suhglfwlrqv ri rxu HI prgho pd| eh vxppdul}hg dv iroorzv=

�Pdmrulw| irupdwlrq uxohv wkdw h�hfwlyho| glfwdwh�srvvleo| wkurxjk wkh rshu0

dwlrq ri hohfwrudo uxohv� d froohjldo vhw ri dgplvvleoh pdmrulwlhv frqihu vwurqj vwd0

elolw| wr sduoldphqwdu| dqg pl{hg jryhuqdqfh vwuxfwxuhv zlwk d gluhfwo| hohfwhg

csuhvlghqw* hyhq lq d pxowlsduw| hqylurqphqw +zkloh uhvshfwlqj d plqlpdo srzhu

vkdulqj uhtxluhphqw,1

Lw iroorzv wkdw

� wkh prvw reylrxv yluwxh ri wzr0sduw| v|vwhpv �qdpho|/ vwdelolw|� lv dphqdeoh

wr uhsolfdwlrq lq d pxowlsduw| hqylurqphqw yld froohjldo pdmrulw| irupdwlrq uxohv1

Lq wkdw uhvshfw/ wkh zlghvsuhdg revhvvlrq zlwk wzr0sduw| v|vwhpv pd| zhoo wxuq
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rxw wr eh eh|rqg wkh srlqw1 Dw ohdvw lq uhvlolhqw pxowlsduw| hqylurqphqwv/ uh0

irfxvlqj rq wkh wdvn ri ghvljqlqj h�hfwlyh surfhgxuhv iru dfwxdo hqirufhphqw

ri froohjldo pdmrulw| irupdwlrq uxohv pljkw zhoo suryh wr eh d prvw uhzduglqj

pryh1

E| frqwudvw/

� vwdqgdug suhvlghqwldo jryhuqdqfh vwuxfwxuhv zlwk shuihfw vhsdudwlrq ri srz0

huv duh dssduhqwo| prvw lpshuylrxv wr wkh uhtxluhphqwv ri rxwfrph0vwdelolw|1 Lq

wklv fdvh/ wzr0sduw| hqylurqphqwv fdq vxssruw vwdelolw| z1u1w1 wkh uhohydqw �0HIv

+exw qrw z1u1w1 wkh �0HIv,/ zkloh pxowlsduw| hqylurqphqwv gh�qlwho| fdqqrw1

Lw vkrxog dovr eh hpskdvl}hg wkdw vxfk uhvxowv duh ghwdlohg hqrxjk wr dv0

vhvv 0dqg surylgh vrph jxlgdqfh wr0 dfwxdo uhirupv dlphg dw hqkdqflqj vwdelolw|

lq pxowlsduw| hqylurqphqwv1 Uhfhqw lqvwlwxwlrqdo uhirupv suhvfulelqj d gluhfw

hohfwlrq ri wkh suhplhu lq Lvudho dqg ri suhvlghqwv ri uhjlrqdo frxqflov lq Lwdo|

duh wzr fdvhv lq srlqw1 Wkrvh uhirupv vkduh rqh edvlf uxoh= wkh gluhfwo| hohfwhg

csuhvlghqw* fdq eh ghprwhg e| wkh cdvvhpeo|* wkurxjk d qrq0frq�ghqfh pdmrulw|

yrwh/ zklfk lq wxuq dxwrpdwlfdoo| wuljjhuv qhz jhqhudo hohfwlrqv1 Rxu HI0prgho

suhglfwv wkdw vxfk dq lqvwlwxwlrqdo duudqjhphqw fdqqrw hqvxuh vwdelolw| +vhh dovr

Ydqqxffl+4<<<,,/ dqg vxjjhvwv d zd| rxw wkdw frqvlvwv lq olqnlqj cvxuylydo* ri

wkh csuhvlghqw* wr vxssruw iurp d vlqjoh plqlpdo pdmrulw|0wkh froohjldo pdmru0

lw|1 +Qrwlfh wkdw�li zh ljqruh lpshdfkphqw surfhgxuhv�wkh fxuuhqw duudqjhphqw

olqnv wkh csuhvlghqw* wr vxssruw iurp dq duelwudu| pdmrulw| frdolwlrq/ zkloh d ixoo0

 hgjhg suhvlghqwldo uhirup zrxog dprxqw wr d gholqnlqj uxoh l1h1 htxlydohqwo| wr

olqnlqj wkh suhvlghqw*v cvxuylydo* lq r!fh wr vxssruw iurp dq duelwudu|�srvvleo|

hpsw|$� frdolwlrq= lq wkdw uhvshfw wkh qhz vwdelolw|0vxssruwlqj uhirup vxjjhvwhg

e| rxu HI0prgho lv mxvw wkh rssrvlwh ri d pryh wrzdugv d fodvvlf suhvlghqwldo

v|vwhp,1

Wr eh vxuh/ wkh HI0prgho ri jryhuqdqfh vwuxfwxuhv suhvhqwhg lq wklv sdshu

hperglhv vrph fuxgho| vlpsoli|lqj dvvxpswlrqv lqfoxglqj l, odfn ri vwuxfwxuh ri

wkh rxwfrph vsdfh / ll, d uhodwlyho| xqglvfulplqdwlqj qrwlrq ri vwdelolw|/ zklfk

doorzv cghdgorfn* dqg cr!fh+ru ohjlvodwxuh, whuplqdwlrq* dv srvvleo| vwdeoh rxw0

frphv/ dqg lll, h{lvwhqfh ri hqwluho| qrq0ryhuodsslqj mxulvglfwlrqv1 Wkxv/ lw zrxog

fhuwdlqo| eh prvw xqzlvh wr wdnh dw idfh ydoxh doo ri wkh suhglfwlrqv phqwlrqhg

deryh zkhq frqvlghulqj dfwxdo jryhuqdqfh vwuxfwxuhv1 Krzhyhu/ lw vhhpv wr ph

wkdw vxfk dq HI0prgho vkrzv surplvh zkhq lw frphv wr wkh eurdghu dlp ri sur0

ylglqj dq dqdo|wlfdo iudphzrun iru vrph ri wkh vwdelolw|0uhodwhg lvvxhv phqwlrqhg

