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Devwudfw

D ihz rssruwxqlw| udqnlqjv zklfk fdq eh gh�qhg zlwkrxw uho|lqj rq

suhihuhqfhv iru edvlf dowhuqdwlyhv duh frpsduhg zlwk uhvshfw wr d vhw ri

frqwdlqphqw prqrwrqlflw| surshuwlhv/ dqg uhsuhvhqwhg lq whupv ri  h{l0

elolw| z1u1w1 d �srvvleo| yduldeoh�vhw ri suhihuhqwldo fulwhuld1 Lw lv vkrzq

wkdw d odujh ydulhw| ri sdwwhuqv rewdlq = lq sduwlfxodu d ihz cqlfh* rssruwx0

qlw| udqnlqjv duh gh�qhg zklfk fdqqrw eh srvvleo| uhsuhvhqwhg lq whupv ri

cxqdqlprxv* lqgluhfw suhihuhqfh pd{lpl}dwlrq zlwk uhvshfw wr d �{hg vhw

ri suhihuhqfh rughulqjv rq wkh rxwfrph vhw1 MHO Fodvvl�fdwlrq Qxpehuv =

G:4/ 3581

4 Lqwurgxfwlrq

Ohw [ eh d qrq0hpsw| �qlwh vhw ri edvlf dowhuqdwlyhv/ dqg S +[, wkh srzhu vhw

ri [ l1h1 wkh vhw ri lwv rssruwxqlw| vhwv1 Dq rssruwxqlw| udqnlqj +RU, lv d
elqdu| uhodwlrq +S +[,>?, = lq sduwlfxodu/ zh vkdoo eh pdlqo| frqfhuqhg zlwk

rssruwxqlw| suhrughuv l1h1 zlwk wudqvlwlyh dqg uh h{lyh RUv1

Wkh olwhudwxuh rq RUv w|slfdoo| uholhv rq d ihz txlwh gl�huhqw lqwxlwlrqv
zklfk uhvxow lq gl�huhqw lqwhusuhwdwlrqv ri wkh iruphu1 Sulpd idflh/ irxu pdlq

dssurdfkhv fdq eh glvwlqjxlvkhg lq wkh vwxg| ri RUv/ qdpho|=
l, udqnlqj rssruwxqlw| vhwv lq whupv ri iuhhgrp ri fkrlfh>

ll, udqnlqj rssruwxqlw| vhwv lq whupv ri udqjh ru glyhuvlw|>

lll, udqnlqj rssruwxqlw| vhwv lq whupv ri  h{lelolw| zlwk uhvshfw wr d vhw ri
suhihuhqfh rughulqjv rq [>

ly, udqnlqj rssruwxqlw| vhwv lq whupv ri d uljlg suhihuhqfh rughulqj rq [1

Wkh ciuhhgrp ri fkrlfh* ylhz whqgv wr uxoh rxw dq| lqirupdwlrq zkdwvrhyhu
frqfhuqlqj rughulqjv rq [ dv idu dv wkh gh�qlwlrq ri ? lv frqfhuqhg1 Wkh
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cglyhuvlw|* dssurdfk pd| eh frqvwuxhg dv uho|lqj rq vrph qrwlrq ri udqjh frq0

fhuqlqj vxevhwv ri [= Wkh c h{lelolw|* dssurdfk uholhv rq lqirupdwlrq derxw vhwv
ri srvvleo| uhohydqw suhihuhqfhv rq [1 Ilqdoo|/ wkh culjlg suhihuhqfh* dssurdfk

sxusruwv wr surylgh d sodxvleoh h{whqvlrq wr S +[, ri d �{hg suhihuhqfh uhod0

wlrq rq [= wkxv/ lw pd| eh uhjdughg dv d vshfldo olplw fdvh ri wkh c h{lelo0
lw|* dssurdfk 1 E| frqwudvw/ wkh uhodwlrqvklsv dprqj wkh ciuhhgrp ri fkrlfh*/

c h{lelolw|* dqg cglyhuvlw|* dssurdfkhv duh vwloo ohvv wkdq fohdu +vhh h1j1 Vhq
+4<;;/4<<4,/ Sxssh +4<<8/4<<9,/ Vxjghq +4<<;,,1 Rqh ylhz hpskdvl}hv wkh clq0

wulqvlf ydoxh* ri ciuhhgrp ri fkrlfh* dv dq lqghshqghqw suhihuhqfh0iuhh fulwhulrq

xqghuo|lqj RUv +vhh h1j1 Vhq +4<;;,/ Sdwwdqdln/[x +4<<3,/ Nohplvfk0Dkohuw
+4<<6,/ Ervvhuw/Sdwwdqdln/[x +4<<7,/ Judyho +4<<7/4<<;,/ Gxwwd/Vhq +4<<9,,1

Dqrwkhu �vrphkrz rssrvlwh� ylhz lqvlvwv wkdw suhihuhqfh iru ciuhhgrp ri fkrlfh*

hvvhqwldoo| uhgxfhv wr suhihuhqfh iru c h{lelolw|* dqg htxdwhv wkh odwwhu wr lqgluhfw0
xwlolw|+suhihuhqfh,0pd{lpl}dwlrq zlwk uhvshfw wr d �{hg vhw ri uhohydqw suhihu0

hqfhv +vhh h1j1 Duurz +4<<8,/ ru Qhkulqj/Sxssh +4<<<, iru wzr gl�huhqw yhuvlrqv
ri wklv dssurdfk wr wkh lqwhusuhwdwlrq ri RUv = Vxjghq +4<<;, hqgruvhv d vlplodu

ylhz exw lqvlvwv wkdw wkh c h{lelolw|* vreultxhw vkrxog eh uhvhuyhg iru wkh vsh0

fldo fdvh zkhuh wkh uhohydqw suhihuhqfh suhrughuv duh�hvvhqwldoo|� wkh suredeoh
ixwxuh suhihuhqfhv ri wkh uhohydqw djhqw,1

Wkh suhvhqw sdshu lv pdlqo| ghyrwhg wr d fulwlflvp ri wkrvh wzr zlgho| khog
ylhzv1 Lqghhg/ lw pljkw eh dujxhg wkdw wkh xowlpdwh vljql�fdqfh ri ciuhhgrp ri
fkrlfh* uholhv rq dydlodelolw| ri gl�huhqw dowhuqdwlyh fkrlfhv khqfh ri gl�huhqw uh0
yhdohg suhihuuhg edvlf dowhuqdwlyhv= rqh pljkw shukdsv eh zloolqj wr doorz clqfrq0
vlvwhqw* fkrlfh ixqfwlrqv ru qrqwudqvlwlyh uhyhdohg suhihuhqfh uhodwlrqv/ dqg2ru

uhihu wr d frqwh{w0ghshqghqw vhw ri suhihuhqwldo fulwhuld/ exw uhihuhqfh wr vrph
vhw+v, ri fkrlfh ixqfwlrqv ru suhihuhqfh uhodwlrqv +uhyhdohg ru rwkhuzlvh, vhhpv
wr eh vfdufho| dyrlgdeoh1 Wkxv/ wkh yhu| qrwlrq ri dq clqwulqvlf ydoxh ri iuhhgrp

ri fkrlfh* pd| eh dssduhqwo| uh0lqwhusuhwhg lq whupv ri  h{lelolw| zlwk uhvshfw wr

vxlwdeoh vxevhwv ri d xqlyhuvdo vhw ri suhihuhqwldo fulwhuld1 Dw wkh vdph wlph/ lw lv
txlwh xqfohdu zk| wkh jhqhudo qrwlrq ri c h{lelolw|* zlwk uhvshfw wr vxlwdeoh vhwv

ri suhihuhqfhv vkrxog eh uhgxfhg wr rqh sduwlfxodu yhuvlrq/ qdpho| cxqdqlprxv*
lqgluhfw0suhihuhqfh0pd{lpl}dwlrq zlwk uhvshfw wr d +frqwh{w0lqghshqghqw, �{hg
edvh ri suhihuhqfhv1

Wkh olqh ri uhdvrqlqj zh dgyrfdwh khuh vxjjhvwv wkdw ciuhhgrp ri fkrlfh*
dqg c h{lelolw|* +dqg shukdsv cglyhuvlw|* dv zhoo, duh ehvw uhjdughg dv odehov

iru qrwlrqv ri crssruwxqlw|* zklfk vlpso| hpskdvl}h uholdqfh rq gl�huhqw w|shv

ri dydlodeoh lqirupdwlrq rq [= Lq wkdw frqqhfwlrq/ wkh �{hg0edvh xqdqlprxv
lqgluhfw0suhihuhqfh0pd{lpl}dwlrq +IEX0LSP, yhuvlrq ri c h{lelolw|* vkrxog eh

uhjdughg dv d txlwh vshfldol}hg �li xqgrxewhgo| lqwhuhvwlqj�fdvh ri wkh odwwhu qr0
wlrq1 Wkxv/ d jds rshqv xs �lq sulqflsoh� ehwzhhq wkh pxfk lqvlvwhg xsrq IEX0
LSP qrwlrq ri c h{lelolw|* dqg wkh jhqhudo frqfhsw ri c h{lelolw|* zlwk uhvshfw

wr vrph srvvleo| yduldeoh +l1h1 frqwh{w0ghshqghqw, vhw ri suhihuhqfh suhrughuv1
Exw wkhq/ wkh iroorzlqj lvvxh lpphgldwho| dulvhv= duh wkhuh cqlfh* rssruwxqlw|
suhrughuv zklfk dfwxdoo| olyh lq wkh qlfkh surylghg e| wkdw jdsB Ru/ htxlyd0
ohqwo|/ duh wkhuh vhqvleoh rssruwxqlw| suhrughuv zklfk fdqqrw srvvleo| dulvh iurp
xqdqlprxv lqgluhfw0suhihuhqfh0pd{lpl}dwlrq zlwk uhvshfw wr vrph �{hg vhw ri
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suhihuhqfh suhrughuvB
Wkrvh lvvxhv fdq rqo| eh vhwwohg e| surylglqj d vhw ri xqfrqwuryhuvldo plq0

lpxp uhtxluhphqwv iru cqlfh* RUv dqg zrunlqj rxw d ihz frqfuhwh h{dpsohv ri

RUv ri wkh uhohydqw vruw1 Wkh suhvhqw sdshu lv wkhuhiruh ghyrwhg wr d �uvw whq0

wdwlyh dqdo|vlv dorqj wkhvh olqhv1 Lw surfhhgv lq wkh prvw vwudljkwiruzdug �dqg
hohphqwdu|� zd| dffruglqj wr wkh wzr vwhsv phqwlrqhg deryh/ qdpho| e|=

d, hvwdeolvklqj d ihz ixqgdphqwdo suhihuhqfh0iuhh d{lrpv dqg fulwhuld wkdw
duh vdwlv�hg e| wkh xqfrqwuryhuvldo li xqghflvlyh vhw0frqwdlqphqw sduwldo rughu

�hvvhqwldoo| d vhw ri frqwdlqphqw0prqrwrqlflw| surshuwlhv� wr eh xvhg dv d

frpprq uhihuhqfh edvh iru d frpsdudwlyh dvvhvvphqw ri wkh uhohydqw RUv>
e, jhqhudwlqj d vxlwdeoh olvw ri frqfuhwh h{dpsohv ri RUv zklfk kdyh ehhq df0

wxdoo| sursrvhg�ru pljkw eh frqvlghuhg� xqghu wkh prvw devwudfw odeho l1h1 ciuhh0

grp ri fkrlfh*+zlwk qr h{solflw uhihuhqfh wr wkh �{hg0edvh0xqdqlprxv lqgluhfw0
suhihuhqfh0pd{lpl}dwlrq+IEX0LSP, yhuvlrq ri c h{lelolw|*,1

Lq sduwlfxodu/ zh irfxv rq wzr +gxdo, idplolhv ri prqrwrqlflw| frqglwlrqv�
l1h1lpsurydelolw|+L, dqg hvvhqwldolw|+H, surshuwlhv� zkrvh vljql�fdqfh iru rxu

sxusrvhv lv hqkdqfhg iurp wkh idfw wkdw IEX0LSP RUv whqg wr shuirup uhd0

vrqdeo| zhoo z1u1w1 hvvhqwldolw| surshuwlhv dqg edgo| z1u1w1 lpsurydelolw| surs0
huwlhv1Frqfhuqlqj plqlpxp uhtxluhphqwv iru RU suhrughuv lq whupv ri L0dqg H0
surshuwlhv/ zh dgrsw khuh�iru wkh vdnh ri dujxphqw� wkh prvw shuplvvlyh vwdqfh=

zh lpsolflwo| wuhdw dq| qrq0hpsw| vxevhw iurp rxu olvw ri L0 dqg H0surshuwlhv dv
d ihdvleoh rswlrq iru plqlpxp frqwdlqphqw0prqrwrqlflw| uhtxluhphqwv1+Qrwlfh
wkdw wkh fduglqdolw|0edvhg wrwdo suhrughu lv shuihfwo| zhoo0ehkdyhg z1u1w1 erwk
L�dqg H�surshuwlhv/ dv zhoo dv dphqdeoh wr d IEX0LSP  h{lelolw| lqwhusuhwd0

wlrq/ exw lv jhqhudoo| uhjdughg dv dq duelwudu|� khqfh wulyldo� RU,1

Wkxv/ zh wu| dqg xvh wkh iruhjrlqj d{lrpv lq rughu wr holflw sdwwhuqv lq wkh
vhw ri RUv xqghu frqvlghudwlrq/ dqg fkhfn wkhlu fuhghqwldov dv cqlfh* RUv1 Rxu

�qglqjv duh odujho| suholplqdu| +h1j1 zh gr qrw surylgh dq| fkdudfwhul}dwlrq uh0

vxow,/ exw whoolqj1 Dprqj wkh ciuhhgrp ri fkrlfh*0prwlydwhg RUv zh frqvlghu/ zh
�qg= �,rqh fodvv ri RUv +frqyh{ RUv, zklfk duh d jrrg frpsurplvh ehwzhhq

L�dqg H�surshuwlhv dqg dphqdeoh wr d IEX0LSP  h{lelolw| lqwhusuhwdwlrq/
�,wzr fodvvhv ri RUv + vhw0�owudo dqg frqyh{0vhw0�owudo RUv, zklfk duh idluo|

jrrg L � H frpsurplvhv zkloh qrw ehlqj dphqdeoh wr d IEX0LSP0 h{lelolw|

lqwhusuhwdwlrq/ �, d fodvv ri +wrwdo, RUv +wkh zlgwk0edvhg RUv, zklfk duh uhd0
vrqdeo| zhoo0ehkdyhg z1u1w1 H�surshuwlhv/ edgo|0ehkdyhg z1u1w1 L�surshuwlhv

dqg qrw dphqdeoh wr d IEX0LSP  h{lelolw| lqwhusuhwdwlrq/ dqg �,d fodvv ri +wr0

wdo, RUv + wrwdo vhw0�owudo RUv, zklfk duh erwk L�dqg H�edgo| ehkdyhg dqg
qrw jhqhudoo| dphqdeoh wr dq| IEX0LSP  h{lelolw| lqwhusuhwdwlrq1

Lq rxu ylhz/ vxfk d uhpdundeoh ydulhw| ri qrq0wulyldo RUv grhv fhuwdlqo| fdoo
iru ixuwkhu dqdo|vlv1 Krzhyhu/ rxu suholplqdu| uhvxowv +hvshfldoo| wkrvh xqghu

srlqwv � dqg � deryh, dssduhqwo| vxjjhvw d whqwdwlyh srvlwlyh dqvzhu wr rxu

txhvwlrq rq h{lvwhqfh ri cqlfh* qrq IEX�LSP RUv/ frq�uplqj e| h{dpsoh wkdw
wkh jhqhudo odeho ri ciuhhgrp ri fkrlfh*�ru/ iru wkdw pdwwhu/ c h{lelolw|*� dgplwv d

idu pruh frpsuhkhqvlyh lqwhusuhwdwlrq wkdq wkh w|slfdo hpskdvlv rq IEX0LSP

RUv pljkw vxjjhvw1
Wkh sdshu lv rujdql}hg dv iroorzv= Vhfwlrq 5 suhvhqwv wkh prgho/ dqg wkh
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uhvxowv1 Vhfwlrq 6 lv pdlqo| ghyrwhg wr d vkruw glvfxvvlrq ri vrph uhodwhg olwhud0

wxuh rq c h{lelolw|* dqg cglyhuvlw|*1 Vhfwlrq 7 surylghv vrph frqfoxglqj uhpdunv1
Surriv duh frq�qhg wr dq Dsshqgl{1

