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Abstract -This paper explores general equilibrium asset pricing implications in a two-period model in which
the production side explicitely describes the thermodynamic process unavoidably connected with production.
We show that steady state of the production process, i.e. thermodynamic equilibrium, has a one to one
correspondence with the absence of arbitrage possibilities. This provides an alternative definition of the
absence of arbitrage.
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Wklv sdshu h{soruhv wkh gh�qlwlrq ri devhqfh ri duelwudjh srvvlelolwlhv dqg htxlole0

ulxp iru dq hfrqrp| zlwk frpsohwh fdslwdo pdunhwv lq zklfk surgxfwlrq ghshqgv

rq wlph1 Dv lw kdv ehhq irufhixoo| dujxhg e| Jhurjhvfx Urhjhq +4<:4, lq klv ful0

wltxh ri wkh Qhrfodvvlfdo ghvfulswlrq ri wkh surgxfwlrq surfhvv wkurxjk wkh idploldu

surgxfwlrq ixqfwlrq/ wkh rplvvlrq ri wkh wlph ghshqghqf| uhvxowv lq d yhu| shfxoldu

ghvfulswlrq ri uhdolw|1 Klv vwduwlqj srlqw lv surylghg e| wkh revhuydwlrq wkdw dq luuh0

yhuvleoh wkhuprg|qdplf surfhvv lv dw wkh edvlv ri hyhu| uhdo zruog wudqvirupdwlrq1

Lq wklv oljkw/ wkh Qhrfodvvlfdo ghvfulswlrq ri wkh sk|vlfdo surgxfwlrq surfhvv rplwv

ixqgdphqwdo ihdwxuhv olnh luuhyhuvleoh txdolwdwlyh fkdqjh dqg hqwurs| fuhdwlrq1 Wklv

kdv wr gr zlwk wkh rplwwhg uroh ri wlph lq wkh surgxfwlrq surfhvv1 Lq klv dqdo|vlv

wkh rplvvlrq ri wlph pd| rqo| eh mxvwl�hg li wkh _idfwru| v|vwhp% lv lq d vwhdg|

vwdwh +Jhrujhvfx Urhjhq +4<:4,/ s156;,/ zklfk lv qrw wkh fdvh iru wkh ydvw pdmrulw|

ri surgxfwlrq surfhvvhv1

Zh kljkoljkw khuh vrph lpsolfdwlrqv iru jhqhudo htxloleulxp dqdo|vlv ri d ixoo|

uhdolvwlf whfkqrorjlfdo ghvfulswlrq zkhuh surgxfwlrq kdv qrw uhdfkhg d vwhdg| vwdwh/

zklfk dffrprgdwhv txdolwdwlyh fkdqjh dqg wkh uroh ri wlph1 Wklv lv dfklhyhg e|

dgrswlqj dv surgxfwlrq surfhvv d edvlf wkhuprg|qdplf surfhvv wkdw kdv qrw |hw

uhdfkhg d vwhdg| vwdwh1 � Wkh whfkqrorjlfdo ghvfulswlrq ri wkh vlqjoh jrrg surgxfhg

lq wklv hfrqrp| lv wkdw ri _krw zdwhu%/ dqg lw lv fkrvhq wr xqyhlo/ lq wkh vlpsohvw

srvvleoh zd|/ wkh wkhuprg|qdplf dvshfw ri wkh surgxfwlrq surfhvv1 Dowkrxjk wkh

fkrlfh ri wkh krw �xlg surgxfwlrq surfhvv pd| qrw vhhp ri jhqhudo lqwhuhvw/ lw lv

lqghhg wkh surfhvv ehklqg wkh surgxfwlrq ri pdq| jrrgv/ lqfoxglqj wkh frpprglw|

zlwk wkh zlghvw srvvleoh xvh lq wkh hfrqrplf v|vwhp/ l1h1 hohfwulf hqhuj| surgxfhg

wkurxjk wkhupdo sodqwv1 Vwloo wkh whfkqrorjlfdo ghvfulswlrq dgrswhg khuh lv mxvw

d vlpsoh h{dpsoh ri d wkhuprg|qdplf fkdudfwhul}dwlrq ri wkh surgxfwlrq surfhvv

dqg ohdyhv rshq iru ixuwkhu uhvhdufk wkh lghqwl�fdwlrq ri pruh duwlfxodwh dqg xvhixo