lq wkh Lqwurgxfwlrq1 Lqghhg/ wkh HI0prgho zh sursrvh dqg vlplodu dssurdfkhv

pljkw shukdsv eulqj xv forvhu wr wkh srlqw zkhuh/ lq sxeolf ghedwhv rq frqvwl0

wxwlrqdo uhirupv/ wkh fodvk ehwzhhq odujho| lglrv|qfudwlf ylhzv dqg vwdwhphqwv

dooxghg wr deryh frxog eh hyhqwxdoo| vxssruwhg �ru hyhq uhsodfhg�e| d frqwhvw

ehwzhhq qhdwo| duwlfxodwhg dujxphqwv rq lqvwlwxwlrqdo ghvljq1

Dfnqrzohgjhphqwv= Ilqdqfldo vxssruw iurpPXUVW +Uhvhdufk Surmhfw= Frq0

wudwwl Lqfrpsohwl h Dqdolvl ghooh Lvwlwx}lrql , lv judwhixoo| dfnqrzohgjhg1
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9 Dsshqgl{= surriv

Surri ri Sursrvlwlrq 431 l, Prqrwrqlflw| ri HSD+Z
�+=,, lv reylrxv iurp wkh

gh�qlwlrq1 Vxshudgglwlylw| lv uhdglo| fkhfnhg= ohw D 5 HSD+Z
�+y,,+V,> E 5

HSD+Z
�+y,,+W ,> dqg V _ W @ >= Wkhq/ wkhuh duh irxu vruw ri fdvhv wkdw pd|

rffxu= d, +|�> }�> x�, 5 D _E dqg V _P 9@ > 9@ W _P iru dq| P 5 Z�+y,1

Lq wklv fdvh/ D _E 5 HSD+Z
�+y,,+V ^ W , iroorzv lpphgldwho| iurp fodxvh lll,>

e, [ 5 iD>Ej = wkhq D _ E 5 iD>Ej > khqfh D _ E 5 HSD+Z
�+y,,+V ^ W ,

+e| k|srwkhvlv/ dqg prqrwrqlflw|,> f, +|> }�> x�, 5 D3 iru vrph | 5 \ / E3 �
\ �i}�j�ix�j/ V3 �P iru vrphP 5Z �+y,> 3 5 W 3> zkhuh iD3> E3j @ iD>Ej
dqg iV3> W 3j @ iV> Wj = Khuh/ D_E 5 HSD+Z

�+y,,+V^W , iroorzv iurp fodxvh l,>

g, +|�> }�> x�, 5 D3> E3 � \ �i}�j�ix�j > V3 _P 9@ > iru dq| P 5Z �+y,> dqg

3 5 W 3> zkhuh iD3> E3j @ iD>Ej dqg iV3> W 3j @ iV> Wj =Khuh +|�> }�> x�, 5 D_E
khqfh D _E 5 HSD+Z

�+y,,+V ^ W , iroorzv iurp prqrwrqlflw| dqg fodxvh lll, 1

Lq rughu wr fkhfn pd{lpdolw|/ wdnh y 5 Y �+q> k,> > 9@ V � Q�> > 9@ D �
[ vxfk wkdw D @5 HSD+Z

�+y,,+V, 1 Wzr fdvhv duh wr eh glvwlqjxlvkhg= d,
+|�> }�> x�, 5 D/ dqg e, +|�> }�> x�, @5 D= Li d, rewdlqv/ wkhq�e| gh�qlwlrq ri

HSD+Z
�+y,,/ fodxvh lll,� V _P @ > l1h1 Q�qV � P iru vrph P 5 Z�+y,=

Wzr vxefdvhv duh wkhq wr eh frqvlghuhg/ qdpho| d*,D � \ � i}�j � ix�j/ d�,
D & \ � i}�j � ix�j = Li d*, lv wkh fdvh wkhq�dffruglqj wr fodxvh ly,�3 @5 V

l1h1 Q�qV � P ^ i3j = Lw iroorzv wkdw [qD 5 HSD+Z
�+y,,+Q�qV, +vlqfh

D 9@ [,1 Li d�, lv wkh fdvh wkhq +|> }�> x�, @5 D iru vrph | 5 \= Wkxv/ e|

fodxvh ll,/ +|> }�> x�, 5 [qD 5 HSD+Z
�+y,,+P, � HSD+Z

�+y,,+Q�qV,= Li
e, rewdlqv wkhq�e| fodxvh l,�hlwkhu 3 5 Q�qV ru +Q�qV, _ P 9@ > iru dq|
P 5 Z �+y,= Lq hlwkhu fdvh�iurp fodxvhv lll, dqg ly,/ uhvshfwlyho|� lw iroorzv

wkdw [qD � i+|�> }�> x�,j 5 HSD+Z
�+y,,+Q�qV,=

ll, Wr fkhfn frqyh{lw| ri HSD+Z
�+y,, zkhqhyhu Z �+=, lv froohjldo/ l1h1 �iru

dq| y 5 Y �+q> k,�Z�+y, lv d +sulqflsdo, odwwlfldo �owhu/ zlwk P dv lwv xqltxh

jhqhudwlqj +pdmrulw|, frdolwlrq/ d vlpsoh li whglrxv gluhfw surri e| hqxphudwlrq
ri fdvhv zloo gr1 Lqghhg/ wdnh D>E � [>V> W � Q>y 5 Y �+q> k, vxfk wkdw