5 Prgho dqg uhvxowv

Ohw[ eh wkh +�qlwh, vhw ri dowhuqdwlyhv2rssruwxqlwlhv/ dqg S +[, wkh fruuhvsrqg0
lqj vhw ri rssruwxqlw| vhwv= zh dvvxph &[ � 6 lq rughu wr dyrlg wulyldolwlhv

dqg wkh qhhg iru whglrxv txdol�fdwlrqv1 Zh duh frqfhuqhg khuh zlwk gh�qlqj d

sxuh rssruwxqlw| udqnlqj ? ri S +[,/ qdpho| d elqdu| uhodwlrq +S +[,>?, wkdw
+zhdno|, h{whqgv +S +[,>�, �l1h1 D � E hqwdlov D ? E� wkh xqghuo|lqj lqwhu0

suhwdwlrq ehlqj wkdw D ? E phdqv �D hperglhv pruh rssruwxqlwlhv+ ru srvlwlyh
iuhhgrp , wkdq E �1 Zh dovr ghqrwh dv xvxdo e| " dqg � wkh dv|pphwulf dqg

v|pphwulf frpsrqhqwv ri ? / uhvshfwlyho|1 Pruhryhu/ iru dq| vhw \ / F+\ , zloo

ghqrwh wkh vhw ri doo fkdlqv rq \ +d fkdlq lv d olqhdu rughu l1h1 dq dqwlv|pphwulf/
wrwdo dqg wudqvlwlyh elqdu| uhodwlrq,1 Lq rughu wr phhw vrph edvlf lqwxlwlrqv

frqfhuqlqj wkh yhu| lghd ri dq �rssruwxqlw| udqnlqj� zh vkdoo frqvlghu vrph

plqlpdo uhvwulfwlrqv rq +S +[,>?,> qdpho|
+Suhrughu +SU,, +S +[,>?, lv wudqvlwlyh dqg uh h{lyh 1

+Zhdn Prqrwrqlflw| +ZP,, Iru dq| D>E � [/ D ^E ? D 1
D ihz rwkhu prqrwrqlflw| surshuwlhv zklfk duh vdwlv�hg e| wkh vhw0frqwdlqphqw

sduwldo rughu/ dqg duh xvxdoo| uhodwhg wr ciuhhgrp ri fkrlfh* zloo dovr eh frqvlg0

huhg=
+Zhdn Vhw0Lpsurydelolw|+ZVL,, Iru vrph [3 � [ dqg dq| D zlwk [3 �

D � [ wkhuh h{lvwv E � [ vxfk wkdw D ^E " D=

+Zhdn Srlqw0Lpsurydelolw|+ZSL,, Iru vrph [3 � [ dqg dq| D zlwk [ 3 �

D � [ wkhuh h{lvwv { 5 [ vxfk wkdw D ^ i{j " D=

+Vhw0Lpsurydelolw| +VL,, Iru dq| D 9@ [ wkhuh h{lvwv E � [ vxfk wkdw
D ^E " D1

+Srlqw0Lpsurydelolw|+SL,, Iru dq| D 9@ [ wkhuh h{lvwv { 5 [ vxfk wkdw

D ^ i{j " D=

+Zhdn Vhw0Hvvhqwldolw|+ZVH,, Iru vrph [ 3 � [ dqg dq| D zlwk [3 � D �

[ wkhuh h{lvwv E � D vxfk wkdw D " DqE=

+Zhdn Srlqw0Hvvhqwldolw|+ZSH,, Iru vrph [3 � [ dqg dq| D> [ 3 � D � [

wkhuh h{lvwv { 5 D vxfk wkdw D " Dq i{j =

+Vhw0Hvvhqwldolw|+VH,, Iru dq|D 9@ > wkhuh h{lvwv E � D vxfk wkdwD " DqE=

+Srlqw0Hvvhqwldolw| +SH,, Iru dq| D 9@ > wkhuh h{lvwv { 5 D vxfk wkdw

D " Dq i{j =

Reylrxvo|/ SL @, VL @, ZVL> SL @, ZSL @, ZVL> SH @, VH @,

ZVH> dqg SH @,ZSH @,ZVH> exw qrw ylfh yhuvd1

Lw vkrxog eh qrwlfhg wkdw wkh hqwluh vhw ri prqrwrqlflw| surshuwlhv phqwlrqhg

deryh kdv ehhq vxemhfwhg wr vrph fulwlflvpv rq wkh jurxqgv wkdw wkhuh pd| h{lvw
cxjo|* dowhuqdwlyhv zklfk gr qrw uhdoo| frqwulexwh wr lpsuryh dq| rssruwxqlw|

vhw1 Lqvlvwlqj rq wkh uhohydqfh ri hdfk ri wkrvh prqrwrqlflw| surshuwlhv fohduo|
hqwdlov wkdw wkh srvvlelolw| ri vxfk cxjo|* dowhuqdwlyhv lv lpsolflwo| uxohg rxw1
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Wkh odwwhu dvvxpswlrq fdq eh lqghhg uhdglo| mxvwl�hg e| phdqv ri wkh iroorzlqj

dffhswdqfh fulwhulrq iru [= wdnh d uhihuhqfh vhw ri suhihuhqfh uhodwlrqv rq vrph
[3 dqg fkrrvh [ � [3 vxfk wkdw hdfk { 5 [ lv pd{lpdo zlwk uhvshfw wr dw

ohdvw rqh vxfk uhodwlrq1

Uhpdun 4 Lq Sdwwdqdln/[x+4<<;, wzr cqhz* wrwdo rssruwxqlw| suhrughuv duh
gh�qhg �dqg fkdudfwhul}hg� zklfk uho| rq d �{hg uhihuhqfh vhw S @ iS4> ==> Snjri
wrwdo suhihuhqfh suhrughuv rq [/ qdpho| +S +[,>?+&>S,, dqg +S +[,>?+&>S>�,,=

Vxfk wrwdo rssruwxqlw| suhrughuv duh gh�qhg dv iroorzv= iru dq| D>E � [

D ?+&>S, E l� ^&+
Vn

l@4pd{Sl D, � &+
Vn

l@4pd{Sl E,`> dqg

D ?+&>S>�, E l� ^&++
Vn

l@4pd{Sl D, _ +
Vn

l@4pd{Sl D ^E,f, �

&++
Vn

l@4pd{Sl E, _ +
Vn

l@4pd{Sl D ^E,f,` 1
Lw vkrxog eh uhpdunhg khuh wkdw xqghu wkh dffhswdqfh fulwhulrq iru [ dv gh0

�qhg deryh erwk +S +[,>?+&>S,, dqg +S +[,>?+&>S>�,, uhgxfh wr wkh fduglqdolw|0
edvhg RU +S +[,>?&,wr eh gh�qhg ehorz1 Khqfh/ xqghu wkh dffhswdqfh fulwhulrq
iru [ wkh glvfxvvlrq ri +S +[,>?&, zh surylgh ehorz grhv lq idfw dovr fryhu erwk
+S +[,>?+&>S,, dqg +S +[,>?+&>S>�,,=

Lq sduwlfxodu/ zh duh lqwhuhvwhg khuh �dv phqwlrqhg deryh� lq fodvvli|lqj e|
wkhlu frqwdlqphqw0prqrwrqlflw| surshuwlhv +dqg srvvleoh suhihuhqwldo frqwhqw,

vhyhudo RUv wkdw duh xvxdoo| prwlydwhg lq whupv ri ciuhhgrp ri fkrlfh*/ dv zhoo

dv lq dvvhvvlqj wkh h{whqw wr zklfk wkh| duh dphqdeoh wr d �{hg0edvh0 h{leoh
LSP0lqwhusuhwdwlrq1

Wr ehjlq zlwk/ zh vkrxog olnh wr vxevwdqwldwh rxu iruhjrlqj fodlp wr wkh
h�hfw wkdw wkh qrwlrq ri c h{lelolw|* zlwk uhvshfw wr d vhw ri suhihuhqfh suhrughuv
lv lqghhg jhqhudo hqrxjk wr vxssruw dq| rssruwxqlw| udqnlqj1 Wkxv/ zh vwduw

iurp wkh iroorzlqj

Fodlp 5 Ohw +S +[,>?, eh dq RU1 Wkhq wkhuh h{lvw d vhw S ri �srvvleo| lqgh{hg�
wrwdo suhrughuv +lqghhg/ fkdlqv, rq [> d ixqfwlrq i = S +[,�S +[,$ S +S, dqg
d sduwldo hydoxdwlrq ixqfwlrq y = S +S,- ? vxfk wkdw iru dq| D>E � [

D ? E li dqg rqo| li +y � i,+D>E, � 3=

Wkxv/ wkh iruhjrlqj Fodlp pdnhv suhflvh wkh lghd wkdw dq| RU �khqfh lq

sduwlfxodu dq| udqnlqj ri rssruwxqlw| vhwv lq whupv ri ciuhhgrp ri fkrlfh*�fdq
eh h{suhvvhg lq whupv ri c h{lelolw|* zlwk uhvshfw wr d vhw ri suhihuhqfhv +vhh

h1j1Ghqqhww+4<;7,/ zklfk pd| eh uhjdughg dv d vslulwhg ghihqfh ri rqh yhuvlrq
ri wkdw ylhz,1 Khuh/ e| cpruh  h{leoh* zh vlpso| phdq cehwwhu* zlwk uhvshfw wr
d srvvleo| yduldeoh l1h1frqwh{w0ghshqghqw vhw ri cuhohydqw* suhihuhqfhv1 Lw iroorzv
wkdw dowhuqdwlyh qrwlrqv ri c h{lelolw|* udqnlqjv rewdlq dffruglqj wr wkh zd| rqh
vshfl�hv d, zkdw duh wkh vhwv ri cuhohydqw* suhihuhqfhv/ lq sduwlfxodu zkhwkhu

vxfk vhwv duh xqlw ru qrq0xqlw dqg frqwh{w0ghshqghqw ru qrw/ dqg e, zkdw lv wr

eh phdqw e| cehwwhu* zkhqhyhu wkh vhw ri cuhohydqw* suhihuhqfhv lv qrq0xqlw/ l1h1
zkdw lv 0ru duh0 wkh djjuhjdwlrq uxoh+v, wr eh xvhg1

Lw vkrxog eh hpskdvl}hg wkdw vxfk d eurdg qrwlrq ri c h{lelolw|* lv txlwh gli0
ihuhqw dqg frqvlghudeo| pruh jhqhudo wkdq wkh c h{lelolw|* frqfhsw prvw zrunhuv

8



lq wkh �hog kdyh w|slfdoo| lq plqg/ qdpho| cxqdqlprxv* lqgluhfw0suhihuhqfh0
pd{lpl}dwlrq zlwk uhvshfw wr d �{hg vhw ri suhihuhqfh suhrughuv ru/ srvvleo|/
vrph ri lwv h{whqvlrqv wr d wrwdo RU +vhh h1j1 Nuhsv+4<:<,/ Duurz+4<<8,/

Sxssh+4<<9,/ Qhkulqj/Sxssh+4<<<,,1

Lq rughu wr pdnh suhflvh wklv pruh vshfldol}hg lqwhusuhwdwlrq ri c h{lelolw|*
zh lqwurgxfh qrz wkh iroorzlqj gh�qlwlrq=

Gh�qlwlrq 6 + Il{hg edvh xqdqlprxv lqgluhfw0suhihuhqfh0pd{lpl}lqj RU z1u1w1
d vhw S ri wrwdo suhihuhqfh suhrughuv rq [ +S0IEX0LSP,, 1 Ohw +S +[,>?, eh
dq RU/ dqg S � SU+[, d vhw ri wrwdo suhrughuv rq [1 Wkhq/ +S +[,>?,

lv d S��{hg0edvh0xqdqlprxv lqgluhfw0suhihuhqfh0pd{lpl}lqj RU l� iru dq|
D>E � [ = D ? E li ^iru doo )5 S = d� ) e� iru dq| d� 5 pd{) D>

e� 5 pd{) E`= Pruhryhu/ +S +[,>?, lv vdlg wr eh d �{hg edvh xqdqlprxv

lqgluhfw0suhihuhqfh0pd{lpl}lqj + IEX0LSP, RU l� lw lv d S0�{hg0edvh xqdq0
lprxv lqgluhfw0suhihuhqfh0pd{lpl}lqj RU z1u1w1 vrph �{hg S � SU+[,=Lq
sduwlfxodu/ li &S @4 wkhq d S� LSP RU uhgxfhv wr dq LSP RU1

Uhpdun 7 Vlqfh [ lv �qlwh +e| k|srwkhvlv,/ wkh iruhjrlqj qrwlrq ri IEX�
LSP0c h{lelolw|* ri dq RU lv fohduo| htxlydohqw wr h{lvwhqfh ri d �qlwh vwdwh
vsdfh V dqg d vwdwh0ghshqghqw xwlolw| ixqfwlrq x = [ �V $ U vxfk wkdw iru dq|
D>E � [ = D ? E li ^ iru doo v 5 V / pd{{5D x+{> v, � pd{{5E x+{> v,`=

Wkh iroorzlqj qrwlrq gxh wr Nuhsv+4<:<, zloo eh pxfk khosixo zkhq vwxg|lqj

wkh c h{leloh LSP frqwhqw* ri gl�huhqw RUv1

Gh�qlwlrq 8 +Grplqdqfh uhodwlrq lqgxfhg e| dq RU, Ohw +S +[,>?, eh dq
RU1 Wkhq/ wkh grplqdqfh uhodwlrq ?�lqgxfhg e| ? lv gh�qhg dv iroorzv = iru
dq| D>E � [/ D ?� E l� D ? D ^E=

Dv phqwlrqhg deryh/ d surplqhqw sduwlfxodu fdvh ri d �{hg edvh S�IEX0

LSP RU +S +[,>?, rewdlqv zkhqhyhu &S @ 4= Lq wklv fdvh/ zh vd| wkdw
+S +[,>?, lv d uljlg LSP RU1 Fohduo| hqrxjk/ li +S +[,>?, lv d uljlg LSP RU

z1u1w1 d wrwdo suhihuhqfh suhrughu U rq [> wkhq iru dq| {> | 5 [ = i{j ? i|j

l� {U|= Wklv revhuydwlrq vxjjhvwv wkh iroorzlqj fulwhulrq ri uljlg suhihuhqwldo
frqwhqw/ zklfk zloo dovr eh xvhg lq rughu wr frpsduh dqg frqwudvw gl�huhqw RUv

+lqfoxglqj suhihuhqwldoo|0gh�qhg dqg suhihuhqfh0iuhh RUv,1

Gh�qlwlrq 9 +Uljlg +Vwulfw, Suhihuhqwldo Frqwhqw ri dq RU, Ohw +S +[,>?, eh
dq RU1 Wkhq/ wkh uljlg suhihuhqwldo frqwhqw ri +S +[,>?, lv wkh elqdu| uhodwlrq
+[>(? , zkhuh (?@ i+{> |, 5 [ �[ = i{j ? i|jj1 Wkh edvlf vwulfw suhihuhqwldo
frqwhqw ri +S +[,>?, lv +[>"? ,> wkh dv|pphwulf frpsrqhqw ri +[>(? ,=

Wkh wkhruhwlfdo vhwwlqj lv qrz uhdg| iru wkh hqvxlqj dqdo|vlv1 Dv phqwlrqhg

deryh/ zkloh dq| RU lv lq sulqflsoh dphqdeoh wr d c h{lelolw|* lqwhusuhwdwlrq
+vhh Fodlp 5 deryh,/ rqh pd| vxvshfw wkdw wkh suhydlolqj qrwlrq ri c h{lelolw|*

dv �{hg0edvh0xqdqlprxv lqgluhfw0suhihuhqfh0pd{lpl}dwlrq lv wrr qduurz wr df0

frprgdwh hyhu| sodxvleoh qrwlrq ri ciuhhgrp ri fkrlfh* +ru cglyhuvlw|*,1 Wkxv/ wkh