wkhuprg|qdplf ghvfulswlrqv ri wkh surgxfwlrq vlgh1

Zh dujxh wkdw zh fdq kdyh dq htxloleulxp lq wklv hfrqrp|/ l1h1 lq lwv frqwlqjhqw

fodlpv pdunhwv/ li dqg rqo| li d whuprg|qdplf htxloleulxp lq wkh surgxfwlrq vlgh/

l1h1 qr wlph ghshqghqf|/ kdv ehhq dfklhyhg1 Wkh qhhg iru vlpxowdqhrxv htxloleulxp

ri wkh surgxfwlrq dqg h{fkdqjh vlgh ri rxu vlpsoh hfrqrp| lv reylrxvo| d ihdwxuh ri

jhqhudo htxloleulxp1 Krzhyhu/ wkh qrwlrq ri htxloleulxp lq wkh surgxfwlrq vlgh ri wkh
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hfrqrp| zh irfxv rq lv gl�huhqw iurp wkh xvxdo surgxfhu*v htxloleulxp1 Zh irfxv lq

ghswk rq d vshfl�f whfkqrorjlfdo dvshfw ri wkh surgxfwlrq surfhvv/ qdpho| wkh xvh

ri d vshfl�f irup ri hqhuj| dv lqsxw ri wkh surgxfwlrq surfhvv1 Iru wklv sduwlfxodu

lqsxw/ ghsduwxuh iurp htxloleulxp lv irupdoo| gh�qhg dv d wlph0ydu|lqj whpshudwxuh

�hog1 Wklv surylghv d vwurqj fkdudfwhul}dwlrq ri duelwudjh zklfk lv gl�huhqw iurp wkh

wudglwlrqdo rqh1

Lq wkh suhvhqw dqdo|vlv/ zh jr eh|rqg vlpso| frqvlghulqj wkhuprg|qdplf uhod0

wlrqv dv d sxuh irupdo dqdorj| wr hfrqrplf uhodwlrqv/ olnh lq Olvpdq +4<7<, lqvljkwixo

wkhuprg|qdplf lqwhusuhwdwlrq ri wkh exgjhw frqvwudlqwv wkhru| ri Gdylv +4<74,1 2

Krzhyhu/ zh dovr fohduo| ghsduw iurp wkh dssurdfk srvwxodwlqj dq lghqwlw| ehwzhhq

hqhuj| dqg ydoxh1

Diwhu gh�qlqj irupdoo| wkh qrwlrq ri wkhuprg|qdplf htxloleulxp/ zh vkrz wkdw

wklv lv d qhfhvvdu| dqg vx�flhqw frqglwlrq iru wkh devhqfh ri duelwudjh1

Wkh sodq ri wkh sdshu lv dv iroorzv= lq Vhfwlrq 5 wkh wkhuprg|qdplf surgxfwlrq

whfkqrorj| dgrswhg lq wkh prgho lv suhvhqwhg dqg wkh gh�qlwlrq ri wkhuprg|qdplf

htxloleulxp ri wkh surgxfwlrq vlgh lv jlyhq1 Lq Vhfwlrq 6 wkh htxloleulxp ri wkh hfrq0

rp| lv ghulyhg1 Lq Vhfwlrq 7 lw lv vkrzq wkdw wkh devhqfh ri duelwudjh srvvlelolwlhv

lq wkh �qdqfldo pdunhw ri wklv hfrqrp| lv htxlydohqw wr wkh qrwlrq ri wkhuprg|0

qdplf htxloleulxp suhvhqwhg lq Vhfwlrq 51 Wkh lqwxlwlrq ehklqg wkh irupdo uhvxow lv

dovr surylghg1 Vhfwlrq 8 frqfoxghv wkh sdshu surylglqj lghdv iru wkh h{whqvlrq dqg

dssolfdwlrq ri wkh uhvxow1

2 A�i �hL_�U|�L? �hLUitt

Zh frqvlghu dq hfrqrp| hyroylqj lq wkh wlph lqwhuydo ^�4> 4`/ srsxodwhg e| lqglylg0