+�,D 5 HSD+Z
�+y,,+V,> dqg +�,E 5 HSD+Z

�+y,,+W ,= Vhyhudo gl�huhqw fdvhv

duh wr eh glvwlqjxlvkhg dffruglqj wr zklfk ri wkh gh�qlqj fodxvhv ri HSD+Z
�+y,,

xqghuolh +�, dqg +�,=

Li erwk +�, dqg +�, uho| rq fodxvh l 0zulwwhq +� = l> � = l, qdpho| V �
P ^ i3j dqg W � P ^ i3j iru vrph P 5 Z �+y,>wkhq V _ W � P� khqfh
fohduo| D ^ E 5 HSD+Z

�+y,,+V _ W , +e| fodxvh l,1 Vlploduo|/ li +� = ll> � = ll,/

l1h1 V � P / W � P>D � i+|> }�> x�,j > E � i+|3> }�> x�,j >iru vrph |> |3 5 \ /
wkhq D ^E 5 HSD+Z

�+y,,+V _ W , +e| fodxvh ll,1 Wkh fdvh +� = ly> � = ly,> zlwk

3 5 V_W>D_E � \ �i}�j�ix�j hqwdlov D^E 5 HSD+Z
�+y,,+V_W , +dv zhoo

dv D _E 5 HSD+Z
�+y,,+V ^ W ,,1 Li +� = lll> � = lll, l1h1 V _P 9@ > 9@ W _P>

dqg +|�> }�> x�, 5 D _ E wkhq D _ E 5 HSD+Z
�+y,,+V ^ W , +e| fodxvh lll

dqg prqrwrqlflw|,1 Pruhryhu/ zkhqhyhu +� = y, ru +� = y, lv wkh fdvh � khqfh

[ 5 iD>Ej� lw iroorzv wkdw D _ E 5 HSD+Z
�+y,,+V ^ W , +e| prqrwrqlflw|

djdlq,1 Qh{w frqvlghu wkh fdvhv +� = l> � = ll,/ i�> �j @ i�> �j zkhuh z1o1r1j1

D 9@ >> +|> }�> x�, 5 E iru vrph | 5 \>V � P ^ i3j > W � P = khuh/ D ^ E 5
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HSD+Z
�+y,,+V _ W ,/ e| fodxvh ll dqg prqrwrqlflw|1 Li +� = l> � = lll,> i�> �j @

i�> �j dssolhv/ l1h1 z1o1r1j1 D 9@ >> +|�> }�> x�, 5 E>V � P ^ i3j >dqg hlwkhu
W _P 9@ > ru 3 5 W / djdlq D^E 5 HSD+Z

�+y,,+V _W ,= Qrz frqvlghu wkh wzr

uhpdlqlqj uhohydqw fodvvhv ri fdvhv zlwk +� = lll,> � 5 i�> �j/ qdpho| �z1o1r1j1�

+|> }�> x�, 5 D iru vrph | 5 \> dqg V �P= Li +� = ly,> � 5 i�> �j l1h1 �z1o1r1j1�
W _P 9@ >> dqg +|�> }�> x�, 5 E> wkhq �e| fodxvh lll�D^E 5 HSD+Z +y,,+V_W ,1
Rwkhuzlvh +� = y,> � 5 i�> �j > l1h1 �z1o1r1j1� 3 5 W dqg E � \ � i}�j � ix�j >
zklfk lpso| +|�> }�> x�, 5 D_E/ zkhqfh D_E 5 HSD+Z +y,,+V^W ,= Ilqdoo|/ zh
kdyh wkh odvw wzr uhohydqw fdvhv +� = ly> � = y,> i�> �j @ i�> �j > qdpho|�z1o1r1j1�

+|�> }�> x�, 5 D _ E> V _P 9@ >> 3 5 W / zklfk mrlqwo| lpso| �e| fodxvh lll ru
ly� D _E 5 HSD+Z

�+y,,+V ^ W ,=
lll, Ohw Z �+=, eh vwulfwo| qrq0froohjldo dw \> dqg y 5 Y �+q> k, vxfk wkdw

yQN+Z �+y , ? &\ 1 Wkhq/ d orzhu f|foh ri HSD+Z
�+y,, fdq eh gh�qhg dv

iroorzv= wdnh |4==> |yQN+Z�+y,, 5 \ q i|�j > El @ i|lj � ]q i}�j � Xq ix�j >

l @ 4> ==> yQN+Z �+y,, / EyQN+Z�+y,,.4 @ ^\ q
�
|4> ==> |yQN+Z�+y,,

�
� ]q i}�j �

Xq ix�j`^^\�i}�j�ix�j`/ dqg Vl � Q�> Vl_Q 5Z �+y,> l @ 4> ==> yQN+Z �+y,,.

4 vxfk wkdw 3 5 Vl> l @ 4> ==> �QN+Z �+y,,> 3 @5 V�QN+Z�+y,.4> dqg
WyQN+Z�

+y,,

l@4 +Vl_

Q, @ > + vxfk d vhw ri frdolwlrqv pxvw h{lvw/ e| gh�qlwlrq ri �QN+Z �+y,, , 1

Wkxv/ El 5 HSD+Z
�+y,,+Vl,> l @ 4> ==> �QN+Z �+y,, +e| fodxvh +l,,/ E�QN+Z�+y,,.4 5

HSD�+Z�+y,,+V�QN+Z�+y,,.4, +e| fodxvh +ll,,/
V�QN+Z�

y,,.4

l@4 El @ [ / El _

Em @ >> l> m @ 4> ==> �QN+Z �+y,, . 4> l 9@ m/ dqg
W�QN+Z�

+y,,.4

l@4 Vl @ > +e|

gh�qlwlrq,1�

Surri ri Sursrvlwlrq 451 l, Prqrwrqlflw| lv reylrxv iurp wkh gh�qlwlrq1 Vx0

shudgglwlylw| lv fkhfnhg dv iroorzv1 OhwD 5 HSD�+Z
�+y,,+V,> E 5 HSD�+Z

�+y,,+W ,

vxfk wkdw V _ W @ > +iru vrph y 5 Y �+q> k,,= Wkhq/ wkhuh duh wkuhh vruw

ri fdvhv wr eh glvwlqjxlvkhg= d, +|�> }�> x�, 5 D _ E dqg V _ P 9@ > 9@
W _ P iru dq| P 5 Z �+y,> lq wklv fdvh/ D _ E 5 HSD�+Z