9



sulqflsdo dlp ri wklv sdshu lv wr jlyh vrph dqdo|wlfdo vxevwdqfh wr wkh iruhjrlqj

vlpsoh lqwxlwlrq= wklv zloo eh dffrpsolvkhg e| zrunlqj rq d ihz frqfuhwh h{dp0
sohv/ qdpho| e| gh�qlqj vrph uhohydqw RUv +dv prwlydwhg lq whupv ri *iuhhgrp

ri fkrlfh* ru cglyhuvlw|*, dqg vkrzlqj wkdw wkh| duh qrw dphqdeoh wr d IEX0

LSP lqwhusuhwdwlrq1 Wkh vhfrqg dlp zloo frqvlvw lq frpsdulqj dqg frqwudvwlqj
wkh RUv xqghu frqvlghudwlrq e| phdqv ri wkh xqfrqwuryhuvldo vhw0frqwdlqphqw

prqrwrqlflw| surshuwlhv lqwurgxfhg deryh= lqghhg/ vxfk d vlpsoh vhw ri surs0
huwlhv zloo suryh wr eh vwurqj hqrxjk wr holflw d ihz vljql�fdqw sdwwhuqv ri wkh

uhohydqw RUv1

Ohw xv vwduw zlwk wkh iroorzlqj=

Uhpdun : Wkh ehkdylrxu ri IEX � LSP RUv dqg uljlg LSP RUv z1u1w1
wkh iruhjrlqj surshuwlhv pxvw eh frqvlghuhg khuh iru wkh vdnh ri frpsdulvrqv1
Lqghhg/ d S0IEI0LSP RU fohduo| vdwlv�hv SU>ZP>VH>dqg lwv edvlf suhihu0
hqwldo frqwhqw dprxqwv wr

W
)5S )> exw qhlwkhu ZVL qru ZSH qhhg eh �lq

jhqhudo�vdwlv�hg +uhfdoo wkdw suhihuhqfhv lq S pd| eh zlgho| glyhuvh/ dqg pd|
lqfoxgh vhyhudo pd{lpd,1 Dq LSP RU vdwlv�hv SU>ZP>VH>zkloh wkhlu uljlg
suhihuhqwldo frqwhqw reylrxvo| fruuhvsrqgv wr wkh xqghuo|lqj +xqltxh, wrwdo suhi0
huhqfh suhrughu ) rq [= djdlq/ qhlwkhu ZVL qru ZSH qhhg lq jhqhudo krog
wuxh/ ehfdxvh wkh fdvh ri vhyhudo pd{lpd lv wr eh wdnhq lqwr dffrxqw1Li/ krz0
hyhu/ wkh xqghuo|lqj ) lv d olqhdu rughu +l1h1 d wrwdo dqwlv|pphwulf wudqvlwlyh
uhodwlrq, wkhq ZSL +mxvw wdnh [ 3 @ [q

�
pd{) [

�
,dqg SH duh dovr vdwlv�hg1

Dw wkh rwkhu h{wuhph/ lw lv dovr zruwkzkloh wr frqvlghu wkh frqwdlqphqw srvhw
+S +[,>�, = fohduo| hqrxjk/ lw vdwlv�hv SU>ZP>SL> SH>zkloh lwv uljlg suhihu0
hqwldo frqwhqw uhgxfhv� wulyldoo|� wr wkh gldjrqdo i+{> |, = {> | 5 [> dqg { @ |j =

Pruhryhu/ ��@�/ khqfh wkh grplqdqfh uhodwlrq ��lv wudqvlwlyh +zh vkdoo vhh
ehorz wkh vljql�fdqfh ri wklv idfw zlwk uhvshfw wr c h{lelolw|* frqvlghudwlrqv,1

Lq rxu uhylhz ri RUv prwlydwhg lq whupv ri ciuhhgrp ri fkrlfh*/ zh vwduw iurp

RUv wkdw dulvh lq d qdwxudo zd| zkhqhyhu d, doo wkh dowhuqdwlyhv duh +srwhqwldoo|,
cjrrg* 0ru cqrw edg*0 dv lpsolhg e| wkh dffhswdqfh sulqflsoh iru [ phqwlrqhg

deryh/ exw e, wkhlu xowlpdwh vljql�fdqfh ghshqgv rq d wkuhvkrog h�hfw vr wkdw

hlwkhu hdfk dowhuqdwlyh lv d vljql�fdqw rssruwxqlw| ru qrqh ri wkhp lv dffruglqj
wr wkh orfdwlrq ri wkh phqx z1u1w1 wkh plqlpxp vwdqgdug + l1h1 cderyh* ru

cehorz* wkh vwdqgdug,1 Wkrvh uhtxluhphqwv � zklfk dprxqw wr wkh lqwurgxfwlrq

ri vrph vruw ri �iuhhgrp0sryhuw| olqh��fdq dovr eh uhjdughg dv dq dwwhpsw wr
dffrpprgdwh wkh zlghvsuhdg wuhdwphqw ri �iuhhgrp� dv d c|hv0ru0qr* frqfhsw

zkloh lqvlvwlqj rq wkh lghd ri pdq| ghjuhhv ri iuhhgrp1 Zh vkdoo uho| rq wkh
iroorzlqj qrwlrq=

Gh�qlwlrq ; +Rughu �owhu ri d suhrughuhg vhw,1 Ohw +\>), eh d suhrughuhg
vhw1Dq rughu �owhu ri +\>), lv d qrq0hpsw| vhw ] � \ vxfk wkdw iru dq| {> | /
{ 5 ] dqg | ) { hqwdlo | 5 ]1

Qrwdwlrq < Ohw +\>), d suhrughuhg vhw1 Zh ghqrwh e| x+\>), wkh vhw ri doo
rughu �owhuv ri +\>),=

:



Wkh iroorzlqj vshfldol}dwlrq ri wkh suhylrxv gh�qlwlrq zloo dovr eh xvhg lq

wkh vhtxho=

Gh�qlwlrq 43 +Sulqflsdo rughu �owhu ri d suhrughuhg vhw , Ohw +\>), eh d
suhrughuhg vhw1 D sulqflsdo rughu �owhu ri +\>), lv d vhw ] � \ vxfk wkdw
] @ i{ 5 \ = { ) |j iru vrph | 5 \=

Uhpdun 44 Iru dq| rughu �owhu I ri d ilqlwh suhrughuhg vhw +\>(, wkhuh h{lvwv
d �qlwh vhw J+I , @ ij4> ==> jnj � \ �wkh vhw ri jhqhudwruv ri I�vxfk wkdw

l,I @
Vn

l@4 i} 5 \ = } ( jlj dqg ll, qrw jl ( jm iru dq| l> m 5 i4> ==> nj / l 9@ m=Li
+\>(, @ +S +[,>�, wkhq hdfk jhqhudwru jl ri dq rughu �owhu I lv d vhw= wkhq/
zh vkdoo ghqrwh e| Ju+I , wkh vhw ri jhqhudwruv ri I kdylqj fduglqdolw| u=

Wkh qrwlrq ri dq rughu �owhu hqdeohv xv wr irupxodwh lq d qdwxudo zd| d
vshfldo w|sh ri rssruwxqlw| udqnlqj wkdw hperglhv uhtxluhphqwv d, dqg e, iru

rssruwxqlw| udqnlqjv dv phqwlrqhg deryh +vhh Vxsshv+4<;:,/ Jhnnhu+4<<<, iru

wzr hduolhu sursrvdo ri vlplodu RUv/ dqg Ydqqxffl+4<<<, iru d idluo| ghwdlohg
dqdo|vlv,1 Wklv lv pdgh suhflvh e| wkh iroorzlqj gh�qlwlrqv =

Gh�qlwlrq 45 +Ilowudo rssruwxqlw| udqnlqjv , D �owudo rssruwxqlw| udqnlqj

+IRU, lv d elqdu| uhodwlrq +S +[,>?, vxfk wkdw iru vrph suhrughuhg vhw +S +[,>)
,/ dqg vrph rughu �owhu I 5 x+S +[,>), = iru dq| D>E � [/ D ? E li dqg
rqo| li hlwkhu D ) E ru E @5 I

Gh�qlwlrq 46 +Vhw0�owudo rssruwxqlw| udqnlqj, D vhw0�owudo rssruwxqlw| udqn0

lqj +VIRU, lv d IRU zlwk rughu �owhu I 5 x+S +[,>�,=

Lq zrugv/ VIRUv uhsolfdwh wkh vhw0frqwdlqphqw sduwldo rughu/ h{fhsw wkdw wkh

hpsw| vhw dqg wkrvh rssruwxqlw| vhwv zklfk gr qrw phhw wkh plqlpdo vwdqgdug

hperglhg e| rughu �owhu I duh uhjdughg dv +sdluzlvh, lqgl�huhqw1

Qrwdwlrq 47 D IRU zlwk rughu �owhu I zloo dovr eh ghqrwhg e| +S +[,>?I ,=

Zkdw duh wkhq wkh ciuhhgrp ri fkrlfh* surshuwlhv/ dqg zkdw wkh csuhihuhqwldo*

dqg c h{lelolw|* frqwhqwv ri d VIRUB Wklv txhvwlrq lv dqvzhuhg e| wkh iroorzlqj

sursrvlwlrq=

Sursrvlwlrq 48 Ohw +S +[,>?I , eh d VIRU zlwk rughu �owhu I 5 x+S +[,>�,=

Wkhq/
l, +S +[,>?I , vdwlv�hv SU>ZP>VL>ZSL>ZSH exw qrw SL ru VH xqohvv

I � S +[,q i>j l1h1 +S +[,>?I , @ +S +[,>�, lq zklfk fdvh lw dovr fohduo|
vdwlv�hv erwk SL dqg SH>

ll, +S +[,>?�I , � +S +[,>?I , dqg wkh ?I �lqgxfhg grplqdqfh uhodwlrq
+S +[,>?�I , lv d IEX � LSP l� I @ S +[, l1h1 +S +[,>?I , @ +S +[,>�, >

lll, li J4+I , 9@ > wkhq
(?I

@
�
+|> }, 5 [ �[ = | @ } ru | 5 J4+I , dqg } @5 J4+I ,

�
dqg

"?I@
�
+|> }, 5 [ �[ = | 5 J4+I , / } @5 J4+I +,

�
>

li J4+I , @ > wkhq (?I@ [ �[ dqg "?I
@ > 1

;



Uhpdun 49 Lw vkrxog eh qrwlfhg wkdw iru dq| I 5 x+S +[,>�, / ?�I� ?I 1
Lqghhg/ ohw D ?�I E=Wkhq/ hlwkhu D � D^E l1h1D � E / ru D^E @5 I +zkhqfh
E @5 I ,= lq hlwkhu fdvh/ lw iroorzv wkdw D ?I E=

Fruroodu| 4: Ohw +S +[,>?I , eh d VIRU zlwk rughu �owhu I= Wkhq +S +[,>?I ,

lv d �{hg0edvh xqdqlprxv LSP RU l� I @ S +[,>l1h1+S +[,>?I , @ +S +[,>�,=

Surri1 Vwudljkwiruzdug iurp wkh iruhjrlqj Sursrvlwlrq dqg Uhpdun / e|

qrwlflqj wkdw +S +[,>?�
S +[,

, @ +S +[,>?S +[,,= �

Wkh iruhjrlqj Sursrvlwlrq dqg Fruroodu| hvwdeolvk wkdw vhw0�owudo RUv sur0

ylgh d �uvw fodvv ri h{dpsohv ri sodxvleoh udqnlqjv ri rssruwxqlw| vhwv lq whupv ri
ciuhhgrp ri fkrlfh* zklfk fdqqrw srvvleo| eh lqwhusuhwhg dv �{hg0edvh xqdqlprxv

LSP RUv/ h{fhsw iru wkh wulyldo fdvh zkhuh I @ S +[, l1h1 zkhq +S +[,>?I@

+S +[,>�,= Rq wkh rwkhu kdqg/ rxu Fodlp 5 deryh hqwdlov wkdw VIRUv duh uhs0
uhvhqwdeoh lq whupv ri jhqhudo c h{lelolw|* zlwk uhvshfw wr d frqwh{w0ghshqghqw

vhw ri wrwdo suhihuhqfh suhrughuv1 Rqh srvvleoh c h{lelolw|* lqwhusuhwdwlrq z1u1w1
S +[,� S +[,0lqgh{hg wrwdo suhrughuv lv dv iroorzv= iru dq| rughu �owhu I / dqg

D>E � [ gh�qh

iI +D>E, @

;?
=
�
+�+{>�l{,

> +D>E,, = { 5 D ^E> �l
{5 F+[q i{j,

�
li D 9@ E dqg iD>Ej _ I 9@ >/ dqg

> li hlwkhu D @ E ru iD>Ej _ I @ >

<@
>

zkhuh iru dq| |> } 5 [/ dqg �l
{5 F+[q i{j,> | �+{>�l

{,
} l� hlwkhu | @ {

ru | �l
{ }1 Lw lv hdvlo| fkhfnhg wkdw wkh uhvwulfwlrq ri iI wr +S +[,� I ,

V
+I �

S +[,,q i+D>E, 5 S +[,� S +[, = D @ Ej lv dq lqmhfwlrq1

Wkhq/ gh�qh ^iI +D>E,`4 @ i�5 F+[, = +�> +D>E,, 5 iI +D>E,j/ dqg srvlw

y+iI +D>E,, @

;AAAAAAAAAAAAAAA?
AAAAAAAAAAAAAAA=

4 li ^+pd{�
+{>�l{,

D �+{>�l
{,

pd{�
+{>�l{,

E,

iru doo �+{>�l
{,
5 ^iI +D>E,`4 9@ >

dqg qrw+pd{�
+{>�l{,

E �+{>�l
{,

pd{�
+{>�l{,

D,

iru vrph �+{>�l
{,
5 ^iI +D>E,`4 9@ >`

�4 li ^+pd{�+{>�l{,
E �+{>�l

{,
pd{�+{>�l{,

D,

iru doo �+{>�l
{,
5 ^iI +D>E,`4 9@ >

dqg qrw+pd{�
+{>�l{,

D �+{>�l
{,

pd{�
+{>�l{,

E,

iru vrph �+{>�l
{,
5 ^iI +D>E,`4 9@ >`

3 li iI +D>E, @ > dqg

xqgh�qhg rwkhuzlvh

<AAAAAAAAAAAAAAA@
AAAAAAAAAAAAAAA>

=

Lw lv wkhq hdvlo| fkhfnhg wkdw iru dq| D>E � [/ y+iI +D>E,, � 3 l� D ?I E=

Lw vkrxog eh hpskdvl}hg wkdw wkh iruhjrlqj c h{lelolw|* uhsuhvhqwdwlrq ri

VIRUv uhwdlqv wkh LSP fulwhulrq zkloh xvlqj yduldeoh frqwh{w0ghshqghqw +qrq0
vlqjohwrq, vhwv ri wrwdo suhihuhqfh suhrughuv1 Lw vkrxog dovr eh uhpdunhg wkdw

vhw0�owudo RUv shuirup uhdvrqdeo| zhoo zlwk uhvshfw wr lpsurydelolw| surshuwlhv/

dqg ohvv vr zlwk uhvshfw wr hvvhqwldolw| surshuwlhv1
Ohw xv wxuq qrz wr d wrwdo h{whqvlrq ri d vhw0�owudo rssruwxqlw| udqnlqj dv

�uvw lqwurgxfhg dqg glvfxvvhg � lq d vshfldol}hg yhuvlrq� e| Vxsshv+4<;:,=

<



Gh�qlwlrq 4; +Wrwdo vhw0�owudo rssruwxqlw| udqnlqj, D wrwdo vhw0�owudo rssru0

wxqlw| udqnlqj zlwk rughu �owhu I lv d elqdu| uhodwlrq +S +[,>?w
I , vxfk wkdw iru

dq| D>E � [ = D ?wI E li dqg rqo| li hlwkhu D 5 I ru E @5 I=

Sursrvlwlrq 4< Ohw +S +[,>?w
I , eh d wrwdo VIRU zlwk rughu �owhu I dv gh�qhg

deryh1 Wkhq/
l, ?I lv lqghhg d wrwdo suhrughu wkdw vdwlv�hv ZP / exw qhlwkhu SL qru SH1

Dovr/ ?w
I vdwlv�hv ZVL> ZSL>dqg ZSH l� &J&[�4+I , ? &[> VL l� I @

i[j > ZVH l� I 9@ S +[,/ ZSH l� I lv vxfk wkdw pd{ iu = Ju+I , 9@ >j �

&[ � 4/ VH l� I @ S +[,q i>j >

ll, ?�wI �?
w
I > dqg +S +[,>?�wI , lv qrw d �{hg0edvh xqdqlprxv LSP RU >

lll,(?w
I
@
�
+{> |, 5 [ �[ = { 5 J4+I , ru | @5 J4+I ,

�
> khqfh

"?w
I
@
�
+{> |, 5 [ �[ = { 5 J4+I , dqg | @5 J4+I ,

�
1

Wkxv/ wrwdo vhw0�owudo RUv surylgh d vhfrqg h{dpsoh ri d fodvv ri ciuhhgrp

ri fkrlfh*0prwlydwhg RUv zklfk duh jhqhudoo| qrw dphqdeoh wr d �{hg0edvh0

xqdqlprxv LSP lqwhusuhwdwlrq1 Pruhryhu/ wrwdo vhw0�owudo RUv shuirup txlwh
srruo| zlwk uhvshfw wr erwk lpsurydelolw| dqg hvvhqwldolw| surshuwlhv1