xdov zkr frqvxph d vlqjoh jrrg dw wlph � @ 3 dqg � @ 41 Frqglwlrqdo rq wkh vwdwh

ri wkh zruog dw wlph � @ 3/ wkh ixwxuh vwdwh ri wkh hfrqrp| lv xqfhuwdlq dqg pd|

hyroyh dw wlph � @ 4 lqwr rqh ri wzr srvvleoh vwdwhv1 Zh ghvfuleh qh{w wkh whfkqrorj|

hpsor|hg iru wkh surgxfwlrq ri wkh vlqjoh jrrg/ zklfk lv edvhg/ lq wklv h{dpsoh/ rq

wkh xvh ri wkhupdo hqhuj|1

2�� �hL_�U|�L? AiU�?L*L})

Hyhu| lqglylgxdo surgxfhv wkh vlqjoh jrrg dffruglqj wr wkh vdph whfkqrorj|1 Sur0

gxfwlrq ri wkh jrrg lv dfklhyhg e| khdwlqj d �xlg/ zklfk lv dydlodeoh lq qdwxuh dw

qr frvw lq xqolplwhg txdqwlw|/ xqwlo lw uhdfkhv d whpshudwxuh juhdwhu ru htxdo wr n1

Vrph dprxqw ri wkhupdo hqhuj| lv iuhho| dydlodeoh lq qdwxuh iru wklv sxusrvh/ dqg lw

kdv qr rwkhu hfrqrplf xvh1 Wkh plqlpxp whpshudwxuh n lv d whfkqrorjlfdo uhtxluh0

phqw1 Wkh �xlg/ zklfk lv dydlodeoh lq qdwxuh dw d whpshudwxuh/ Wf/ orzhu wkdq n/ lv

xvhohvv xqwlo lv khdwhg1 D vrxufh ri khdw dw whpshudwxuh W� lv h{rjhqrxvo| dydlodeoh

wr dfklhyh wklv wdvn1 Zh pd| fdoo wklv kljko| whfkqrorjlfdo jrrg krw zdwhu 1
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Zh pd| qrz ghvfuleh wkh surgxfwlrq surfhvv pruh irupdoo|1 Zh dvvxph wkdw wkh

khdwlqj ri wkh �xlg rffxuv wkurxjk frqgxfwlrq rqo|/ dqg lv d qrq vwdwlrqdu| surfhvv

+lw ghshqgv rq wlph, lqyroylqj wkh surgxfwlrq ri hqwurs|1 Jlyhq { � 3 wkh dprxqw

ri wkh jrrg +khdwhg �xlg, surgxfhg/ surgxfwlrq pxvw vdwlvi| wkh lpsolflw frqvwudlqw

W +w> {> Wf> W�, � n>

zkhuh w lv wkh dprxqw ri wlph gxulqj zklfk khdwlqj rffxuv1 Wkh ixqfwlrqW +w> {> Wf> W�,

ghvfulehv wkh whpshudwxuh ri wkh pdujlqdo xqlw surgxfhg dqg lw lv srvlwlyh/ prqrwrq0

lfdoo| ghfuhdvlqj lq { dqg kdv frqwlqxrxv �uvw dqg vhfrqg ghulydwlyhv1 Whpshudwxuh

W +w> {> Wf> W�, vdwlv�hv Irxulhu*v htxdwlrq

�f
CW

Cw
@

C

C{

�
n.

CW

C{

�
> +4,

zkhuh n. lv wkh wkhupdo frqgxfwlylw| zlwk uhvshfw wr hqhuj|/ f lv wkh �xlg vshfl�f

whpshudwxuh frh�flhqw ri hqhuj| shu xqlw ri pdvv dqg � ghqrwhv pdvv ghqvlw|1 Iru

vlpsolflw|/ zh pd| uhihu wr wkh vroxwlrq zlwk &.
4S

@ �2> jlyhq } @ {@+5�
s
w,/

W +w> }> Wf> W�, @ Wf . +W� � Wf,^4� hui+},` =

D wkhuprg|qdplf htxloleulxp lv dfklhyhg li whpshudwxuh grhv qrw ydu| zlwk wlph/

wkdw lv/ pd| eh gh�qhg e|

CW

Cw
@ 3= +5,

Dowkrxjk wklv whfkqrorjlfdo ghvfulswlrq lv txlwh jhqhudo/ iru frqyhqlhqfh/ zh fdq yl0