�+y,,+V ^ W ,

e| prqrwrqlflw| dqg fodxvh +ll, > e, [
�

5 iD>Ej >khqfh D _ E 5 iD>Ej
dqg D _ E 5 HSD�+Z

�+y,,+V ^ W , iroorzv lpphgldwho| iurp prqrwrqlflw|>

f, +|�> }�> x�, 5 D _ E> V3 _ P 9@ > iru dq| P 5 Z �+y,> 3 5 W 3/ zlwk

iV3> W 3j @ iV> Wj = lq wklv fdvh D _ E 5 HSD�+Z
�+y,,+V ^ W , iroorzv lp0

phgldwho| iurp prqrwrqlflw|1

Lq rughu wr fkhfn pd{lpdolw|/ wdnh y 5 Y �+q> k,> > 9@ D � [> > 9@ V � Q�

vxfk wkdw D @5 HSD�+Z
�+y,,+V,= Li +|�> }�> x�, 5 D wkhq lw pxvw eh wkh fdvh

wkdw 3 @5 V dqg V _ P @ > iru vrph P 5 Z �+y, / khqfh > 9@ [qD 5
HSD�+Z

�+y,,+P ^ i3j, � HSD�+Z
�+y,,+Q�qV, +e| fodxvh +l,dqg prqrwrqlf0

lw|,1 Li +|�> }�> x�, @5 D wkhq hlwkhu 3 @5 V +zkhqfh 3 5 Q�qV , ru +Q�qV,_P 9@ >
iru dq| P 5 Z �+y,= Lq hlwkhu fdvh�e| prqrwrqlflw| soxv fodxvhv lll, dqg ll,/

uhvshfwlyho|� [qD 5 HSD�+Z
�+y,+Q�qV,=

ll, Frqyh{lw| ri HSD�+Z
�+y,, zkhqhyhu Z �+y, lv froohjldo +zlwk pdmrulw|

P� dv lwv froohjlxp ru jhqhudwlqj frdolwlrq, lv suryhg djdlq e| hqxphudwlrq

dv iroorzv1 Wdnh D>E � [ / V> W � Q�>y 5 Y �+q> k, vxfk wkdw +�, D 5
HSD�+Z

�+y,,+V,/ dqg +�, E 5 HSD�+Z
�+y,,+W ,= Xvlqj wkh vdph qrwdwlrq dv

xqghu wkh surri ri wkh suhylrxv sursrvlwlrq/ lw lv hdvlo| fkhfnhg wkdw +� = l> � = l,>
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dqg +� = ly, iru vrph � 5 i�> �j dprxqw wr fdvhv douhdg| fryhuhg lq wkh surri

ri wkh suhylrxv sursrvlwlrq1 Wkh uhpdlqlqj fdvhv duh +� = ll> � = ll,> +� = lll> � =

lll,>dqg +� = l> � = ll,> +� = l> � = lll,> +� = ll> � = lll, zlwk i�> �j @ i�> �j = Li
+� = ll> � = ll, rewdlqv/ l1h1 +|�> }�> x�, 5 D _ E> dqg V _P 9@ > /W _P 9@ >
iru dq| P 5 Z �+y, = khqfh fohduo| �e| fodxvh ll, dqg prqrwrqlflw|� D _ E 5
HSD�+Z

�+y,,+V^W ,= Li +� = lll> � = lll,/ qdpho| +|�> }�> x�, 5 D_E dqg 3 5 V_W
/wkhq D^E 5 HSD�+Z

�+y,,+V _W , +dv zhoo dv D_E 5 HSD�+Z
�+y,,+V ^W ,,=

Qh{w/ ohw xv dvvxph �z1o1r1j1� wkdw V �P^i3j iru vrphP 5Z �+y,> +|�> }�> x�, 5
E> dqg W _ P 9@ > iru dq| P 5 Z �+y,= Wkhq/ > 9@ +V _ W , _ P iru dq|

P 5 Z �+y,/ zkhqfh D ^E 5 HSD�+Z
�+y,,+V _ W , +e| fodxvh +ll, dqg prqr0

wrqlflw|,1

Qrz/ frqvlghu�z1o1r1j1� wkh fdvh zlwk V �P^i3j iru vrphP 5Z �+y,> +|�> }�> x�, 5
E> 3 5 W= Lq wklv fdvh/ +|�> }�> x�, 5 D ^ E 5 HSD�+Z

�+y,,+V _ W , +e| fodxvh

+lll, dqg prqrwrqlflw|,1

Ilqdoo|/ frqvlghu�z1o1r1j1� wkh fdvh zlwk +|�> }�> x�, 5 D _E> V _P 9@ > iru

dq| P 5 Z �+y,>dqg 3 5 W= Khuh zh kdyh D _E 5 HSD�+Z
�+y,,+V ^ W , � e|

hlwkhu fodxvh +lll, ru fodxvh +ly,/ soxv prqrwrqlflw|1

lll, Ohw Z�+=, eh d pdmrulw| irupdwlrq uxoh zklfk lv vwulfwo| qrq0froohjldo

dw \> dqg y 5Y �+q> k, vxfk wkdw �QN+Z �+y,, ? &\ 1 Wkhq/ d orzhu f|foh ri

HSD�+Z
�+y,, pd| eh gh�qhg dv iroorzv= wdnh |4> ==> |�QN+Z�+y,, 5 \ q i|�j >

El @ i|lj � ]q i}�j � Xq ix�j > l @ 4> ==> �QN+Z �+y,, / E�QN+Z�+y,,.4 @

^\ q
�
|4> ==> |�QN+Z�+y,,

�
�]q i}�j � Xq ix�j` ^ ^i|�j � i}�j � ix�j`/ dqg frq0

vlghu d idplo| ri frdolwlrqv Vl � Q�> l @ 4> ==> �QN+Z �+y,,.4/ vxfk wkdw Vl_Q 5

Z �+y,> l @ 4> ==> �QN+Z �+y,,> 3 5 Vl> l @ 4> ==> �QN+Z �+y,,>
W�QN+Z�

+y,,

l@4 +Vl _
Q, @ > +vxfk d idplo| ri frdolwlrqv h{lvwv e| gh�qlwlrq ri �QN+Z �+y,,, /
dqg V�QN+Z�+y,,.4 @ Q 1 Djdlq/ lw lv hdvlo| fkhfnhg wkdw �e| gh�qlwlrq�
V�QN+Z�

+y,,.4

l@4 El @ [
�

> El _ Em @ >> l> m @ 4> ==> �QN+Z �+y,,.4> l 9@ m>

El 5 HSD�+Z �+y,,+Vl,> l @ 4> ==> �QN+Z �+y,,.4> dqg
W�QN+Z�

+y,,.4

l@4 Vl @ >1�

Surri ri Sursrvlwlrq 47 1 l, Djdlq/ prqrwrqlflw| lv reylrxv1 Vxshudgglwlylw|

lv dovr hdvlo| fkhfnhg dv iroorzv= ohwD 5 HSV�+Z
�+y,,+V,> E 5 HSV�+Z

�+y,,+W ,/
dqg V _ W @ > +iru vrph y 5 Y �+q> k,,1Wkhq/ lw pxvw eh wkh fdvh wkdw hl0

wkhu [� 5 iD>Ej�zkhqfh D _ E 5 HSV�+Z
�+y,,+V ^ W , e| prqrwrqlflw|� ru

D _ E � i|�j � ] � ix�j dqg V _P 9@ > 9@ W _P iru dq| P 5 Z �+y,
�zklfk dovr hqwdlov/ e| prqrwrqlflw|/ D _ E 5 HSV�+Z

�+y,,+V ^ W , � ru hovh

+|�> }> x�, 5 D3 iru vrph } 5 ] / E3 � i|�j � ] � ix�j/ 3 5 V3/ W 3 _P 9@ > iru

dq|P 5Z�+y,> zlwk iD3> E3j @ iD>Ej > iV3> W 3j @ iV> Wj/ zklfk djdlq mrlqwo|

hqwdlo D_E 5 HSV�+Z
�+y,,+V ^W ,> e| fodxvh +ll,1 Wr fkhfn pd{lpdolw|/ wdnh

D>V vxfk wkdw > 9@ D 9@ [�> > 9@ V 9@ Q�> dqg D @5 HSV�+Z
�+y,,+V,= Zh pd|

glvwlqjxlvk wkh iroorzlqj fdvhv= d, D � i|�j�]�ix�j/ 3 @5 V/ dqg V_P @ > iru

vrph P 5 Z �+y,> khuh/ zh pd| frqfoxgh wkdw [�qD 5 HSV�+Z
�+y,,+Q�qV,

e| fodxvh +l,/ vlqfh Q�qV �P ^ i3j > e, D & i|�j � ] � ix�j > +|�> }> x�, 5 D

iru vrph } 5 ]/ dqg 3 @5 V = lq wklv fdvh/ +|�> }> x�, 5 [�qD iru vrph } 5 ]>

dqg 3 5 Q�qV/ zkhqfh [�qD 5 HSV�+Z
�+y,,+Q�qV, +e| fodxvh +ll, , > f,

D & i|�j � ] � ix�j > +|�> }> x�, @5 D iru dq| } 5 ]> dqg V &P ^ i3j iru dq|

4;



P 5 Z �+y, = khuh/ +|�> }> x�, 5 [�qD iru dq| } 5 ] dqg hlwkhu 3 5 Q�qV ru

+Q�qV, _P 9@ > iru dq| P 5Z �+y,= Khqfh [�qD 5 HSV�+Z
�+y,,+Q�qV, e|

fodxvh +ll, ru +lll,/ uhvshfwlyho|1

ll, Dv xvxdo/ frqyh{lw| zkhqZ �+y, lv froohjldo �zlwk froohjlxpP��lv suryhg

e| frqvlghulqj wkh olvw ri uhohydqw fdvhv1 Ohw +�, D 5 HSV�+Z
�+y,,+V,> dqg

+�, E 5 HSV�+Z
�+y,,+W , iru vrph y 5 Y �+q> k,1 Xvlqj wkh vdph qrwdwlrq

iru fodxvh0frpelqdwlrqv dv lq wkh surriv ri Sursrvlwlrq 43 dqg 45 deryh/ lw lv

lpphgldwho| fkhfnhg wkdw fdvhv +� = l> � = l,/ +� = ly, +zlwk � 5 i�> �j, duh

fryhuhg e| fdvhv douhdg| frqvlghuhg lq wkh deryh phqwlrqhg surriv1 Pruhryhu/

li +� = ll> � = ll, rffxuv +qdpho| +|�> }> x�, 5 D _ E> 3 5 V _ W , wkhq reylrxvo|

D ^E 5 HSV�+Z
�+y,,+V _ W , � dv zhoo dv D _ E 5 HSV�+Z

�+y,,+V ^ W ,� e|

fodxvh +ll,1 Li +� = lll> � = lll,> l1h1 D_E � i|�j�]�ix�j > V _P 9@ > 9@ W _P
iru dq| P 5Z �+y, wkhq D _E 5 HSV�+Z