Uhpdun 53 Djdlq/ d yduldeoh0edvh xqdqlprxv LSP uhsuhvhqwdwlrq ri d wrwdo
VIRU +S +[,>?w

I , pd| eh surylghg dorqj wkh iroorzlqj olqhv1 Iru dq| D>E � [

/ gh�qh=

i wI +D>E, @

;AAAAAA?
AAAAAA=

�
+�[qE � �E,

�
iru vrph �[qE5 F+[qE,>�E5 F+E,

li D 5 I dqg E @5 I�
+�[qD � �D,

�
iru vrph �[qD5 F+[qD,>�D5 F+D,

li E 5 I dqg D @5 I

i^[>�` j li iD>Ej � I

> li iD>Ej _ I @ >

<AAAAAA@
AAAAAA>

zkhuh ^[>�` ghqrwhv wkh xqlyhuvdoo| lqgl�huhqw suhrughu l1h1 �@ [ � [>

dqg � ghqrwhv wkh ruglqdo ru olqhdu vxp iru suhrughuv1
Wkhq/ srvlw

y+i wI +D>E,, @

;AAAAAA?
AAAAAA=

4 li pd{( D ( pd{( E iru doo (5 i wI +D>E, dqg

qrw+pd{( E ( pd{( D iru doo (5 i wI +D>E,

�4 li pd{( E ( pd{( D iru doo (5 i wI +D>E, dqg

qrw+pd{? D ? pd{? E iru doo (5 i wI +D>E,

3 li pd{( D ( pd{( E iru doo (5 i wI +D>E, dqg

pd{( E ( pd{( D iru doo (5 i wI +D>E,

<AAAAAA@
AAAAAA>
=

Lw iroorzv iurp wkh iruhjrlqj gh�qlwlrqv wkdw iru dq| D>E � [/ y+i wI +D>E,, �

3 l� D ?w
I E=

Qh{w/ ohw xv frqvlghu iru wkh vdnh ri frpsdulvrqv wkh fduglqdolw|0edvhg +wrwdo,

rssruwxqlw| udqnlqj dv gh�qhg ehorz=

Gh�qlwlrq 54 +Fduglqdolw|0edvhg rssruwxqlw| udqnlqj, Wkh fduglqdolw|0edvhg
RU +S +[,>?F, lv gh�qhg e| wkh iroorzlqj uxoh= iru dq| D>E � [> D ?& E

l� &D � &E 1
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Fodlp 55 Ohw +S +[,>?&, wkh fduglqdolw|0 edvhg RU1 Wkhq/
l, +S +[,>?&, lv d wrwdo suhrughu dqg vdwlv�hv ZP>SL> SH>
ll, +S +[,>?&, @ +S +[,>�, lv d �{hg0edvh xqdqlprxv LSP RU >
lll, (?&

@ [ �[ / dqg "?&
@ > 1

Khqfh/ dv phqwlrqhg deryh/ wkh fduglqdolw|0edvhg RU lv shuihfwo| zhoo0ehkdyhg
zlwk uhvshfw wr rxu lpsurydelolw| dqg hvvhqwldolw| surshuwlhv/ lv ghyrlg ri qrq0

wulyldo uljlg suhihuhqwldo frqwhqw/ dqg lwv grplqdqfh vxeuhodwlrq lv dphqdeoh wr
d �{hg0edvh0xqdqlprxv LSP lqwhusuhwdwlrq1

Zh surfhhg qrz wr frqvlghu d vrphzkdw k|eulg fodvv ri rssruwxqlw| udqn0

lqjv/ zkhuh wkh xvxdo prwlydwlrq lq whupv ri ciuhhgrp ri fkrlfh* lv ixuwkhu txdo0
l�hg e| frqvlghudwlrqv frqfhuqlqj rxwfrph0udqjh +ru cglyhuvlw|*,1 Wklv pryh

uhtxluhv/ krzhyhu/ vrph uhihuhqfh wr wkh xqghuo|lqj vwuxfwxuh ri [ 1 Prvw w|sl0

fdoo|/ d phwulf rq [ lv lqyrnhg+vhh h1j1 Nohplvfk0Dkohuw+4<<6, zkr zrunv zlwk d
Hxfolghdq rxwfrph vsdfh,1 Khuh/ zh sxuvxh d txlwh gl�huhqw urxwh wr glyhuvlw|0

prghoolqj/ qdpho| zh vlpso| uhtxluh wkh rxwfrph vhw wr eh d sduwldoo| rughuhg
vhw ru srvhw +[>�, +l1h1 � lv d wudqvlwlyh/ uh h{lyh/ dqwlv|pphwulf elqdu| uhod0

wlrq rq [,1 Zh duh qrw jrlqj wr sxvk iruzdug dq| sduwlfxodu lqwhusuhwdwlrq ri

+[>�,/ exw � fohduo| hqrxjk� / vxfk d srvhw lv phdqw wr uhsuhvhqw d csk|vlfdo*
dv rssrvhg wr d csuhihuhqwldo* vwuxfwxuh + h1j1 wklqn ri [ dv d vhw ri srlqwv lq d

pxowldwwulexwh vsdfh zkhuh dwwulexwh0ydoxhv duh fkdlqv/ � lv wkh phhw ri wkrvh

fkdlqv/ dqg +dw ohdvw, vrph ri wkh uhohydqw suhihuhqfhv h{klelw qrq �0h{wuhpdo
eolvv srlqwv lq [/ khqfh duh qrw �0prqrwrqlf,1 Lw lv hdvlo| fkhfnhg wkdw d srvhw

vwuxfwxuh lv lqghhg ulfk hqrxjk wr vxssruw vrph vljql�fdqw qrwlrqv ri rxwfrph0
glyhuvlw| dv pdgh suhflvh e| wkh iroorzlqj gh�qlwlrqv=

Gh�qlwlrq 56 +Frqyh{ kxoov lq d srvhw,1 Ohw +[>�, eh d srvhw= Pruhryhu/ iru
dq| {> | 5 [ ohw xv gh�qh

^{> |` @ pd{� ii} 5 [ = { � | � }j > i} 5 [ = | � } � {j > i{> |jj =

Wkhq/ iru dq| D � [ wkh frqyh{ kxoo fr�+D, ri D z1u1w1 � lv gh�qhg e| wkh
iroorzlqj uxoh =

fr�+D, @
W
iE � [ = E � D dqg E � ^{> |` iru dq| {> | 5 Ej =

Qrwdwlrq 57 Zh srvlw Fr+[>�, @ iD � [ = D @ fr�+E, iru vrph E � [j1
Pruhryhu/ iru dq| D � [ zh ghqrwh wkh vhw ri � �h{wuhph srlqwv ri D e|
H�+D, @ H

.
�+D,^ H

�
�+D, zkhuh

H
.
�+D, @ i{ 5 D = | A { iru qr | 5 D j

H
�
�+D, @ i{ 5 D = { A | iru qr | 5 Dj =

Gh�qlwlrq 58 +Frqyh{0kxoo0edvhg rssruwxqlw| udqnlqj,1 Ohw +[>�, eh d srvhw1
Wkhq/ wkh frqyh{0kxoo0edvhg RU �ru � �frqyh{ RU�+S +[,>?fr�, lv gh�qhg
e| wkh iroorzlqj uxoh = iru dq| D>E � [ /

D ?fr� E l� fr�+D, � fr�+E,=

D vhw0�owudo yhuvlrq ri frqyh{0kxoo0edvhg rssruwxqlw| udqnlqjv pd| dovr eh
gh�qhg/ qdpho|=
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Gh�qlwlrq 59 +Frqyh{0kxoo0edvhg vhw0�owudo rssruwxqlw| udqnlqj, Ohw +[>�,

d srvhw/ dqg I dq rughu �owhu ri +Fr+[>�,>�,=Wkhq/ wkh frqyh{0kxoo0edvhg
vhw0�owudo RU +S +[,>?+fr�>I ,,zlwk rughu �owhu I +ru vhw� ilowudo � �frqyh{

RU� lv gh�qhg dv iroorzv= iru dq| D>E � [/ D ?+fr�>I , E l� hlwkhu fr�+D, �
fr�+E, ru fr�E @5 I=

Wkh uhohydqw prqrwrqlflw| dqg  h{lelolw| surshuwlhv ri +S +[,>?fr�, dqg

+S +[,>?+fr�>I ,, duh vxppdul}hg e| wkh iroorzlqj sursrvlwlrqv=

Sursrvlwlrq 5: Ohw +[>�, eh d +�qlwh, srvhw / dqg +S +[,>?fr�, wkh � �frqyh{
RU1 Wkhq/

l, +S +[,>?fr�, vdwlv�hv SU>ZP>ZSL> SH exw qrw VL zkhqhyhu +[>�,

lqfoxghv d fkdlq ri vl}h v � 6>
ll, ?�fr�@?fr� > dqg +S +[,>?�fr�, lv d il{hg � edvh � xqdqlprxv LSP

RU >
lll,(?fr�

@ i+{> |, 5 [ �[ = { @ |j > khqfh "?fr�
@ > 1

Wkxv/ d �0frqyh{ RU vkduhv d frqvlghudeoh dprxqw ri cqlfh* prqrwrqlflw|
surshuwlhv zlwk wkh vhw0frqwdlqphqw srvhw/ lv ghyrlg ri dq| qrq0wulyldo uljlg

suhihuhqwldo frqwhqw dqg lv dphqdeoh wr d �{hg0edvh0 h{leoh LSP lqwhusuhwdwlrq1
Khqfh/ �0frqyh{ RUv duh lq wkdw uhvshfw d uhpdundeoh h{fhswlrq dprqj wkh

ciuhhgrp ri fkrlfh*0RUv zh frqvlghu lq wklv sdshu1 Wkrvh vrphkrz cglvwlqfwlyh*

surshuwlhv duh krzhyhu lpphgldwho| orvw li zh pryh wr d c�owudo* yhuvlrq ri �0
frqyh{ RUv1

Sursrvlwlrq 5; Ohw +[>�, eh d +�qlwh, srvhw/ dqg +S +[,>?+fr�>I ,, wkh vhw�
ilowudo � �frqyh{ RU zlwk rughu �owhu I= Wkhq/

l, +S +[,>?+fr�>I ,, vdwlv�hv SU>ZP>ZSL>ZSH > VL krogv l� +[>�,

grhv qrw lqfoxgh d fkdlq ri vl}h v � 6> SL krogv l� + +[>�, grhv qrw lqfoxgh
d fkdlq ri vl}h v � 6 dqg wkhuh h{lvwv { 5 [ vxfk wkdw i{j 5 I ,> VH krogv
l� I � ii{j = { 5 Ij> SH krogv l� I � ii{j = { 5 [j dqg +[>�, grhv qrw
lqfoxgh d fkdlq ri vl}h v � 6>

ll, ?�
+fr�>I ,

�?+fr�>I ,> dqg +S +[,>?+fr�>I ,, lv qrw d il{hg�edvh xqdqlprxv

LSP RU li wkhuh h{lvw D>E>F � [ vxfk wkdw fr�+D, . fr�+F,> fr�+D^E, @5

I> fr�+E ^ F, @5 I dqg fr�+D ^ F, 5 I >
lll, (?+fr�>I ,

@ i+{> |, 5 [ �[ = { @ | ru i|j @5 Ij khqfh

"?+fr�>I ,
@ i+{> |, 5 [ �[ = i{j 5 I dqg i|j @5 Ij =

Uhpdun 5< Iru dq| rughu �owhu I 5 x+S +[,>�, d +frqwh{w0ghshqghqw, yduldeoh0
edvh xqdqlprxv LSP uhsuhvhqwdwlrq ri +S +[,>?+fr�>I ,, pd| eh gh�qhg dorqj
wkh vdph olqhv dv iru +S +[,>?I ,/ surylghg wkdw D ^E lv frqvlvwhqwo| uhsodfhg
zlwk H? +D ^E, lq wkh uhohydqw gh�qlwlrqv1

D wrwdo RU edvhg rq dqrwkhu rughu0wkhruhwlf qrwlrq ri rxwfrph0glyhuvlw| fdq

eh gh�qhg dv iroorzv=
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Gh�qlwlrq 63 +Zlgwk0edvhg rssruwxqlw| udqnlqj,1 Ohw +[>�, eh d srvhw1
Wkhq/ wkh � �zlgwk0edvhg RU +S +[,>?z+�,, lv gh�qhg dv iroorzv= iru dq|
D>E � [/ D ?z+�, E l� z+�,+D, A z+�,+E, +zkhuh iru dq| F � [/

z+�,+F, @ pd{G�F i& iG = { � | dqg | � { iru dq| {> | 5 G vxfk wkdw { 9@ |jj,=

Uhpdun 64 Lw vkrxog eh hpskdvl}hg wkdw li +[>�, lv dq dqwlfkdlq ru htxlyd0
ohqwo| �@ i+{> |, 5 [ = { @ |j > wkhq iru dq| D � [ / z+�,+D, @ &D khqfh
+S +[,>?z+�,, @ +S +[,>?&,=

Sursrvlwlrq 65 Ohw +[>�, eh d srvhw/ dqg +S +[,>?z+�,, wkh � �zlgwk0edvhg

RU1 Wkhq/
l, +S +[,>?z+�,, lv d wrwdo suhrughu wkdw vdwlv�hv ZP dqg VH> ZVL>ZSL

dqg ZSH krog l� +[>�, kdv d xqltxh dqwlfkdlq D� ri pd{lpxp vl}h > VL> SL
dqg SH krog l� +[>�, lv dq dqwlfkdlq +l1h1 zkhq +S +[,>?z+�,, @ +S +[,>?&,>

ll, ?�
z+�,�?z+�,dqg +S +[,>?�

z+�,, lv d il{hg� edvh � xqdqlprxv LSP

RU li +[>�, lv d fkdlq ru dq dqwlfkdlq/ exw qhhg qrw eh lq wkh jhqhudo fdvh>
lll, (?z+�,

@ [ �[ khqfh "?z+�,
@ > 1

Uhpdun 66 D yduldeoh0edvh qrq0xqdqlprxv0LSP uhsuhvhqwdwlrq ri +S +[,>?z+�,

, z1u1w1 wr S +[,0lqgh{hg fkdlqv pd| eh gh�qhg dv iroorzv= iru dq| \ � [/
ohw
�
�\4 > ==>�\n+\ ,

�
5 F+\ , eh d plqlpxp0vl}h fkdlq xqlrq ghfrpsrvlwlrq ri

+\>�\ , l1h1 d plqlpxp0fduglqdolw|0vhw ri fkdlqv rq vrph vhwv \l � \ vxfk wkdw

�\@
Vn+\ ,

l@4 �\l+zkhuh �\@� _+\ � \ ,, / dqg srvlw �iru dq| D>E � [ =

i+z+�,,+D>E, @

�
+�D4

� �+[qD4,> D,> ==> +�Dn+D, � �+[qDn+D,,> D,>

+�E4
� �+[qE4,> E,> ==> +�En+E,

� �+[qEn+E,,> E,

�
> zkhuh

�+[qDl,5 F+[qDl,> �+[qEl,5 F+[qEl, dqg � ghqrwhv wkh ruglqdo ru olqhdu
vxp rshudwlrq iru suhrughuv1 Wkhq/ iru dq| D>E � [ ghqrwh

f+D = +D>E,, @ &
�
+�> F, 5 i+z+�,,+D>E, = F @ D

�
@ n+D,>

f+E = +D>E,, @ &
�
+�> F, 5 i+z+�,,+D>E, = F @ E

�
@ n+E, / dqg gh�qh

y+iz+�,+D>E,, @

;?
=

4 li f+D = +D>E,, A f+E = +D>E,

�4 li f+E = +D>E,, A f+D = +D>E,,

3 li f+D = +D>E,, @ f+E = +D>E,,

<@
> =

Qrz/ frqvlghu wkh zhoo0nqrzq Glozruwk ghfrpsrvlwlrq wkhruhp iru srvhwv
zklfk hvwdeolvhv wkdw wkh zlgwk ri d �qlwh srvhw htxdov wkh fduglqdolw| ri lwv
plqlpxp0vl}h fkdlq +xqlrq, ghfrpsrvlwlrq +vhh h1j1 Dqghuvrq+4<;:,,1 Lw lv
wkhq lpphgldwho| fkhfnhg wkdw iru dq| D>E � [/ y+iz+�,+D>E,, � 3 l� D ?z+�,
E=