vxdol}h wklv surgxfwlrq surfhvv dv wkh khdwlqj ri d �xlg/ lqlwldoo| dw whpshudwxuh Wf/

frqwdlqhg lq d f|olqgulf fdsdflwru zlwk vhfwlrq ri xqlw duhd/ zlwk shuihfwo| lqvxodwhg

zdoov/ wkh xsshu vxuidfh ri zklfk lv vxemhfw wr h{rjhqrxv khdwlqj dw d kljkhu whp0

shudwxuh W�1 Jlyhq { � 3 wkh ghswk dw zklfk wkh whpshudwxuh lv phdvxuhg lqvlgh

wkh f|olqghu/ lwv glvwulexwlrq lv ghvfulehg e| wkh ixqfwlrq W +w> {> Wf> W�,1
�

2�2 A�L�Tih�L_ ThL_�U|�L? @?_ �?�it|4i?|

Diwhu kdylqj ghvfulehg lq wkh suhfhhglqj vhfwlrq wkh sk|vlfdo dvshfwv ri surgxfwlrq

whfkqrorj|/ zh qrz wxuq wr wkh ghvfulswlrq ri wkh surgxfwlrq 0 lqyhvwphqw fkrlfh ri

djhqwv lq wkh hfrqrp|1 Lq rxu wzr0shulrg hfrqrp|/ surgxfhuv pxvw pdnh frqvxps0

wlrq jrrg dydlodeoh dw wzr gl�huhqw gdwhv/ � @ 3 dqg � @ 41 Iru frpsohwhqhvv/ zh

vwduw e| ghvfulelqj wkh surgxfwlrq surfhvv sulru wr wkh frqvxpswlrq gdwh � @ 31 Dw

wlph � @ �4/ zkloh wkh �xlg lqvlgh wkh frqwdlqhu kdv wkh lqlwldo whpshudwxuh Wf/ wkh

xsshu vxuidfh lv eurxjkw dw wkh whpshudwxuh W� A Wf1 Diwhu rqh shulrg/ dw wlph 3/

lw lv wkhuhiruh dydlodeoh iru frqvxpswlrq dq| txdqwlw| {f zklfk vdwlv�hv=
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W +4> {f> Wf> W�, � n = +6,

Ghqrwlqj �{f wkh surgxfwlrq iru zklfk +6, krogv dv dq htxdolw|/ dw wlph � @ 3 wkh

txdqwlw| {f ? �{f lv lqvwdqwdqhrxvo| uhpryhg iurp wkh frqwdlqhu/ ohdylqj lqvlgh wkh

uhvlgxdo txdqwlw| ri wkh surgxfhg jrrg �{f � {f1 Wklv lpsolhv wkdw +6, krogv dv

dq lqhtxdolw|1 Wkh dprxqw ri wkh frqvxpswlrq jrrg �{f � {f dydlodeoh dw wlph 3

uhsuhvhqwv lqyhvwphqw1 Zkdw lv lqyhvwhg khuh/ l1h1 vhw dvlgh iru ixwxuh xvh/ lv fohduo|

dq dprxqw ri wkhupdo hqhuj|1 Iljxuh 4 looxvwudwhv wkh surgxfwlrq surfhvv lq wkh wlph

lqwhuydo ^�4> 3` +Shulrg L,1

Diwhu wkh uhprydo ri wkh surgxfhg txdqwlw|{f lq � @ 3/ wkh uhpdlqlqj �xlg +uhvlgxdo,

lv ixuwkhu khdwhg xqwlo wlph � @ 4> wkh lqlwldo whpshudwxuh ri wkh �xlg lq wkh shulrg