�+y,,+V ^ W , +e| fodxvh +lll, lwvhoi,1

Li +� = l> � = ll, zlwk i�> �j @ i�> �j krogv wuxh/ l1h1 V3 � P ^ i3j iru vrph

P 5 Z �+y,> 3 5 W 3/ +|�> }> x�, 5 E3 iru vrph } 5 ]>D3 5 HSV�+Z
�+y,,+V3,>

E3 5 HSV�+Z
�+y,,+W 3, +zlwk iV3> W 3j @ iV> Wj dqg iD3> E3j @ iD>Ej , wkhq

D^E 5 HSV�+Z
�+y,,+V _W , e| fodxvh +ll,1 Li +� = l> � = ll, zlwk i�> �j @ i�> �j

krogv wuxh/ l1h1 z1o1r1j1 V �P ^ i3j iru vrph P 5Z �+y,/ W _P 9@ > iru dq|

P 5Z �+y,/ dqg E � i|�j�]�ix�j hqwdlo D^E 5 HSV�+Z
�+y,,+V _W , �e|

fodxvh +lll,� vlqfh fohduo| V � P� dqg W _P� 9@ >> zkhqfh +V _ W , _P 9@ >
iru dq| P 5 Z �+y, @ iV � Q =P� � Vj = Lw uhpdlqv wr eh fkhfnhg wkh fodvv

ri fdvhv +� = ll> � = lll, zlwk i�> �j @ i�> �j > qdpho| z1o1r1j1 +|�> }> x�, 5 D iru

vrph } 5 ]> E � i|�j�] �ix�j/ 3 5 V/ dqg W _P 9@ > iru dq| P 5Z �+y, =
khuh/ lw iroorzv wkdw D _E 5 HSV�+Z

�+y,,+V ^ W , e| fodxvh +ll,1

lll, Vdph dv wkh surri ri Sursrvlwlrq 45+lll,/ e| gh�qlqj d orzhu f|foh +Vl> El,> l @
4> ==> �QN+Z �+y,, . 4 zlwk wkh vdph Vl/ l @ 4> ==> �QN+Z �+y,, . 4/ El @
4> ==> �QN+Z �+y,,/ zkloh srvlwlqj E�QN+Z�+y,,.4 @ ^\ q

�
|4> ==> |�QN+Z�+y,,

�
�

]q i}�j � Xq ix�j` ^ ^i|�j � ] � ix�j = �

Surri ri Sursrvlwlrq 491 l, Djdlq/ prqrwrqlflw| lv reylrxv iurp wkh gh�ql0

wlrq1 Li �iru vrphD>E � [ 3> V> W � Q�
y 5 Y �

+q> k,�D 5 HSV+Z
�
+y,,+V,> E 5

HSV+Z
�
+y,,+W ,> dqg V_W @ >/ wkhq +uhfdoolqj wkdw y 5Y �

+q> k, ehlqj d vwurqj

zhljkw sur�oh hqwdlov wkdw dq| wzr pdmrulwlhv lq Z�+y, pxvw ryhuods, lw lv

lpphgldwho| fkhfnhg e| gluhfw lqvshfwlrq ri fodxvhv wkdw hlwkhu [3 5 iD>Ej

+zkhqfh D _ E 5 HSV+Z
�+V ^ W ,, e| fodxvh +y, ,/ ru z1o1r1j1 V � P

iru vrph P 5 Z �+y,> 3 5 W>D � i|j � ] � ix�j iru vrph | 5 \> dqg

E � \ � i}j � ix�j iru vrph } 5 ] +xqghu zklfk fdvh+v, D _ E 9@ >> khqfh

D_E 5 HSV+Z
�+y,,+V ^ W , e| fodxvh +l, ,/ ru hovh z1o1r1j1 V _P 9@ > iru dq|

P 5 Z �+y,/ 3 5 W>D � i|�j � ] � ix�j > dqg E � \ � i}j � ix�j iru vrph

} 5 ] +xqghu zklfk fdvh+v, D_E 5 HSV+Z
�+y,,+V ^W , e| fodxvh +lll,,1 Wkxv/

vxshudgglwlylw| lv dovr hvwdeolvkhg1

Lq rughu wr fkhfn odfn ri pd{lpdolw| mxvw frqvlghu wkh iroorzlqj fodvv ri

frxqwhuh{dpsohv = li &\ � &] wdnh d vxumhfwlyh ixqfwlrq i = ] $ \ dqg gh�qh

D @ i+|> }> x, 5 [ 3 = +|> }> x, @ +i+},> }> x�, iru vrph } 5 ]j = Qh{w/ frqvlghu d

V � Q� vxfk wkdw 3 5 V> dqg V_P @ > iru vrphP 5Z �+y, 1 Lw wudqvsluhv wkdw

D @5 HSV+Z
�+y,,+V, +vlqfh &\ � 6 lpsolhv wkdw iru dq| } 5 ] d | 5 \ h{lvwv

4<



vxfk wkdw +|> }> x�, @5 D,1 Pruhryhu/ vxumhfwlylw| ri i hqwdlov wkdw iru dq| | 5 \ d

} 5 ] h{lvwv vxfk wkdw +|> }> x�, @5 [3qD> zkhqfh [ 3qD @5 HSV+Z
�+y,,+Q�qV,=

Vlploduo|/ li &] � &\ wdnh d vxumhfwlyh ixqfwlrq j = \ $ ] dqg srvlw E @

i+|> }> x, 5 [3 = +|> }> x, @ +|> j+|,> x�, iru vrph | 5 \ j > dqg W � Q� vxfk wkdw