Wkxv/ lw lv frq�uphg wkdw wkh zlgwk0edvhg RU �zkloh vdwlvi|lqj wkh vhw0

hvvhqwldolw| +VH, surshuw|� lv dovr qrw dphqdeoh lq jhqhudo wr d �{hg0edvh0
xqdqlprxv LSP uhsuhvhqwdwlrq +dqg hperglhv d wulyldo uljlg suhihuhqwldo frq0

whqw,1 Wkh h{fhswlrqv rqo| rffxu lq wulyldo fdvhv/ l1h1 zkhq +[>�, lv d fkdlq

dqg wkh zlgwk0edvhg wrwdo suhrughu froodsvhv wr xqlyhuvdo lqgl�huhqfh/ ru zkhq
+[>�, lv dq dqwlfkdlq dqg wkh zlgwk0edvhg RU uhgxfhv wr wkh fduglqdolw| wrwdo

suhrughu1
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Pruhryhu/ lw vkrxog eh hpskdvl}hg wkdw wkh yduldeoh0edvh  h{leoh uhsuhvhqwd0

wlrq ri +S +[,>(z+�,, zklfk kdv ehhq suhvhqwhg deryh lv qrw ri wkh cxqdqlprxv*
LSP w|sh +dv rssrvhg wr wkh rwkhu yduldeoh0edvh  h{leoh uhsuhvhqwdwlrqv suhyl0

rxvo| frqvlghuhg ,1 Wklv flufxpvwdqfh dssduhqwo| vxjjhvwv wkdw wkh zlgwk0edvhg

RU lv lqghhg txlwh gl�huhqw iurp wkh rwkhu RUv zh kdyh glvfxvvhg lq wkh suhvhqw
sdshu1

6 Uhodwhg olwhudwxuh

Vlqfh wkh irfxv ri wklv sdshu lv rq dowhuqdwlyh udqnlqjv ri rssruwxqlw| vhwv

dffruglqj wr vhyhudo qrwlrqv ri ciuhhgrp ri fkrlfh*/ c h{lelolw|* dqg cglyhuvlw|*�

dqg rq wkh uhodwlrqvklsv dprqj wkhp� wkh dprxqw ri uhodwhg olwhudwxuh lv vlpso|
hqruprxv1 Zh fdq rqo| dwwhpsw wr surylgh d yhu| vxfflqfw uhylhz ri vxfk zrun

lq rughu wr vxevwdqwldwh rxu hduolhu uhpdunv frqfhuqlqj zkdw lv �dqg zkdw lv

qrw� xvxdoo| r�huhg lq wkh suhylrxv olwhudwxuh xqghu wkrvh jhqhudo odehov1
Dv iru ciuhhgrp ri fkrlfh*/ wkh uhohydqw olwhudwxuh rq rssruwxqlw| udqnlqjv

hvvhqwldoo| ruljlqdwhv zlwk Vhq +4<;8/4<;;, dqg Vxsshv +4<;:,1 Lqghhg/ zkloh
Vhq*v vhplqdo frqwulexwlrqv kdyh lqvsluhg wkh zhoo0nqrzq fkdudfwhul}dwlrq ri wkh

fduglqdolw|0edvhg suhrughu gxh wr Sdwwdqdln/[x+4<<3, dqg wkh vxevhtxhqw frq0

wulexwlrqv rq rssruwxqlw| udqnlqjv dv suhylrxvo| glvfxvvhg lq wkh Lqwurgxfwlrq/
Vxsshv*v zrun lv wkh ruljlqdo vrxufh ri d glvwlqfw vwudqg ri olwhudwxuh zklfk lv

pdlqo| irfxvhg rq qxphulfdo +udwlr vfdoh, uhsuhvhqwdwlrqv ri rssruwxqlw| udqn0

lqjv +vhh h1j1 Judyho/Odvolhu/Wudqqr| +4<<;,,1
Wkh olwhudwxuh rq rssruwxqlw| udqnlqjv edvhg xsrq qrwlrqv ri cglyhuvlw|* lv

hyhq pruh vsduvh1 Wkhuh lv lqghhg d zlgh olwhudwxuh rq phdvxuhv ri cglyhuvlw|*
lq sk|vlfv/ elrorj|/ vwdwlvwlfv1 Rqh hduo| dssurdfk rqo| frqfhuqv frppxqlwlhv

zlwk d �{hg qxpehu ri vshflhv/ surfhhgv wr qrupdol}h wkh qxphurvlw| ri wkh

odwwhu lq whupv ri elrpdvv xqlwv/ dqg surylghv d cglyhuvlw|* udqnlqj e| uho|lqj
rq wkh Oruhq} 0ru pdmrul}dwlrq0 sduwldo rughu +vhh h1j1 Vrorprq +4<:<,,1 Pruh

uhfhqwo| rwkhu fodvvhv ri cglyhuvlw|* phdvxuhv �zklfk w|slfdoo| uho| rq d vxlwdeoh

phwulf dv gh�qhg rq wkh xqghuo|lqj rxwfrph vsdfh0 kdyh ehhq lqwurgxfhg lq
hqylurqphqwdo hfrqrplfv1 Lq sduwlfxodu/ Zhlw}pdq +4<<5, dqg Vrorz/ Srodvn|/

Eurdgxv +4<<6, kdyh uhfhqwo| sursrvhg wzr forvho| uhodwhg phwulf0edvhg fodvvhv
ri elrglyhuvlw| phdvxuhv zklfk udqn hfrorjlfdo frppxqlwlhv lq whupv ri qxpehu

ri vshflhv dqg qxphurvlw| ri hdfk ri wkhp1 Lq d pruh devwudfw yhlq/ Ydq Khhv

+4<<<, frqvlghuv vhyhudo uhtxluhphqwv iru phwulf0edvhg cglyhuvlw|* udqnlqjv ri
rssruwxqlw| vhwv dqg surylghv d ihz clpsrvvlelolw|* uhvxowv1

E| frqwudvw/ wkh olwhudwxuh rq c h{lelolw|* kdv d orqj dqg txlwh frpsoh{ wudgl0

wlrq zkrvh urrwv duh prvwo| lq hfrqrplf wkhru|1 D vshfldo hpskdvlv rq wkh uroh
ri suhihuhqfh iru  h{lelolw| dv uhyhdohg e| rswlrq ydoxhv �xqghu wkh odeho cvshfx0

odwlyh oltxlglw| suhihuhqfh*� pd| eh gdwhg edfn dw ohdvw wr Nh|qhv1 Wkh qrwlrq
ri suhihuhqfh iru  h{lelolw| zdv vxevhtxhqwo| wdnhq xs dqg ghyhorshg zlwklq
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vhyhudo gl�huhqw prghov e| Pduvfkdn +4<6;,/ Kduw +4<75,/ Pduvfkdn/Qhovrq

+4<95,/ Nrrspdqv +4<97,/ Nuhsv +4<:</ 4<<5,/ Mrqhv/Rvwur| +4<;7, dprqj rwk0
huv1 Pruhryhu/ wkh qrwlrq ri c h{lelolw|* lv dujxdeo| forvho| uhodwhg wr h{lvwhqfh

ri dpeljxlw| dqg luuhyhuvlelolw|1 Lqghhg/ lqwhuwhpsrudo  h{lelolw| hqfrpsdvvhv

wkh qrwlrq wkdw d jrrg fxuuhqw ghflvlrq lv vrphwlphv d fkrlfh zklfk shuplwv
jrrg odwhu uhvsrqvhv wr odwhu revhuydwlrqv + vhh h1j1 Duurz/Ilvkhu +4<:7,/ Khqu|

+4<:7, iru hduo| ghyhorsphqwv ri wkrvh lghdv lq wkh frqwh{w ri hqylurqphqwdo
hfrqrplfv/ dqg Slqg|fn +4<<4, iru ixuwkhu uh�qhphqwv dqg dssolfdwlrqv zlwklq

vwdqgdug prghov ri lqyhvwphqw ghflvlrqv,1

Wkh �uvw ixoo0 hgjhg d{lrpdwl}dwlrq ri d c h{lelolw|*0prwlydwhg +wrwdo, rs0
sruwxqlw| suhrughu lv krzhyhu gxh wr Nuhsv +4<:<,/ zkr exlogv xsrq Nrrspdqv

+4<97,1 Wkh edvlf lghd lv wkdw li dq djhqw lv xqfhuwdlq derxw khu ixwxuh suhi0

huhqfhv wkhq vkh h{klelwv d suhihuhqfh iru  h{lelolw|/ zklfk fdq eh uhsuhvhqwhg
e| d vwdwh0ghshqghqw xwlolw| ixqfwlrq1 Wkxv/ hdfk vwdwh ru uhohydqw frqwlqjhqf|

cdfwlydwhv*+lqghhg/ fruuhvsrqgv wr, rqh uhohydqw wrwdo suhihuhqfh suhrughu = dq
rssruwxqlw| vhw D lv udqnhg deryh dqrwkhu rqh �vd|/ E� li dqg rqo| li dw dq|

vwdwh +l1h1 dffruglqj wr hdfk uhohydqw suhihuhqfh suhrughu, lwv orfdo pd{lpd duh

qrw zruvh wkdq E*v/ dqg wkhuh h{lvwv d vwdwh v� vxfk wkdw wkh orfdo pd{lpd ri D
duh vwulfwo| ehwwhu wkdq E*v1 Fohduo| hqrxjk/ doo wklv dprxqwv wr d grplqdqfh�

ru xqdqlplw|� sulqflsoh zlwk uhvshfw wr wkh vwdwh vsdfh0lqgh{hg vhw ri uhohydqw

wrwdo suhihuhqfh suhrughuv= Nuhsv*v wrwdo rssruwxqlw| suhrughu lv mxvw dq h{whq0
vlrq ri vxfk d grplqdqfh sduwldo suhrughu1 Pruhryhu/ Nuhsv +4<<5, dgydqfhv

wkh lghd wkdw wklv prgho ri csuhihuhqfh iru  h{lelolw|* lv ehvw vxlwhg wr wkh fdvh
zkhuh wkh vwdwh0vsdfh fruuhvsrqgv wr wkh vhw ri frqwlqjhqflhv wkh djhqw lv deoh

wr h{solflwo| iruhvhh/ zkloh ehlqj dw wkh vdph wlph shuihfwo| dzduh wkdw wkhuh

duh pruh �xqiruhvhhq� uhohydqw frqwlqjhqflhv1 Qhkulqj +4<<<, ixuwkhu ghyho0
rsv Nuhsv*v dssurdfk zlwklq d ixoo0 hgjhg Vdydjh0vw|oh iudphzrun/ zkloh Duohjl

+4<<<, surylghv dq dowhuqdwlyh fkdudfwhul}dwlrq ri Nuhsv*v c h{lelolw|*0prwlydwhg

wrwdo rssruwxqlw| suhrughu/ uho|lqj rq wkh qrwlrq ri frqvlvwhqf| zlwk uhvshfw
wr d vlqjoh dv|pphwulf suhihuhqfh uhodwlrq rq [1 Duurz +4<<8, � zkloh grzq0

sod|lqj wkh vljql�fdqfh ri dq d{lrpdwlf dssurdfk wr csuhihuhqfh iru  h{lelolw|*�
grhv lqghhg htxdwh ciuhhgrp ri fkrlfh* wr c h{lelolw|* dqg hqgruvhv dq dphqghg

yhuvlrq ri Nuhsv*v vwdwh0ghshqghqw lqgluhfw0suhihuhqfh0pd{lpl}dwlrq prgho= e|

lpsrvlqj d suredelolw| vsdfh vwuxfwxuh rq wkh vwdwh vsdfh/ kh gh�qhv dq h{0
shfwhg lqgluhfw xwlolw| lqgh{ zklfk h{whqgv Nuhsv*v grplqdqfh sduwldo suhrughu

dv ghvfulehg deryh1

Sxuvxlqj dqrwkhu olqh ri uhdvrqlqj zklfk ghqlhv h{foxvlyh surplqhqfh wr
ixwxuh frqwlqjhqw xwlolwlhv/ pdq| dxwkruv kdyh uhdfkhg d frqvlghudeoh ghjuhh ri

frqvhqvxv rq wkh qrwlrq wkdw ciuhhgrp ri fkrlfh*0prwlydwhg rssruwxqlw| udqnlqjv
fdq�dqg vkrxog� eh uhsuhvhqwhg lq whupv ri lqgluhfw suhihuhqfh pd{lpl}dwlrq

zlwk uhihuhqfh wr d vhw ri srvvleoh ru sodxvleoh suhihuhqfh suhrughuv rq [ +vhh

h1j1 Mrqhv/Vxjghq+4<;5,/ Irvwhu +4<<6,/ Sdwwdqdln/[x+4<<;,/ Vxjghq +4<<;,/
Sxssh +4<<;,,1 Lq sduwlfxodu/ Irvwhu +4<<6, gh�qhv dq rssruwxqlw| udqnlqj lq

whupv ri zkdw kh fdoov ch�hfwlyh iuhhgrp* e| dsso|lqj wkh +xqdqlplw|, grpl0

qdqfh sulqflsoh wr d vxlwdeoh fodvv ri srvvleoh suhihuhqfh suhrughuv rq [= E|
lqwurgxflqj lq d vxlwdeo| jhqhudo zd| wkhlu pxowl0suhihuhqfh dssurdfk wr hydox0

48



dwlqj rssruwxqlwlhv/ Qhkulqj/Sxssh +4<<<, h�hfwlyho| vkrz d wljkw frqqhfwlrq

ehwzhhq wkrvh cxqdqlplw|*0edvhg udqnlqjv dqg c h{lelolw|* udqnlqjv ri wkh vruw
sursrvhg dqg d{lrpdwl}hg e| Nuhsv/ lq wkdw wkh odwwhu uhgxfhv wr d wrwdo h{whq0

vlrq ri wkh iruphu 1 Lq idfw/ wkrvh wzr w|shv ri udqnlqjv gr hvvhqwldoo| frlqflgh

zkhq wkh grpdlq ri rssruwxqlw| vhwv wr eh frqvlghuhg uhgxfhv � dv lqghhg sur0
srvhg e| Qhkulqj/Sxssh +4<<<,� wr wkh vhw ri frqwdlqphqw0frpsdudeoh vxevhwv

ri [= Dv uhshdwhgo| phqwlrqhg deryh lq wkh suhylrxv vhfwlrqv/ vxfk rssruwx0
qlw| udqnlqjv vkduh d khdy| uholdqfh rq wkh fulwhulrq ri xqdqlplw| ri lqgluhfw
suhihuhqfh pd{lpl}dwlrq zlwk uhvshfw wr d �{hg edvh ri suhihuhqfh suhrughuv rq
[1

D �qdo uhpdun frqfhuqlqj h{lvwhqfh ri pxowl0suhihuhqfh uhsuhvhqwdwlrqv ri

dq| RU dv vwdwhg e| rxu suhylrxv Fodlp 5 lv lq rughu khuh1 Gxh wr wkh edvlf dqg

hohphqwdu| qdwxuh ri vxfk d uhvxow/ zh duh lqfolqhg wr wklqn wkdw vrph yhuvlrq ri
lw pljkw zhoo eh douhdg| nqrzq/ shukdsv lq glvjxlvhg irup1 Dv d pdwwhu ri idfw/

zh kdyh qrw ehhq deoh wr wudfh dq| vxfk sursrvlwlrq lq wkh h{wdqw olwhudwxuh1
Wr eh vxuh/ rxu sduwldo hydoxdwlrq ixqfwlrqv dv gh�qhg lq Fodlp 5 dprxqw wr d

sduwldo yhuvlrq ri cfrpsdulvrq ixqfwlrqv* dv lqwurgxfhg lq Gxwwd/ Odvolhu+4<<<,

+ zkhuh wkh| duh sxw wr d txlwh gl�huhqw xvh,1 Pruhryhu/ Fodlp 5 ehduv vrph
uhvhpeodqfh wr wkh zhoo0nqrzq PfJduyh|*v wkhruhp rq wrxuqdphqwv zklfk hv0

wdeolvkhv wkdw iru dq| wrxuqdphqw +l1h1 d txdvl0wrwdo dv|pphwulf elqdu| uhodwlrq,

wkhuh h{lvw d srsxodwlrq ri yrwhuv dqg d sur�oh ri olqhdu suhihuhqfh rughuv vxfk
wkdw wkh jlyhq wrxuqdphqw lv wkh uhvxowlqj pdmrulw| yrwlqj wrxuqdphqw +vhh Pf0

Jduyh|+4<86,,1 Krzhyhu/ lw vkrxog eh hpskdvl}hg wkdw PfJduyh|*v wkhruhp
uhihuv wr suhrughuv dqg wrxuqdphqwv zklfk duh gh�qhg rq wkh vdph vhw/ zkloh

rxu Fodlp 5 hvwdeolvkhv d frqqhfwlrq ehwzhhq suhrughuv rq d vhw dqg elqdu|

uhodwlrqv rq lwv srzhu vhw1

7 Frqfoxglqj uhpdunv

Zkloh whqwdwlyh dqg suholplqdu|/ wkh frpsdudwlyh dqdo|vlv ri ciuhhgrp ri fkrlfh*0

prwlydwhg RUv r�huhg lq wkh suhvhqw sdshu hqdeohv xv wr hvwdeolvk wzr pdlq
srlqwv/ qdpho|=