+3> 4` +Shulrg LL, ghshqgv rq wkh dprxqw ri khdwhg �xlg uhpryhg dw wlph � @ 31 Zh

pd| wkhuhiruh zulwh wkdw/ dw wkh ehjlqqlqj ri wkh vhfrqg shulrg/ Wf @ W
�

f
+{f,> jlyhq

krzhyhu wkh prqrwrqlf uhodwlrq ehwzhhq {f dqg lwv whpshudwxuh W +4> {f> Wf> W�,/ zh

pd| htxlydohqwo| gh�qh Wf @ W ��

f
+W +4> {f> Wf> W�,,1

e Jlyhq wklv lqlwldo frqglwlrq ri

wkh �xlg/ wkh surgxfwlrq frqvwudlqw iru shulrg LL surgxfwlrq/ {�/ pd| eh zulwwhq=

W +4> {�> W
�

f
+{f,> W�, � n = +7,

Dw wkh hqg ri shulrg LL lw lv udwlrqdo wr xvh doo wkh dydlodeoh surgxfwlrq iru frqvxps0

wlrq/ dqg wkh frqvwudlqw +7, krogv dv dq htxdolw|1

2�� N?Uih|@�?|)

Dvvxph qrz wkdw wkh lqlwldo whpshudwxuh W� iru shulrg LL lv xqfhuwdlq dqg ehfrphv

nqrzq lpphgldwho| diwhu � @ 3/ diwhu wkh fkrlfh {f lv pdgh1 wkh lqlwldo whpshudwxuh

W� uhsuhvhqwv wkh vwdwh ri qdwxuh iru wkh vhfrqg shulrg/ dqg pd| wdnh wzr srvvleoh

ydoxhv= W�
�
zlwk suredelolw| s/ ru W _

�
zlwk suredelolw| 4�s1 Wklv surgxfhv d gl�huhqw

whfkqrorjlfdo frqvwudlqw ghshqglqj rq wkh vwdwh ri qdwxuh1

Ghqrwh {�
�
surgxfwlrq dw wkh hqg ri shulrg LL dqg vwdwh x dqg {_

�
surgxfwlrq dw

wkh hqg ri shulrg LL dqg vwdwh g1 Wklv |lhogv wkh wzr vwdwh ghshqghqw whfkqrorjlfdo

frqvwudlqwv=

W +4> {�
�
> W

�

f
+{f,> W

�
�
, � n > +8,

W +4> {_�> W
�

f+{f,> W
_
� , � n = +9,

e

ì *i@�i |�i u�?U|�L? A �

f
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Lq rughu wr vlpsoli| qrwdwlrq/ vhw

W +{f, @ W +4> {f> Wf> W�,>

W +{r�> {f, @ W +4> {r�> W
�

f+{f,> W
r
� ,=

Iljxuh 5 ghvfulehv wkh surgxfwlrq surfhvv ehwzhhq wlph � @ 3 dqg wlph � @ 4

dvvxplqj wkh jhqhulf vwdwh v rffxuuhg1

� ,^��*�Mh��4 ��|� UL4T*i|i 4@h!i|t

Zh qrz eulh�| ghvfuleh htxloleulxp xqghu frpsohwh pdunhwv1 Hdfk ri wkh lqglylgx0

dov/ ghqrwhg m @ 4> = = = >Q / pd{lpl}hv h{shfwhg xwlolw| gh�qhg ryhu frqvxpswlrq dw

wlph � @ 3 dqg dw wlph � @ 4 lq wkh jhqhulf vwdwh v/ ghqrwhg F
�
f
> F

�
�r uhvshfwlyho|1

Zkhq frqvxpswlrq dw wlph � @ 3 lv xvhg dv qxphudluh/ wkh �uvw rughu frqglwlrqv

ri wkh frqvxphu*v sureohp gh�qh vwdwh sulfhv wkdw zh ghqrwh S�/ S_1
D Zh dvvxph

wkdw hdfk frqvxphu lv dovr d surgxfhu/ dqg wkdw vwdwh sulfhv wkdw fohdu wkh pdunhwv