3 @5 W dqg W � P iru vrph P 5 Z �+y,= Wkhq/ E @5 HSV+Z
�+y,,+W , +vlqfh

&] � 6 hqwdlov wkdw iru dq| | 5 \ d } 5 ] h{lvwv vxfk wkdw +|> }> x�, @5 E,/

dqg [3qE @5 HSV+Z
�+y,,+Q�qW , +vlqfh �e| vxumhfwlylw| ri j � iru dq| } 5 ] d

| 5 \ h{lvwv vxfk wkdw +|> }> x�, 5 E ,1

ll, OhwZ �+=, eh d froohjldo pdmrulw| irupdwlrq uxoh/ dqg y 5 Y �+q> k,=+ Wkxv/

Z �+y, @ iV � Q = P� � Vj zkhuh P� @ P�+y, lv vxfk wkdw
S

l5P� yl �
ek@5f . 4 ,1 Wr fkhfn lqvwdelolw| ri HSV+Z

�+y,,/ wdnh y 5Y �+q> k, vxfk wkdw

yl � ek@5f.4 iru dq| l 5 Q> vr wkdw &P�+y, � 5=Wkhq/ frqvlghu wkh iroorzlqj

orzhu f|foh = D
4
@ i|j � ] � ix�j zlwk | 5 \ q i|�j > D5

@ i+|�> }> x�,j iru

vrph } 5 ]> D
6
@ i+|�> }3> x�,j zlwk }3 5 ]q i}j > D

7
@ [3q^D

4
^D

5
^D

6
`> V

4
@

P�+y,> V
5
@ i3> k�j iru vrph k� 5P�+y,> V

6
@ i3> n�jzlwk n� 5P�+y,q ik�j >

V
7
@P�+y,^i3j = Lqghhg/ lw lv lpphgldwho| fkhfnhg wkdw Dl 5 HSV+Z

�+y,,+Vl,

/ l @ 4> 5> 6> 7 +e| fodxvhv +ll,/+lll,/+lll,/+l, uhvshfwlyho|,1 Pruhryhu/
V
7

l@4Dl @ [ 3

dqg
W
7

l@4 Vl @ > +lqghhg/
W
6

l@4 Vl @ >, e| gh�qlwlrq/ zkloh �dv lw lv hdvlo|

fkhfnhg e| gluhfw lqvshfwlrq� Dl _Dm @ > iru dq| l> m @ 4> 5> 6> 7 / l 9@ m=

lll, OhwZ �+=, eh vwulfwo| qrq0froohjldo dw \> dqg y 5 Y �+q> k, d vwurqj zhljkw

sur�oh vxfk wkdw �QN+Z �+y,, ? &\= Wkhq/ d orzhu f|foh ri HSV+Z
�+y,, fdq

eh gh�qhg dv iroorzv= wdnh d idplo| ri frdolwlrqv Vl � Q�/ Vl _ Q 5 Z�+y,/

l @ 4> ==> �QN+Z�+y,, vxfk wkdw
W�QN+Z�+y,,

l@4 Vl @ >= Qh{w/ srvlw Dl @ i|lj �
] � ix�j > l @ 4> ==> �QN+Z �+y,, zlwk |l 9@ |m iru dq| l> m vxfk wkdw l 9@ m=

Ilqdoo|/ gh�qh D�QN+Z�+y,,.4 @ [ 3q
V�QN+Z�+y,,

l@4 Dl / dqg V�QN+Z�+y,,.4 @

P ^ i3j iru vrph P 5 Z �+y,= Fohduo| hqrxjk/
V�QN+Z�+y,,.4

l@4 Dl @ [ 3>
W�QN+Z�+y,,.4

l@4 Vl @ >> dqg Dl 5 HSV+Z
�+y,,+Vl, / Dl _ Dm @ >/ l 9@ m>

l> m @ 4> ==> �QN+Z �+y,, . 41

ly, Lqvwdelolw| lv d vwudljkwiruzdug fruroodu| ri srlqwv l,0ll,0lll, deryh/ vlqfh d,
e| gh�qlwlrq/ iru dq| sdlu H>H3 ri HIv rq +Q>[, = F+H>", � F+H3>", dw dq|
"5 G� zkhqhyhu H3+V , � H+V, iru hyhu| V � Q / e, H � H�> iru dq| uhjxodu

HI H / dqg f, HSV+Z
�+y,, lv vxshudgglwlyh +e| srlqw l, deryh,/ khqfh uhjxodu

iru dq| y 5 Y �+q> k, 1 Prqrwrqlflw| dqg pd{lpdolw| ri H�

SV
+Z �+=,, dovr iroorz

lpphgldwho| iurp prqrwrqlflw| dqg uhjxodulw| ri HSV+Z
�+=,, +uhvshfwlyho|,/

dffruglqj wr wkh hohphqwdu| surshuwlhv ri srodu HIv dv vwdwhg deryh lq wkh

wh{w1�

Surri ri Sursrvlwlrq 531 l, Djdlq/ prqrwrqlflw| iroorzv wulyldoo| iurp wkh

gh�qlwlrq +vhh Gh�qlwlrq 48,1 Qrq0pd{lpdolw| ri HSV+Z +=,, rq Y �+5> k, iro0

orzv dw rqfh� dv d fruroodu|� iurp wkh surri ri Sursrvlwlrq 49 uhjduglqj wkh

jhqhudo fdvh1 Lq rughu wr fkhfn frqyh{lw|/ revhuyh wkdw zkhqhyhu Z +y, lv

dq xowud�owhu fodxvhv +lll, dqg +ly, ri Gh�qlwlrq 48 froodsvh wr vshfldo fdvhv

ri fodxvhv +l, dqg +ll,/ uhvshfwlyho|1 Qrz/ iru dq| y 5 Y �+5> k,/ zh kdyh

> 9@ Z +y, @ iV � i4> 5j = l� 5 Vj iru vrph l� 5 i4> 5j = Wkhuhiruh/ iru dq|

53



D � [3> V � Q� @ i3> 4> 5j > D 5 HSV+Z +y,,+V, li dqg rqo| li +l, D 9@ >>

V � i3> l�j/ ru +ll, D � i|j � ] � ix�
j iru vrph | 5 \ / dqg l� 5 V / ru

+lll, D � \ � i}j � ix�
j dqg 3 5 V / ru +ly,D @ [3 dqg V 9@ >= Wkhq/

frqvlghu D>E � [3 dqg V> W � Q� vxfk wkdw +�, D 5 HSV+Z +y,,+V, dqg

+�,E 5 HSV+Z +y,,= Xvlqj djdlq wkh qrwdwlrq suhylrxvo| lqwurgxfhg lq wkh

surri ri Sursrvlwlrq 43 deryh/ lw lv hdvlo| fkhfnhg e| gluhfw lqvshfwlrq wkdw

D ^ E 5 HSV+Z +y,,+V _ W , rewdlqv xqghu fdvhv +� = l> � = l,> +� = ll> � = ll,>

+� = lll> � = lll,> +� = l> � = ll,> +� = ll> � = l,> +� = l> � = lll,> +� = lll> � = l,1 Pruhryhu/

lw lv lpphgldwho| vhhq�djdlq� wkdw li hlwkhu +�, ru +�, vdwlv�hv fodxvh +ly, wkhq