� Xqdqlprxv lqgluhfw0suhihuhqfh0pd{lpl}dwlrq zlwk uhvshfw wr d �{hg edvh
vhw ri suhihuhqfhv lv wrr qduurz d vshfldol}dwlrq ri wkh jhqhudo qrwlrq ri  h{lelolw|
z1u1w1 d vhw ri suhihuhqfhv wr dffrpprgdwh hyhu| sodxvleoh rssruwxqlw| udqnlqj1

Lq idfw/ li wkh iruhjrlqj olqn ehwzhhq wkh c h{lelolw|* lqwhusuhwdwlrq ri rssruwxqlw|
udqnlqjv dqg xqdqlprxv lqgluhfw0suhihuhqfh0pd{lpl}dwlrq z1u1w1 d �{hg vhw ri

suhihuhqfhv lv uhpryhg/ wkhq vhyhudo qhz lqwhuhvwlqj RUv hphujh1

� Vlplodulwlhv dqg gl�huhqfhv dprqj wkrvh cqhz* dqg xqfrqyhqwlrqdo RUv
duh h�hfwlyho|�li sduwldoo|� holflwhg e| wkh vhw ri xqfrqwuryhuvldo frqwdlqphqw

prqrwrqlflw| surshuwlhv lqwurgxfhg dqg glvfxvvhg deryh dv zhoo dv e| wkhlu edvlf

suhihuhqwldo frqwhqw1 Lq sduwlfxodu/ zh kdyh vkrzq e| h{dpsoh wkdw vrph qrq
IEX0LSP RUv duh lqghhg frqvlvwhqw zlwk wkh LSP0xqdqlplw| sulqflsoh/ exw

uhtxluh d yduldeoh0dqg w|slfdoo| qrq0xqlw0 vhw ri suhihuhqfhv/ zkloh rwkhuv +h1j1
wkh zlgwk0edvhg RUv, pljkw eh lqfrqvlvwhqw zlwk wkh LSP0xqdqlplw| sulqflsoh
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dv vxfk1
Lw uhpdlqv wr eh vhhq li dqg krz rxu hohphqwdu| edvh ri prqrwrqlflw| surs0

huwlhv frxog eh srvvleo| dxjphqwhg lq rughu wr rewdlq vrph vlpsoh fkdudfwhul0

}dwlrqv ri wkh RUv glvfxvvhg lq wkh suhvhqw sdshu1 Wklv lv krzhyhu ehvw ohiw dv

d wrslf iru ixuwkhu uhvhdufk1

8 Dsshqgl{= Surriv

Surri ri Fodlp 51 Iluvw/ srvlw &[ @ n / ghqrwh e| U+[, + F+[, , wkh vhwv
ri doo wrwdo suhrughuv + fkdlqv , rq [/ dqg qrwlfh wkdw &U+[, A &F+[, dqg

&+S +[, � S +[,, @ 55n/ zkloh &+S +F+[,,, @ 5n$= Vlqfh fohduo| n$ � 5n iru
n � 6 +lqghhg/ n$ A 5n iru n � 7,/ dq lqmhfwlrq i = S +[,� S +[, $ S +F+[,,

fdq eh gh�qhg1

Wkhq srvlw
S @ iU 5 F+[, = U 5 i+D>E, iru vrph +D>E, 5 S +[,� S +[,j >

dqg iru dq| O 5S +S,> gh�qh

y+O, @

;AAAAAAAA?
AAAAAAAA=

4 li wkhuh h{lvwv +D>E, 5 S +[,� S +[, vxfk wkdw
O @i+D>E, dqg D " E

3 li wkhuh h{lvwv +D>E, 5 S +[,� S +[, vxfk wkdw

O @i+D>E, dqg D � E

�4 li wkhuh h{lvwv +D>E, 5 S +[,� S +[, vxfk wkdw

O @ i+D>E, dqg E " D

dqg xqgh�qhg rwkhuzlvh

<AAAAAAAA@
AAAAAAAA>

Khqfh/ iru dq| D>E � [/ +y � i,+D>E, � 3 l� D ? E1 Wkh fdvh ri lqgh{hg

wrwdo suhrughuv ru fkdlqv iroorzv dv dq lpphgldwh fruroodu|1 �

Surri ri Sursrvlwlrq 481 l, Zhdn prqrwrqlflw| lv reylrxv= lqghhg/ iru dq|
D>E 5 S +[,> D^E � D zkhqfh D^E ?I D= Exw wkhq/ uh h{lylw| ri ?I lv dovr

reylrxv1 Wr fkhfn wudqvlwlylw|/ frqvlghu D>E>F � [ vxfk wkdw D ?I E dqg

E ?I F= Irxu fdvhv duh wr eh glvwlqjxlvkhg= d, D � E>E � F =khuh/ D ?I F

lv d wulyldo frqvhtxhqfh ri wudqvlwlylw| ri �> e, D � E>F @5 I> f,E @5 I>F @5 I =

xqghu fdvhv e, dqg f, D ?I F iroorzv lpphgldwho| iurp wkh gh�qlwlrq> g,

E @5 I>E � F = khuh/ F @5 I e| gh�qlwlrq ri rughu �owhu/ zkhqfh D ?I F

+e| gh�qlwlrq ri ?I ,1 Wr fkhfn VL> wdnh dq| D � [> dqg E @ [qD= Fohduo|/

[ 5 I> dqg [ @ D ^E � D= Wkhuhiruh/ D ^E ?I D dqg qrw D ?I D ^E= Wr
fkhfn ZSL> wdnh [3 5 pd{� iE � [ = E @5 Ij l1h1 iru dq| E � [3/F � [ 3/

E @5 I dqg F 5 I= Wkhq/ iru dq| D vxfk wkdw [3 � D � [/ dqg dq| { 5 [qD/

D ^ i{j 5 I zkhqfh D ^ i{j "I D = Wr fkhfn ZVH> wdnh djdlq dq| [ 3 5

pd{� iE � [ = E @5 Ij > D � [3dqg { 5 Dq[3= E| gh�qlwlrq/ D 5 I = khqfh

D � Dq i{j lpsolhv D "I Dq i{j+zkhwkhu Dq i{j 5 I ru qrw,= Frqfhuqlqj SL>

wdnh dq| rughu �owhu I ri +S +[,>�,> I � S +[,q i>j > dqg dq| D � [ vxfk wkdw
> 9@ D @5 I 1 Wkhq Dq i{j �I D iru dq| { 5 D1 Vlploduo|/ li I � S +[,q i>j

dqg > 9@ D @5 I / wkhq lq sduwlfxodu E ?I D iru doo E � D> khqfh VH lv qrw
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vdwlv�hg1 Frqyhuvho|/ li I � S +[,q i>j wkhq +S +[,>?I , @ +S +[,>�, khqfh

erwk SL dqg SH duh wulyldoo| vdwlv�hg 1
ll, Iru dq| D>E � [/ li D ?�I E wkhq e| gh�qlwlrq hlwkhu D � D ^ E ru

D ^ E @5 I 1 Li D � D ^ E wkhq reylrxvo| D � E khqfh e| prqrwrqlflw|

D ?I E = Li D^E @5 I wkhq ri frxuvh E @5 I zkhqfh djdlq D ?I E= Pruhryhu/
d zhoo0nqrzq uhvxow gxh wr Sxssh +vhh Sxssh+4<<9,/ ohppd 8, hvwdeolvkhv wkdw

iru dq| +S +[,>?,>wkh ? �lqgxfhg grplqdqfh uhodwlrq +S +[,>?�, lv d �{hg0
edvh  h{leoh LSP RU li dqg rqo| li ?�lv wudqvlwlyh1 Wkxv/ rxu surri uhgxfhv wr

vkrzlqj wkdw iru dq| I 5 x+S +[,>�,> +S +[,>?�I , lv wudqvlwlyh l� I @ S +[,1

Lqghhg/ frqvlghu wkh iroorzlqj frxqwhuh{dpsoh= Ohw I @
Vn

l@4 iD � [ = D � Elj

zkhuh El � [> l @ 4> ==> n= Wkhq/ wdnh E @ >> > 9@ D @ E4 9@ [> dqg F

vxfk wkdw FqD 9@ >> +[qF, _ El 9@ > iru dq| l @ 4> ==> n= Qrwlfh wkdw wkh rqo|
lpsolhg uhvwulfwlrq rq I lv wkdw I @5 ii[j > S +[,j =Khqfh/ fohduo| hqrxjk/ D �

D ^ E>E ^ F @5 I>D ^ F 5 I> dqg D . F/ l1h1 D ?�I E>E ?�I F dqg qrw
D ?�I F= Qh{w/ frqvlghu wkh fdvh I @ i[j/ dqg srvlw D @ [q i{j iru vrph

{ 5 [ +uhfdoo wkdw &[ � 5 e| dvvxpswlrq,/E @ >> dqg F @ i{j = Khuh/ djdlq/

D ?�I E +ehfdxvh D � E,/ E ?�I F +ehfdxvh E ^ F @ F @5 I ,/ dqg qrw
+D ?�I F, +ehfdxvh D . F dqg D ^ F @ [ 5 I ,1 Frqyhuvho|/ li I @ S +[,

wkhq D ?�I E>E ?�I F qhfhvvdulo| lpso| D � E dqg E � F> zkhqfh D � F

dqg wkhuhiruh D ?�I F=

lll, Ohw I eh vxfk wkdwJ4+I , @ i{4> ==> {nj 9@ >= Wkhq/ iru dq| { 5 i{4> ==> {nj

dqg dq| | 5 [q i{4> => {nj > i{j 5 I dqg i|j @5 I> zkhqfh �e| gh�qlwlrq ri ?I�
i{j ?I i{j > i{j ?I i|j dqg qrw i|j ?I i{j = E| frqwudvw/ li J4+I , @ > wkhq

i{j @5 I iru dq| { 5 [> khqfh i|j ?I i}j iru dq| |> } 5 [=�

Surri ri Sursrvlwlrq 4<1 l, Wrwdolw| lv hdvlo| fkhfnhg +lqghhg/ iru dq| D>E 5

S +[, li D 5 I wkhq D ?wI E>dqg li D @5 I wkhq E ?w
I D,1 Lq rughu wr fkhfn

wudqvlwlylw|/ wdnh D>E>F vxfk wkdw D ?w
I E>E ?w

I F1 Wkuhh fdvhv duh wr eh

frqvlghuhg= D 5 I dqg E 5 I>D 5 I dqg F @5 I>E @5 I dqg F @5 I= Lq
dq| fdvh/ D ?wI F iroorzv +e| gh�qlwlrq,1 Zhdn Prqrwrqlflw| lv dovr hdvlo|

fkhfnhg= iru dq| D>E � [/ li D^E @5 I wkhq E @5 I dv zhoo/ khqfh lq dq| fdvh
D^E ?w

I D= Wr vhh wkdw SL fdqqrw srvvleo| krog/ frqvlghu {4> {5 5 [>{4 9@ {5=

Wkhq/ wdnh D3 @ [q i{4> {5j > D
4 @ D3 ^ i{4j > D

5 @ D3 ^ i{5j > dqg dvvxph

SL= Khqfh Dm "w
I D3 iru vrph m 5 i4> 5jl1h1 Dm 5 I dqg D3 @5 I= Lw iroorzv

wkdw Dm ?wI E iru dq| E � [/ zklfk frqwudglfwv SL= Vlploduo|/ wdnh F � [

vxfk wkdw &F � 6 dqg dvvxph SH= Wkhq F "w
I E +l1h F 5 I dqg E @5 I ,/

iru vrph E � [ vxfk wkdw &E @ 5> dqg E "w
I D +l1h1 E 5 I dqg D @5 I , iru

vrph D � [ vxfk wkdw &D @ 4> d frqwudglfwlrq1Frqfhuqlqj wkh rwkhu uhohydqw

prqrwrqlflw| surshuwlhv/ ZSL lv vdwlv�hg surylghg wkdw &J&[�4+I , ? &[=
lqghhg/ wdnh { 5 [ vxfk wkdw [q i{j @5 I +vxfk d { pxvw h{lvw/ e| k|srwkhvlv,1

Wkhq/ fkrrvh [ 3 @ [q i{j dqg srvlw E @ i{j = khqfh [ @ [3 ^ i{j "w
I [ 3=

Frqyhuvho|/ li &J&[�4+I , @ &[ wkhq [q i{j 5 I iru hdfk { 5 [ =wkxv/ ZVL

idlov ehfdxvh iru hdfk [ 3 � [ wkhuh h{lvwv { 5 [ vxfk wkdw [q i{j � [3 dqg

[q i{j ?wI E iru dq| E � [=

VL krogv wuxh li I @ i[j =lqghhg/ iru dq| D � [ / [ @ D ^ +[qD, "w
I D

vxfk wkdw [ 3 @ [q i{j 5 I > frqyhuvho|/ li I 9@ i[j wkhq [q i{j 5 I iru vrph

4;



{ 5 [> zkhqfh [q i{j ?wI D iru dq| D � [> dqg VL idlov1

ZVH lv vdwlv�hg zkhqhyhu I 9@ S +[, ehfdxvh rqh pd| fkrrvh
[ 3 5 pd{� iF � [ = F @5 I 9@ >j =

wkhq iru dq| D � [ vxfk wkdw [3 � D>D "w
I [3 @ Dq+Dq[3,= Li/ krzhyhu/

I @ S +[, wkhq reylrxvo| ?w
I@ S +[, � S +[, khqfh ZVH idlov1 ZSH lv

vdwlv�hg li [q i{j @5 I iru vrph { 5 [ = lqghhg/ xqghu wkdw k|srwkhvlv rqh pd|

srvlw [3 @ [q i{j > dqg revhuyh wkdw [ "w
I [q i{j = Frqyhuvho|/ li [q i{j 5 I

iru doo { 5 [ wkhq iru dq| { 5 [ / [q i{j ?wI [/ zklfk frqwudglfwv ZSH=

Ilqdoo|/ li I @ S +[,q i>j wkhq VH krogv= lqghhg/ wdnh dq| D 9@ >= Wkhq/

srvlw E @ D =fohduo| D 5 I zkloh > @5 I l1h1D "w
I > @ DqD= Frqyhuvho|/

li I 9@ S +[,q i>j zh pd| dvvxph z1o1r1j1 wkdw I � S +[,q i>j +rwkhuzlvh

I @ S +[, xqghu zklfk hyhq ZVH idlov/ dv vkrzq deryh,1 Khqfh/ D @5 I iru

vrph D 9@ > = exw wkhq/ F ?wI D iru dq| F 5 I> zklfk frqwudglfwv VH=
ll, Iluvw/ qrwlfh wkdw D ?w�I E hqwdlov hlwkhu D 5 I ru D ^ E @5 I= Vlqfh

D ^E @5 I hqwdlov E @5 I / lw iroorzv wkdw� lq dq| fdvh� D ?w
I E= Lq ylhz ri wkh

ohppd lq Sxssh+4<<9, douhdg| phqwlrqhg deryh+vhh wkh surri ri wkh suhylrxv

Sursrvlwlrq,/ lw rqo| uhpdlqv wr suryh wkdw?w�I lv qrw wudqvlwlyh1 Lqghhg/ frqvlghu

{> |> } 5 [> D @ i{j > E @ i|j > F @ i}j > dqg I @ iG � [ = G � i{> }jj =

Wkhq/ D @5 I>D ^ E @5 I >E ^ F @5 I zkloh D ^ F 5 I = lw iroorzv wkdw

D ?wI D ^E> E ?w
I E ^ F exw D ^F "w

I D l1h1 ?w�
I lv qrw wudqvlwlyh1

lll, Iru dq| {> | 5 [> i{j ?wI i|j l� hlwkhu i{j 5 I ru i|j @5 I> l1h1 l� hlwkhu
{ 5 J4+I , ru | @5 J4+I ,= Pruhryhu/ i{j "w

I i|j l� ^i{j 5 I ru i|j @5 I ` dqg

qrw ^i|j 5 I ru i{j @5 I ` l1h1 { 5 J4+I , dqg | @5 J4+I ,=�

Surri ri Fodlp 551 l, Wkdw +S +[,>?&, lv d wrwdo suhrughu iroorzv iurp wkh

edvlf surshuwlhv ri fduglqdo qxpehuv1 Pruhryhu/ iru dq| D>E � [> D^E ?& D

ehfdxvh &D ^ E � &D= Dovr/ lw lv lpphgldwho| vhhq wkdw iru dq| D � [ /

> 9@ E � [> dqg { 5 [qD> | 5 E> D ^ i{j "& D dqg E "& Eq i|j =

ll, Iru dq| D>E 5 S +[,> D ?�& E l� D ?& D ^ E l1h &D � &D ^ E ru
htxlydohqwo| D � E= Khqfh +S +[,>?�&, lv wudqvlwlyh dqg wkxv�e| wkh ohppd

phqwlrqhg deryh� d xqdqlprxv LSP RU1
lll, Fohduo| hqrxjk/ iru dq| {> | 5 [> i{j �& i|j zkhqfh wkh wkhvlv1�

Surri ri Sursrvlwlrq 5:1 l, Wudqvlwlylw| iroorzv wulyldoo| iurp wkh gh�qlwlrq/
dqg iurp wudqvlwlylw| ri � = Uh h{lylw| dovr iroorzv wulyldoo| iurp wkh gh�qlwlrq/

dqg iurp uh h{lylw| ri � =Zhdn prqrwrqlflw| lv dovr dq lpphgldwh frqvhtxhqfh

ri wkh gh�qlwlrq/ vlqfh D � E reylrxvo| hqwdlov fr�D � fr�E1 Wr vhh wkdwZSL

lv vdwlv�hg/ srvlw

H
.
�+[, @ i{ 5 [ = iru dq| } 5 [>qrw } A { j/

H
�
�+[, @ i{ 5 [ = iru dq| } 5 [> qrw { A } j/

dqg qrwlfh wkdw &^H.
�+[, ^ H��+[,` � 5 vlqfh &[ � 6= Wkhq/ wdnh d qrq0

hpsw| vhw V> V � H
.
�+[,^H��+[, dqg gh�qh [3 @ V ^ ^[q+H.