h{lvw1S Zh qrz ghvfuleh lq juhdwhu ghwdlo surgxfhu*v htxloleulxp1

��� �hL_�Uih<t LT|�4�4

Frqvlghu qrz wkh surgxfwlyh vhfwru1 Hdfk surgxfhu idfhv wkh sureohp=

pd{
%fc%

�
�
c%_
�

{f . S�{
�
� . S_{

_
� >

vxe W +{f, � n >

W +{�� > {f, � n >

W +{_�> {f, � n =

Dvvxph uhjxodulw| frqglwlrqv vxfk wkdw dq lqwhuqdo vroxwlrq 3? {f ? �{f rewdlqv dw

wlph � @ 3 dqg rqo| wkh odvw wzr frqvwudlqwv duh elqglqj1 Wkh �uvw rughu frqglwlrqv

lpso|=

D

6Lh4@**) |�i ThLM*i4 �t

�@% RL
�
E�

�
f
c �

�
��� n E� 3 R�L

�
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�g{f @ S� g{
�
� . S_ g{

_
� > +:,

zklfk uhsuhvhqwv d qr0duelwudjh frqglwlrq1 Xvlqj frqvxpswlrq dw wlph 3 dv qx0

phudluh/ iurp wkh surgxfhu*v �uvw rughu frqglwlrq +:, dq duelwudjh rssruwxqlw| lv

wkh srvvlelolw| wr dfklhyh d pdujlqdo lpsuryhphqw lq wkh surgxfwlrq sodq vxfk wkdw

;A?
A=

g{f � 3

g{
�
�
� 3

g{
_
�
� 3

zlwk wkh lqhtxdolw| ehlqj vwulfw lq dw ohdvw rqh fdvh1 Wkdw lv/ lw lv srvvleoh wr lqfuhdvh

pdujlqdoo| surgxfwlrq lq d wlph dqg vwdwh zlwkrxw jlylqj xs pdujlqdo dprxqwv ri

surgxfwlrq lq dqrwkhu wlph dqg vwdwh1 .

e A�ih4L_)?@4�U �?|ihThi|@|�L? Lu @hM�|h@}i

Lq wklv vhwwlqj/ zh pd| jlyh dq dgglwlrqdo lqwhusuhwdwlrq wr wkh htxloleulxp dqg wkh

uhodwhg devhqfh ri duelwudjh rssruwxqlwlhv1 Zh vkrz wkdw dq duelwudjh srvvlelolw|

lpsolhv d wkhuprg|qdplf glvhtxloleulxp dqg d frqvhtxhqw �x{ ri wkhupdo hqhuj|

uhsuhvhqwlqj wkh duelwudjh jdlq +orvv,/ phdvxuhg lq whupv ri hqhuj|1 Gxh wr wkh wkhu0

prg|qdplf glvhtxloleulxp fuhdwhg e| wkh duelwudjh srvvlelolw|/ wkh hqhuj| duelwudjh

jdlq dxwrpdwlfdoo| �rzv wr wkh lqglylgxdo zkr uhdol}hv lw1 Xqghu wkh dvvxpswlrqv

frqwdlqhg lq wkh suhylrxv vhfwlrqv/ zh duh qrz uhdg| wr yhuli| wkh iroorzlqj=

Sursrvlwlrq= qr duelwudjh srvvlelolwlhv h{lvw li dqg rqo| li wkhuprg|qdplf

htxloleulxp lv dfklhyhg1

.W?_���_�@*t �? |��t iUL?L4) �ti |�i t@4i ThL_�U|�L? |iU�?L*L}) @?_ �@�i |�i t@4i i?_L�4i?|c
tL |�i�h LT|�4@* ThL_�U|�L? T*@? E%fc %

_
�c %

�
� � �t |�i t@4ic @*|�L�}� |�i�h UL?t�4T|�L? T*@?t 4@)

_�gih� ,@U� �?_���_�@* U@??L| �?Uhi@ti �|t ThL_�U|�L? Lh UL?t�4T|�L? �? @ |�4i @?_ t|@|i ��|�L�|
_iUhi@t�?} ThL_�U|�L? Lh UL?t�4T|�L? @| @?L|�ih |�4i @?_ t|@|i� Wu �i _i�?i |�i i Uitt _i4@?_
uLh |�i UL?t�4T|�L? }LL_ Lu �?_���_�@* � @| _�gihi?| |�4it @?_ �? _�gihi?| t|@|it _�

�
f
c _��

��c _�
�

�_
c

@?_ _i�?i

v '