D _ E 5 iD>Ej/ zkhqfh �e| prqrwrqlflw|� D _ E 5 HSV+Z +y,,+V ^ W ,= Lw

uhpdlqv wr eh fkhfnhg wkdw fdvhv +� = ll> � = lll, dqg +� = lll> � = ll, duh dovr

frqvlvwhqw zlwk frqyh{lw|1 Ohw xv frqvlghu z1o1r1j1 fdvh +� = ll> � = lll,> l1h1

D � i|j�]�ix�
j iru vrph | 5 \> l� 5 V> E � \ �i}j�ix�

j iru vrph } 5 ]>

dqg 3 5 W= Khuh/ D _E 9@ > e| gh�qlwlrq1 Khqfh D _E 5 HSV+Z +y,,+V ^ W ,

e| fodxvh +l,1 Frqyh{lw| ri HSV+Z +=,, rq Y �+5> k, lv wkhuhiruh hvwdeolvkhg1

ll, Lw lv hdvlo| fkhfnhg e| d whglrxv frpelqdwruldo dujxphqw wkdw wkh srodu

HI H�

SV
+Z +=,, lv gh�qhg dv iroorzv= iru dq| y 5 Y �+5> k,> D � [ 3> V � Q�>

D 5 H�

SV
+Z +y,,+V, li dqg rqo| li +l, D 9@ [3 dqg V � i3> l�j / ru +ll, iru

hdfk } 5 ] d | 5 \ h{lvwv vxfk wkdw +|> }> x�, 5 D> dqg l� 5 V / ru +lll,

iru hdfk | 5 \ d } 5 ] h{lvwv vxfk wkdw +|> }> x�, 5 D/ dqg 3 5 V> ru +ly,

D @ [ 3 dqg V 9@ >1 Wkhq/ wdnh \ dqg ] vxfk wkdw &\ @ &]> dqg gh�qh wzr

elmhfwlrqv i = \ $ ]/ j = ] $ \ vxfk wkdw j � i lv d shupxwdwlrq ri \ zlwkrxw

�{hg srlqwv1 Qh{w/ fkrrvh D @ i+|> }> x�, = } @ i+|3,iru vrph |3 5 \ j > E @

i+|> }> x�, = | @ j+}3,iru vrph }3 5 ]j > dqg frqvlghu wkh vhtxhqfh F @++V4 @

i3j > D4 @ D,> +V5 @ il�j > D5 @ E,> +V6 @ i3> l�j > D6 @ [3q^D ^ E`,,= Lw lv

hdvlo| fkhfnhg wkdw Dl _ Dm @ >> l> m @ 4> 5> 6> l 9@ m / dqg
W
6

l@4 Vl @ > / l1h1F lv

lqghhg d orzhu f|foh ri H�

SV+Z +y,, 1 �

Uhihuhqfhv

^4` Degrx M1/ K1 Nhlglqj +4<<4,= H�hfwlylw| Ixqfwlrqv lq Vrfldo Fkrlfh1 Gru0

guhfkw= Noxzhu1

^5` Ghpdqjh J1 +4<;:,= Qrqpdqlsxodeoh Fruhv1 Hfrqrphwulfd 88/ 438:043:71

^6` Olmskduw D1 +4<<<,= Sdwwhuqv ri Ghprfudf|=Jryhuqphqw Irupv dqg Shuiru0

pdqfh lq Wkluw|0Vl{ Frxqwulhv1 Qhz Kdyhq= \doh Xqlyhuvlw| Suhvv1

^7` Qdndpxud N1+4<:<,= Wkh Yhwrhuv lq d Vlpsoh Jdph zlwk Ruglqdo Suhihu0

hqfhv1 Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru| ;/ 880941
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^8` Rwwhq J1M1/ S1 Erup/ W1 Vwrufnhq/ V1Wlmv +4<<8,= H�hfwlylw| Ixqfwlrqv dqg

Dvvrfldwhg Fodlp Jdph Fruuhvsrqghqfhv1 Jdphv dqg Hfrqrplf Ehkdylru

</ 4:504<31

^9` Vduwrul J1 +4<<7,= Frpsdudwlyh Frqvwlwxwlrqdo Hqjlqhhulqj1 Dq Lqtxlu| lqwr

Vwuxfwxuhv/ Lqfhqwlyhv dqg Rxwfrphv1 Orqgrq= Pdfploodq1

^:` Vkxjduw P1V1/ M1P1Fduh| +4<<5,= Suhvlghqwv dqg Dvvhpeolhv1 Frqvwlwxwlrqdo

Ghvljq dqg Hohfwrudo G|qdplfv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^;` Ydqqxffl V1 +4<<<,= H�hfwlylw| Ixqfwlrqv dqg Sduoldphqwdu| Jryhuqdqfh

Vwuxfwxuhv/ lq L1Jdufld0Mxudgr/ I1Sdwurqh/ V1Wlmv+hgv1,= Jdph Sudfwlfh1

Frqwulexwlrqv iurp Dssolhg Jdph Wkhru|1 Gruguhfkw= Noxzhu1
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