�+[,^H��+[,,`=

khqfh [3 � [> dqg iru dq| D � [>[3 � D � [> dqg dq| { 5 [qD> fr�+D ^

i{j, � fr�D +ehfdxvh { 5 fr�D l� wkhuh h{lvw |> } 5 D vxfk wkdw | A { A }/ d

frqwudglfwlrq vlqfh { 5 H
.
�+[, ^H��+[,,/ l1h1 D ^ i{j "+fr�, D=

4<



SH lv fkhfnhg dv iroorzv= iru dq| D � [>D 9@ >> fkrrvh } 5 pd{�D +vxfk

d } pxvw h{lvw vlqfh [ lv �qlwh,1 Wkhq/ qrwlfh wkdw | � } iru qr | 5 [q i}j+ e|
dqwlv|pphwu|,= Lw iroorzv wkdw } @5 fr�+Dq i}j,> khqfh fr�D � fr�+Dq i}j, l1h1

D "fr� Dq i}j = Lq rughu wr vhh wkdw VL lv qrw vdwlv�hg li� lqfoxghv d fkdlq ri vl}h

6/ wdnh {> |> } 5 [ vxfk wkdw { A | A } / wkhq qrwlfh wkdw fr�+[q i|j, @ fr�[

zkhqfh [q i|j ?fr� [ zklfk frqwudglfwv VL=

ll, Lw fdq eh vkrzq wkdw
+�, iru dq| D>E � [/ fr�D � fr�+D ^E, l� fr�+D, � fr�+E,=

Lqghhg/ dvvxph fr�+D, � fr�+E, dqg wdnh dq| } 5 fr�+D ^ E,> l1h1 wkhuh

h{lvw |> z 5 D^E vxfk wkdw | � } � z1 Jhqhudoo| vshdnlqj irxu fdvhv duh wr eh
glvwlqjxlvkhg/ qdpho| = d, i|> zj � D= khuh fohduo| } 5 fr�+D, +e| gh�qlwlrq,>

e, i|> zj � E = lq wklv fdvh/ } 5 fr�+E, khqfh lw iroorzv iurp rxu dvvxpswlrq

wkdw } 5 fr�+D, dv zhoo> f, | 5 D>z 5 E= lq wklv fdvh/ z 5 fr�+E, khqfh�e|
dvvxpswlrq�z 5 fr�+D, 1 Lw iroorzv wkdw | � } � z3 iru vrph z3 5 D/ l1h1

} 5 fr�+D,> g, | 5 E>z 5 D = khuh/ | 5 fr�+E, � fr�+D,/ zkhqfh |3 � } � z

iru vrph |3 5 D= Djdlq/ lw iroorzv wkdw } 5 fr�+D,=

Frqyhuvho|/ vxssrvh fr�+D, . fr�+E, l1h1 wkhuh h{lvwv } 5 fr�+E,qfr�+D,

khqfh d iruwlrul } 5 fr�+D ^E,qfr�+D, / dqg fr�+D, . fr�+D ^E,=

Dv d frqvhtxhqfh ri +�,> iru dq| D>E � [ = D ?�fr� E l� D ?fr� E=

Wkhuhiruh/ +S +[,>?fr�, lv lqghhg d il{hg� edvh xqdqlprxv LSP RU1

lll, Lw lv lpphgldwho| fkhfnhg wkdw iru dq| {> | 5 [/ fr� i{j � fr� i|j l�

{ @ | khqfh wkh wkhvlv iroorzv1�

Surri ri Sursrvlwlrq 5;1 l, Uh h{lylw| lv reylrxv1 Pruhryhu/ wdnh D>E>F �

[ vxfk wkdw D ?+fr�>I , E/ dqg E ?+fr�>I , F= li fr�D � fr�E / dqg

fr�E � fr�F wkhq fohduo| fr�D � fr�F l1h1 D ?+fr�>I , F> li fr�F @5 I / wkhq

D ?+fr�>I , F e| gh�qlwlrq> li fr�E @5 I dqg fr�E � fr�F wkhq fr�F @5 I

zkhqfh djdlq D ?+fr�>I , F1 Wkxv/ wudqvlwlylw| krogv1

Lq rughu wr fkhfn Zhdn Prqrwrqlflw|/ mxvw revhuyh wkdw iru dq| D>E � [>

fr�+D ^E, � fr�D=

Wr fkhfn ZSL / gh�qh H
.
�+[,> H��+[, dv lq wkh surri ri wkh iruhjrlqj

Sursrvlwlrq/ dqg

[ 3 @ pd{�

;?
=

\ � [ = wkhuh h{lvwv V vxfk wkdw

> 9@ V � H�+[, @ H
.
�+[, ^H��+[,>

\ @ V ^ ^[q+H�+[,,`> dqg fr�\ @5 I

<@
> =

+Li qr vxfk \ h{lvwv/ wkhq srvlw [ 3 @ V ^ ^[q+H�+[,,` iru vrph V/ > 9@ V �

H�+[, = vlqfh fr�[
3 5 I / rqh pd| frqfoxgh wkdw D^ i{j "+fr�>I , D iurp wkh

idfw wkdw fr�D ^ i{j � fr�D 5 I iru dq| D> [ � D � [3> dqg dq| { 5 [qD,1

Qrz/ iru dq| D vxfk wkdw [ � D � [3> dqg iru dq| { 5 [qD/ rqh pd| frqfoxgh
djdlq wkdw fr�+D ^ i{j, � fr�D +e| wkh vdph dujxphqw douhdg| surylghg lq

wkh surri ri wkh iruhjrlqj Sursrvlwlrq,1 Vlqfh e| gh�qlwlrq fr�+D ^ i{j, 5 I /

lw iroorzv wkdw D ^ i{j "+fr�>I , D=

Wr fkhfn ZSH/ frqvlghu \ @ i\ � [ = \ � [q+H�+[,,> fr�\ @5 Ij dqg

wdnh [� 5 pd{�\ li \ 9@ >1 Wkhq/ srvlw [ 3 @ [� ^ i{3j iru vrph {3 5

H�+[, li \ 9@ >/ dqg [3 @ [q+H�+[,, li \ @ >= Qrz/ fkrrvh dq| D vxfk
wkdw [ 3 � D � [ = li [3 @ [� ^ i{3j wkhq e| gh�qlwlrq fr�+D, 5 I> dqg
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fr�D � fr�+Dq i{3j,+uhfdoo wkdw {3 5 H�+[,,/ zkhqfh D "+fr�>I , +Dq i{3j,>

li [3 @ [q+H�+[,, wkhq iru dq| { 5 Dq[ 3 � H�+[,/ fr�D � fr�+Dq i{j,

dqg �e| gh�qlwlrq�fr�D 5 I / zkhqfh djdlq D "+fr�>I , Dq i{j =

Qh{w/ vxssrvh wkdw +[>�, grhv qrw lqfoxgh d fkdlq ri vl}h 6= Wkhq/ e|

gh�qlwlrq [ @ H�+[,= Khqfh/ e| gh�qlwlrq/ iru dq| D � [> fr�+D ^[qD, @

fr�[ � fr�D/ dqg VL krogv1 Frqyhuvho|/ vxssrvh wkdw +[>�, grhv lqfoxgh d

fkdlq ri vl}h 6 +l1h { A | A } iru vrph {> |> } 5 [,1 Wkhq/ fkrrvh D @ [q i|j =

reylrxvo|/ fr�D @ [ 5 I khqfh D ?+fr�>I , E iru dq| E � [> dqg VL idlov1

Qrz/ vxssrvh wkdw +[>�, grhv qrw lqfoxgh d fkdlq ri vl}h 6 +khqfh [ @

H�+[,, dqg wkhuh h{lvwv {� 5 [ vxfk wkdw i{�j @ fr� i{
�j 5 I= Wkhq/ iru

dq| D � [ wzr fdvhv duh wr eh glvwlqjxlvkhg= d,{� 5 D>e,{� @5 D=Li {� 5 D

wkhq iru dq| { 5 [qD> > 9@ fr�+D ^ i{j, � fr�D/ dqg fr�+D ^ i{j, 5 I>

khqfh D ^ i{j "+fr�>I , D> li {
� @5 D wkhq fr�+D ^ i{

�j, � fr�+D, dqg�djdlq�
fr�+D ^ i{

�j, 5 I khqfh D ^ i{�j "+fr�>I , D= Lw iroorzv wkdw SL lv vdwlv�hg1

Frqyhuvho|/ vxssrvh wkdw +[>�, grhv lqfoxgh d fkdlq ri vl}h 6/ l1h1 wkhuh h{lvw
{> |> } 5 [ vxfk wkdw { A | A }= Wkhq/ wdnh D @ [q i|j dqg revhuyh wkdw

fr�+D, @ [ ?+fr�>I , E iru dq| E � [> zklfk frqwudglfwv SL= Dovr/ vxssrvh

wkdw iru hdfk { 5 [> i{j @5 I= Wkhq/ revhuyh wkdw > ?+fr�>I , i{j iru dq| { 5 [>

zklfk dovr frqwudglfwv SL=

Li I � iE � [ = E @ i{j iru vrph { 5 [j wkhq iru dq| D 9@ >> dqg dq|

{ 5 D> fr�D � fr� i{j @ i{j dqg fr�D 5 I 1 Lw iroorzv wkdw D "+fr�>I , > @

DqD / l1h1 VH krogv1 Frqyhuvho|/ dvvxph wkdw wkhuh h{lvwv { 5 [ vxfk wkdw

i{j @ fr� i{j @5 I= Wkhq/ E ?+fr�>I , i{j iru dq| E � [ khqfh VH idlov1
Li I � iE � [ = E @ i{j iru vrph { 5 [j dqg +[>�, grhv qrw lqfoxgh d

fkdlq ri vl}h 6> wkhq iru dq| D � [ vxfk wkdw D 9@ > dqg dq| { 5 D> fr�+D, �

fr�+Dq i{j, +ehfdxvh [ @ H�+[,,/ fr�D 5 I +ehfdxvh fr�D � fr� i{j @

i{j 5 I ,= lw iroorzv wkdw D "+fr�>I , Dq i{j/ khqfh SH krogv1 Frqyhuvho|/

dvvxph wkdw +[>�, grhv lqfoxgh d fkdlq ri vl}h 6> l1h1 wkhuh h{lvw |> }> z 5 [

vxfk wkdw | A } A z wkhq [q+H�+[,, 9@ >= Wkxv/ iru dq| { 5 +[q+H�+[,,>

fr�+[q+H�+[,^ i{j,, @ fr�+[q+H�+[,,,/ khqfh [q+H�+[,^ i{j, �+fr�>I ,

+[q+H�+[,,,/ zklfk frqwudglfwv SH=
ll, Ohw D>E � [ = wkhq/ e| gh�qlwlrq/ D ?�

+fr�>I ,
E l� hlwkhu fr�+D, �

fr�+D^E, ru fr�+D^E, @5 I= Qrz/ �dv zh kdyh douhdg| vhhq deryh lq wkh surri
ri wkh iruhjrlqj sursrvlwlrq� fr�+D, � fr�+D ^E, l� fr�+D, � fr�+E,> zkloh

fr�+D^E, @5 I fohduo| hqwdlov fr�+E,= wkhuhiruh/ ?�
+fr�>I ,

�?+fr�>I , =Pruhryhu/

ohw xv frqvlghu dq rughu �owhu I ri +S +[,>�, vxfk wkdw iru vrph D>E>F � [=

fr�+D ^E, @5 I> fr�+E ^ F, @5 I> fr�+D, . fr�+F,> fr�+D ^ F, 5 I +h1j1 wdnh
+[>�, dqg {> | 5 [ vxfk wkdw i{> |j � H�+[,> I @ iG � [ = G � i{> |jj

zkhuh {> | 5 [>{ 9@ |> dqg srvlw D @ i{j > F @ i|j > E @ i}j/ zkhuh } 5

[q i{> |j,= Wkhq/ e| gh�qlwlrq/ D ?�
+fr�>I ,

E/ E ?�
+fr�>I ,

F> exw qrw+D ?�
+fr�>I ,

F,= Wkxv/ ?�
+fr�>I ,

lv qrw wudqvlwlyh dqg�dv d frqvhtxhqfh/ e| Sxssh*v ohppd dv

douhdg| phqwlrqhg deryh� +S +[,>?�
+fr�>I ,

, lv qrw d il{hg � edvh xqdqlprxv

LSP RU1

lll, Iru dq| {> | 5 [> { (?+fr�>I ,
| l� i{j ?+fr�>I , i|j l1h1 l� ^hlwkhu

i{j @ fr� i{j � fr� i|j @ i|j ru i|j @5 I ` ru htxlydohqwo| l� ^hlwkhu { @ | ru
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i|j @5 I `1 Lq sduwlfxodu/ lw iroorzv wkdw { "+fr�>I , | l� i{j 5 I dqg i|j @5 I=�

Surri ri Sursrvlwlrq 651 l, Qrwlfh wkdw z+�, pd| eh uhjdughg dv d qrqqhj0

dwlyh lqwhjhu0ydoxhg ixqfwlrq z+�, = S +[,$ ].= Khqfh ?z+�,lv/ e| gh�qlwlrq/

d olqhdu rughu1 Pruhryhu/ Zhdn prqrwrqlflw| dovr krogv wuxh e| gh�qlwlrq +
ehfdxvh wkh odujhvw � �dqwlfkdlq lq D ^E lv reylrxvo| dw ohdvw dv odujh dv wkh

odujhvw � �dqwlfkdlq lq D,1 Wr fkhfn wkdw VH krogv/ revhuyh wkdw z+�,+>, @ 3

dqg z+�,+D, � 4 iru dq| D 9@ > = wkxv/ iru dq| D 9@ >/ D "z+�, >=

Ohw xv qrz dvvxph wkdw +[>�, kdv d xqltxh dqwlfkdlq D� ri pd{lpxp vl}h

+khqfh/ lq sduwlfxodu/ &D� A 4,1 Qh{w/ frqvlghu wkh plqlpxp fduglqdolw| cjds*
ehwzhhq D� dqg rwkhu dqwlfkdlqv ri +[>�, l1h1

j+D�, @ plq i&D� �&D = D 9@ D�> dqg D lv dq dqwlfkdlq ri +[>�, j >

fkrrvh E � D� vxfk wkdw &E @ &D� � j+D�,> dqg srvlw [ 3 @ [q+D�qE,1
Wkhq/ e| gh�qlwlrq/ iru dq| D vxfk wkdw [ 3 � D � [ dqg dq| { 5 D�qD>

z+�,+D ^ i{j, A z+�,+D,> l1h1 D ^ i{j "z+�, D khqfh ZSL krogv1 Vlploduo|/
iru dq| D vxfk wkdw [3 � D � [ dqg dq| { 5 Dq[ 3> z+�,+D, A z+�,+Dq i{j,

l1h1 D "z+�, Dq i{j khqfh ZSH lv dovr vdwlv�hg1 Frqyhuvho|/ vxssrvh +[>�,

kdv +dw ohdvw, wzr dqwlfkdlqv D3> D33 ri pd{lpxp vl}h/ dqg frqvlghu dq| [3 � [=

Iluvw/ revhuyh wkdw iru dq| { 5 [> z+�,+[q i{j, @ z+�,+[, khqfh ZSH idlov1

Dovr/ li hlwkhu D3 � [3 ru D33 � [3 wkhq iru dq| E � [/ z+�,+[3, � z+�,+E,>

l1h1 [3 ?z+�, E dqg ZVL idlov1 Rwkhuzlvh/ fkrrvh | 5 D3q+[ 3 ^ D33, dqg
} 5 D33q+[ 3 ^D3, = wkhq srvlw D @ [q i}j > dqg revhuyh wkdw [ 3 � D � [ dqg

z+�,+D, @ z+�,+[, l1h1 D ?z+�, E iru dq| E � [/ zklfk dovr frqwudglfwv
ZVL=

Qh{w/ vxssrvh wkdw +[>�, lv dq dqwlfkdlq 1 Wkhq/ reylrxvo|/ iru dq| D>D3 �

[ / D 9@ [/ D3 9@ >> { 5 [qD/ | 5 D3/ z+�,+D ^ i{j, A z+�,+D, dqg
z+�,+D3, A z+�,+D3q i|j, l1h1 erwk SL dqg SH krog1 Frqyhuvho|/ ohw +[>�,

eh vxfk wkdw wkhuh h{lvw {> | 5 [ zlwk { A |= Wkhq wkhuh h{lvwv } 5 i{> |j

vxfk wkdw z+�,+[q i}j, @ z+�,+[, @ z+�,+[q i{> |j,= Lw iroorzv wkdw iru dq|
E � [> [q i}j ?z+�, E zklfk ylrodwhv VL= Pruhryhu/ z+�,+i{> |j, @ z+�

,+i{j, @ z+�,+i|j, l1h1 i{> |j �z+�, i{j �z+�, i|j khqfh SH lv ylrodwhg dv
zhoo1

ll, Qrwlfh wkdw D ?�
z+�, E l� z+�,+D, @ z+�,+D ^E,=Vlqfh fohduo| z+�

,+D^E, @ z+�,+E,> lw iroorzv wkdw D ?z+�, E= Dovr/ li +[>�, lv d fkdlq wkhq

z+�,+D, @ 4 iru dq| D � [> khqfh e| gh�qlwlrq ?�
z+�,lv wudqvlwlyh1 Li +[>�,

lv dq dqwlfkdlq wkhq/ e| gh�qlwlrq D ?�
z+�, E l� &D � &E 1 Lq erwk fdvhv/

+S +[,>?�
z+�,, lv d �{hg0edvh xqdqlprxv LSP RU1 Vxssrvh krzhyhu +[>�, lv

vxfk wkdw {> |> } 5 [ duh sdluzlvh glvwlqfw hohphqwv ri [> zlwk { A | dqg } A |

+ru | A { dqg | A }, exw qhlwkhu { A } qru } A {= Wkhq/ z+�,+i{j, @ z+�

,+i{> |j, @ z+�,+i}> |j, @ z+�,+i}j, @ 4/ zkloh z+�,+i{> }j, @ 5= wkhuhiruh

i{j ?�
z+�, i|j / i|j ?

�
z+�, i}j dqg qrw i{j ?�

z+�, i}j = Lw iroorzv wkdw lq wklv

fdvh ?�
z+�,lv qrw wudqvlwlyh khqfh +S +[,>?�

z+�,, lv qrw d �{hg0edvh xqdqlprxv
LSP RU1

lll, E| gh�qlwlrq/ iru dq| {> | 5 [/ { (?z+�,
| l� i{j ?z+�, i|j l1h1 l�

z+�,+i{j, @ z+�,+i|j, zklfk lv reylrxvo| wkh fdvh vlqfh z+�,+i}j, @ 4 iru doo
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} 5 [= Lw iroorzv wkdw (?z+�,
@ [ �[/ khqfh "?z+�,

@ >=�

Dfnqrzohgjhphqwv1 Wkdqnv duh gxh wr Q1Glplwul dqg D1Yhufhool iru frp0

phqwv rq dq hduolhu gudiw ri wklv sdshu1 Wkh xvxdo fdyhdw dssolhv1

Uhihuhqfhv

^4` Dqghuvrq L1 +4<;:,= Frpelqdwrulfv ri Ilqlwh Vhwv1 R{irug= R{irug Xqlyhu0

vlw| Suhvv1

^5` Duohjl U1 +4<<<,= Lqfrpsohwh Suhihuhqfhv dqg wkh Suhihuhqfh iru Ioh{lelolw|/
lq K1 gh Vzduw +hg1,= Orjlf/ Jdph Wkhru| dqg Vrfldo Fkrlfh1 Wloexuj =

Wloexuj Xqlyhuvlw| Suhvv1

^6` Duurz N1M1 +4<<8,= D Qrwh rq Iuhhgrp dqg Ioh{lelolw|/ lq N1Edvx/ S1N1
Sdwwdqdln/ N1Vx}xpxud +hgv1,= Fkrlfh/ Zhoiduh dqg Ghyhorsphqw/ D
Ihvwvfkuliw lq Krqrxu ri Dpduw|d N1 Vhq1 R{irug= R{irug Xqlyhuvlw| Suhvv1

^7` Duurz N1M1/ D1Ilvkhu +4<:7,= Hqylurqphqwdo Suhvhuydwlrq/ Xqfhuwdlqw|

dqg Luuhyhuvlelolw|1 Txduwhuo| Mrxuqdo ri Hfrqrplfv ;</ 645064<1

^8` Ervvhuw Z1/ S1N1 Sdwwdqdln/ \1 [x +4<<7, = Udqnlqj Rssruwxqlw| Vhwv= Dq
D{lrpdwlf Dssurdfk1 Mrxuqdo ri Hfrqrplf Wkhru| 96/ 65906781

^9` Ghqqhww G1F1 +4<;7,= Hoerz Urrp= Wkh Ydulhwlhv ri Iuhh Zloo Zruwk
Zdqwlqj1 Fdpeulgjh Pdvv1= PLW Suhvv1

^:` Gxwwd E1/ M1I1 Odvolhu +4<<<,= Frpsdulvrq Ixqfwlrqv dqg Fkrlfh Fruuh0

vsrqghqfhv1 Vrfldo Fkrlfh dqg Zhoiduh 49/ 84608651

^;` Gxwwd E1/ D1Vhq +4<<9,= Udqnlqj Rssruwxqlw| Vhwv dqg Duurz Lpsrvvlelo0
lw| Wkhruhpv= Fruuhvsrqghqfh Uhvxowv1 Mrxuqdo ri Hfrqrplf Wkhru| :4/

<304341

^<` Irvwhu M1H1 +4<<6,= Qrwhv rq H�hfwlyh Iuhhgrp1 Plphr/ Ydqghuelow Xql0

yhuvlw|1

^43` Jhnnhu U1 +4<<<,= Rq wkh D{lrpdwlf Dssurdfk wr Iuhhgrp dv Rssruwxqlw|=
D Jhqhudo Fkdudfwhul}dwlrq Uhvxow1 Plphr/ Vfkrro ri Pdqdjhphqw dqg

Exvlqhvv/ Xqlyhuvlw| ri Zdohv1

^44` Judyho Q1 +4<<7,= Fdq d Udqnlqj ri Rssruwxqlw| Vhwv Dwwdfk dq Lqwulqvlf

Lpsruwdqfh wr Iuhhgrp ri FkrlfhB Dphulfdq Hfrqrplf Uhylhz ;7/ 7870
78;1

^45` Judyho Q1 +4<<;,= Udqnlqj Rssruwxqlw| Vhwv rq wkh Edvlv ri wkhlu Iuhh0

grp ri Fkrlfh dqg wkhlu Delolw| wr Vdwlvi| Suhihuhqfhv= D Gl!fxow|1 Vrfldo
Fkrlfh dqg Zhoiduh 48/ 6:406;51
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^46` Judyho Q1/ M1Odvolhu/ D1Wudqqr| +4<<;,= Lqglylgxdo Iuhhgrp ri Fkrlfh lq

d Vrfldo Vhwwlqj/ lq M1I1Odvolhu/ P1Iohxuedh|/ Q1Judyho/ D1Wudqqr| +hgv1,=
Iuhhgrp lq Hfrqrplfv= Qhz Shuvshfwlyhv lq Qrupdwlyh Dqdo|vlv1 Orqgrq=
Urxwohgjh1

^47` Kduw D1J1 +4<75,= Ulvn/ Xqfhuwdlqw|/ dqg wkh Xqsur�wdelolw| ri Frpsrxqg0

lqj Suredelolwlhv/ lq R1Odqjh/ I1PfLqw|uh/ W1\qwhpd +hgv1,= Vwxglhv lq
Pdwkhpdwlfdo Hfrqrplfv dqg Hfrqrphwulfv1 Fklfdjr= Fklfdjr Xqlyhuvlw|

Suhvv1

^48` Khqu| F1 +4<:7,= Rswlrq Ydoxhv lq wkh Hfrqrplfv ri Luuhsodfhdeoh Dvvhwv1

Uhylhz ri Hfrqrplf Vwxglhv 74/ ;<04371

^49` Mrqhv S1/ U1Vxjghq +4<;5,= Hydoxdwlqj Fkrlfh1 Lqwhuqdwlrqdo Uhylhz ri Odz
dqg Hfrqrplfv 5/ 7:0981

^4:` Mrqhv U1D1/ M1Rvwur| +4<;7,= Ioh{lelolw| dqg Xqfhuwdlqw|1 Uhylhz ri Hfr0
qrplf Vwxglhv 84/ 460651

^4;` Nohplvfk0Dkohuw P1 +4<<6,= Iuhhgrp ri Fkrlfh1 D Frpsdulvrq ri Gl�huhqw

Udqnlqjv ri Rssruwxqlw| Vhwv1 Vrfldo Fkrlfh dqg Zhoiduh43/ 4;<053:1

^4<` Nrrspdqv W1F1 +4<97,= Rq wkh Ioh{lelolw| ri Ixwxuh Suhihuhqfhv/ lq
P1Z1Vkhooh|/ M1O1Eu|dqv +hgv1,= Kxpdq Mxgjphqwv dqg Rswlpdolw|1 Qhz
\run= Zloh|1

^53` Nuhsv G1P1 +4<:<,= D Uhsuhvhqwdwlrq Wkhruhp iru cSuhihuhqfh iru Ioh{lelo0
lw|*1 Hfrqrphwulfd 7:/ 89808::1

^54` Nuhsv G1P1 +4<<5,= Vwdwlf Fkrlfh lq wkh Suhvhqfh ri Xqiruhvhhq Frqwlq0
jhqflhv/ lq S1Gdvjxswd hw do1 +hgv1,= Hfrqrplf Dqdo|vlv ri Pdunhwv dqg
Jdphv1 Fdpeulgjh Pdvv1 = PLW Suhvv

^55` Pduvfkdn W1 +4<6;,= Prqh| dqg Wkhru| ri Dvvhwv1 Hfrqrphwulfd 9/ 6440
6581

^56` Pduvfkdn W1/ U1Qhovrq +4<95,= Ioh{lelolw|/ Xqfhuwdlqw| dqg Hfrqrplf Wkh0
ru|1 Phwurhfrqrplfd 47/ 7508;1

^57` PfJduyh| G1 +4<86, = D Wkhruhp rq wkh Frqvwuxfwlrq ri Yrwlqj Sdudgr{hv1

Hfrqrphwulfd 54/ 93;09431

^58` Qhkulqj N1 +4<<<,= Suhihuhqfh iru Ioh{lelolw| lq d Vdydjh Iudphzrun1
Hfrqrphwulfd 9:/ 434044<1

^59` Qhkulqj N1/ F1Sxssh+4<<<,= Rq wkh Pxowl0Suhihuhqfh Dssurdfk wr Hydox0
dwlqj Rssruwxqlwlhv1 Vrfldo Fkrlfh dqg Zhoiduh 49/ 740961

^5:` Sdwwdqdln S1N1/ \1 [x +4<<3,= Rq Udqnlqj Rssruwxqlw| Vhwv lq Whupv ri

Iuhhgrp ri Fkrlfh1 Uhfkhufkhv Hfrqrpltxhv gh Orxydlq 89/ 6;606<31
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^5;` Sdwwdqdln S1N1/ \1 [x +4<<;,= Rq Suhihuhqfh dqg Iuhhgrp1 Wkhru| dqg
Ghflvlrq 7;/ 4:604<;1

^5<` Slqg|fn U1V1 +4<<4, = Luuhyhuvlelolw|/ Xqfhuwdlqw| dqg Lqyhvwphqw1 Mrxuqdo
ri Hfrqrplf Olwhudwxuh 5</ 44430447;1

^63` Sxssh F1 +4<<8, = Iuhhgrp ri Fkrlfh dqg Udwlrqdo Ghflvlrqv1 Vrfldo Fkrlfh
dqg Zhoiduh 45/ 46:04861

^64` Sxssh F1 +4<<9, = Dq D{lrpdwlf Dssurdfk wr cSuhihuhqfh iru Iuhhgrp ri

Fkrlfh*1 Mrxuqdo ri Hfrqrplf Wkhru| 9;/ 4:704<<1

^65` Sxssh F1 +4<<;, = Lqglylgxdo Iuhhgrp dqg Vrfldo Fkrlfh/ lq M1I1Odvolhu/
P1Iohxuedh|/ Q1Judyho/ D1Wudqqr| +hgv1,= Iuhhgrp lq Hfrqrplfv= Qhz
Shuvshfwlyhv lq Qrupdwlyh Dqdo|vlv1 Orqgrq= Urxwohgjh1

^66` Vhq D1N1 +4<;8,= Frpprglwlhv dqg Fdsdelolwlhv1 Dpvwhugdp = Qruwk Kro0

odqg1

^67` Vhq D1N1+4<;;,= Iuhhgrp ri Fkrlfh= Frqfhsw dqg Frqwhqw1 Hxurshdq Hfr0
qrplf Uhylhz 65/ 59<05<71

^68` Vhq D1N1 +4<<4, = Zhoiduh/ Suhihuhqfh dqg Iuhhgrp1 Mrxuqdo ri Hfrqrphw0
ulfv 83/ 4805<1

^69` Vrorprq G1O1 +4<:<,= D Frpsdudwlyh Dssurdfk wr Vshflhv Glyhuvlw|/ lq

M1I1 Judvvoh/ J1S1 Sdwlo/ Z1Vplwk/ F1Wdloolh +hgv1,= Hfrorjlfdo Glyhuvlw|
lq Wkhru| dqg Sudfwlfh1 Idluodqg/ Pdu|odqg= Lqwhuqdwlrqdo Fr0rshudwlyh

Sxeolvklqj Krxvh1

^6:` Vrorz D1/ V1 Srodvn|/ M1 Eurdgxv +4<<6,= Rq wkh Phdvxuhphqw ri Elrorjlfdo

Glyhuvlw|1 Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw 57/ 930
9;1

^6;` Vxjghq U1 +4<<;,= Wkh Phwulf ri Rssruwxqlw|1 Hfrqrplfv dqg Sklorvrsk|
47/ 63:066:1

^6<` Vxsshv S1 +4<;:,= Pd{lpl}lqj Iuhhgrp ri Ghflvlrq= Dq D{lrpdwlf Dqdo|0
vlv/ lq J1U1Ihlzho +hg1,=Duurz dqg wkh Irxqgdwlrqv ri wkh Wkhru| ri Hfr0
qrplf Srolf|1 Orqgrq = Pdfploodq1

^73` Ydq Khhv P1 +4<<<,= Iuhhgrp ri Fkrlfh dqg Glyhuvlw| ri Rswlrqv= Vrph

Gl!fxowlhv/ lq K1 gh Vzduw +hg1,= Orjlf/ Jdph Wkhru|/ dqg Vrfldo Fkrlfh1
Wloexuj = Wloexuj Xqlyhuvlw| Suhvv1

^74` Ydqqxffl V1 +4<<<,= cIuhhgrp ri Fkrlfh* dqg Ilowudo Rssruwxqlw| Udqnlqjv=

Uhsuhvhqwdwlrq dqg Djjuhjdwlrq1 Plphr/ Xqlyhuvlw| ri Vlhqd1

^75` Zhlw}pdq P1O1 +4<<5,= Rq Glyhuvlw|1 Txduwhuo| Mrxuqdo ri Hfrqrplfv 43:/
69607391
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