�
_%�� _%_�
_�

�

�� _�
�

�_

�
c V '

�
_%f

_�
�
f

�
�

�? @hM�|h@}i TLtt�M�*�|)c ���U� �L�*_ Thi�i?| i^��*�Mh��4c �L�*_ Mi @? @**LU@|�L? � ' d#�c #2o �?
���U�G

�v D fc @?_ �V $ f

��|� |�i �?i^�@*�|) Mi�?} t|h�U| �? @| *i@t| L?i U@ti� �t �| �t �i** !?L�?c |�ihi @hi ?L @hM�|h@}i
TLtt�M�*�|�it �u @?_ L?*) �u |�ihi i �t| |�L t|h�U|*) TLt�|��i UL?t|@?|tc �� ' dZ�c Z_oc t�U� |�@|
v� ' 3V �L*_t ���

9



Wr pdnh wkh srlqw/ frqvlghu wkh hqhuj| pdunhw1 H Wklv doorzv xv shuirup d

fkdqjh ri qxphudluh dqg xvh wkh wkhupdo hqhuj| frvw ri wkh pdujlqdo xqlw surgxfhg

lqvwhdg ri frqvxpswlrq jrrg dydlodeoh dw wlph 31 Lq d frpshwlwlyh pdunhw/ pdujlqdo

hqhuj| frvw zrxog eh htxdo wr pdujlqdo hqhuj| uhyhqxh dqg pdunhw sulfh1

Dgrswlqj d fodvvlfdo wkhuprg|qdplf dssurdfk/ iurp Irxulhu*odz +vhh iru h{dpsoh

Ixfkv +4<<9,/ s1647, wkh lqvwdqwdqhrxv �x{ ri wkhupdo hqhuj| wkurxjk wkh �xlg dw

hdfk ghswk lv=

L.+{, @ �N.

CW +{,

C{
+;,

zkhuh N. A 3 lv wkh whpshudwxuh frh�flhqw ri hqhuj|1 Frqvlghu wkh surgxfhu*v

sureohp xqghu wkh qhz qxphudluh=

pd{
%fc%

�
�
c%_
�

{f L.+{f, . S� {�� L.+{f, . S_ {_� L.+{f,>

vxe W +{f, � n >

W +{�
�
> {f, � n >

W +{_
�
> {f, � n =

Wkh surgxfhu*v �uvw rughu frqglwlrqv xqghu wkh qhz qxphudluh uhtxluh=

�g{f @ S�g{
�
�
. S_g{

_
�
�

N.+{f . S�{
�
�
. S_{

_
�
,

L+{f,

C2W +{f,

C{2
f

g{f= +<,

Frpsdulvrq zlwk +:, lpphgldwho| uhyhdov wkdw qr duelwudjh srvvlelolwlhv zloo h{lvw li

wkh vhfrqg rughu sduwldo ghulydwlyh dsshdulqj lq wkh surgxfhu*v �uvw rughu frqglwlrqv

xqghu wkh qhz qxphudluh lv htxdo wr }hur1 Iurp wkh khdw htxdwlrq +4, lw lv erwk

qhfhvvdu| dqg vx�flhqw wkdw
CW +{,

Cw
@ 3> +43,

HA�i _i*��ih) Lu |�ih4@* i?ih}) �? |��t 4@h!i| �t t|h@�}�|uLh�@h_� AL tii |��tc hiU@** |�@| �?_ih
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zklfk lv wkh gh�qlwlrq ri wkhuprg|qdplf htxloleulxp +5,/ wr kdyh

C2W +{,

C{2
@ 3=

Wkhuhiruh/ wkhuprg|qdplf htxloleulxp lv vx�flhqw iru wkh devhqfh ri duelwudjh1

Rq wkh rwkhu kdqg/ wkh fkdqjh ri qxphudluh vkrxog eh luuhohydqw iru wkh htxlole0

ulxp doorfdwlrq/ vr iru wkh qr duelwudjh frqglwlrq +:, wr krog lw lv fohduo| qhfhvvdu|

wkdw +43, krogv1

e�� W?|ihThi|@|�L?

Li wkh surgxfwlrq surfhvv lv qrw lq d vwhdg| vwdwh dw wlph � @ 3/ wkh fkdqjh ri

qxphudluh lv qrw luuhohydqw1 Lq idfw xqghu wkh qhz hqhuj| qxphudluh wkhuh zloo eh

dq lqfuhdvh lq wkh ydoxh ri wkh �up dv d frqvhtxhqfh ri wkh lqfuhdvh ri wkh hqhuj|

frqwhqw ri wkh pdujlqdo xqlw surgxfhg dw wlph � @ 3/ wkdw lv L.+{f,1

Fohduo|/ ehiruh vwhdg| vwdwh ri wkh surgxfwlrq surfhvv lv uhdfkhg/ surgxfwlrq

zloo qrw eh hqwluho| h�flhqw/ dv vrph h{fhvvlyh dprxqw ri wkhupdo hqhuj| zloo eh

xvhg wr eulqj wkh lqlwldo od|huv ri �xlg dw d whpshudwxuh juhdwhu wkdq wkh _h�flhqw%

whpshudwxuh n1 Li {f A 3/ wkh pdujlqdo xqlw ri wkh surgxfhg jrrg dydlodeoh dw wlph

� @ 3 zloo kdyh dq hqhj| frqwhqw/ zklfk ehfrphv lwv pdunhw sulfh/ wkdw lv orzhu wkdq

wkh dyhudjh hqhuj| frqwhqw ri wkh txdqwlw| {f1 Lq d vwhdg| vwdwh hfrqrp| surgxfwlrq

zrxog eh pruh h�flhqw1 Krzhyhu wklv fdqqrw eh dfklhyhg lq �qlwh wlph1

Li surgxfwlrq lv qrw lq vwhdg| vwdwh/ wr pd{lpl}h wkh ydoxh ri wkh �up wkh sur0

gxfhu zloo vhw dw wkh kljkhvw srvvleoh ohyho wkh hqhuj| sulfh L.+{f,1 Li L.+{f, lv

prqrwrqlfdoo| ghfuhdvlqj dqg frqfdyh lq {f/ iru dq| srvlwlyh sulfhv Sr wklv zloo ohdg

wr wkh fruqhu vroxwlrq {f @ 3/ wkdw lv qr surgxfwlrq dw wlph � @ 3/ dqg wkh uhfhlsw

ri dq hqhuj| dprxqw L.+3,
S

r
Sr{

r
�
1 Khqfh/ li +43, grhv qrw krog iru hyhu| {/ xqghu

wkh qhz qxphudluh pdunhwv zloo qrw fohdu1

Vr/ hlwkhu wkh qr duelwudjh frqglwlrq gh�qhg xqghu wkh qhz qxphudluh krogv/ ru

whpshudwxuh ydulhv wkurxjk wlph/ l1h1 wkhuh lv qhlwkhu wkhuprg|qdplf htxloleulxp

qru hfrqrplf htxloleulxp1 Rqo| wkhuprg|qdplf surgxfwlrq surfhvvhv wkdw duh do0

uhdg| lq vwhdg| vwdwh dw wlph � @ 3 duh frpsdwleoh zlwk hfrqrplf htxloleulxp dqg

devhqfh ri duelwudjh srvvlelolwlhv1

D �L?U*�t�L?t

Wklv sdshu surylghv d ylhz dv wr zk| wkh pdwkhpdwlfdo prghov dvvrfldwhg zlwk wkhu0

prg|qdplf skhqrphqd pd| dovr eh xvhg lq wkh ghvfulswlrq ri �qdqfldo htxloleulxp

dqg devhqfh ri duelwudjh srvvlelolwlhv1 E| uhfrjql}lqj wkdw d wkhuprg|qdplf sur0

fhvv lv dw wkh khduw ri d surgxfwlrq surfhvv/ lw lv vkrzq d rqh wr rqh fruuhvsrqghqfh

ehwzhhq wkhuprg|qdplf htxlolelxp ri wkh surgxfwlrq surfhvv dqg wkh htxloleulxp

ri wkh �qdqfldo pdunhw lq zklfk frqwlqjhqw fodlpv rq surgxfwlrq duh h{fkdqjhg1

Wkhuprg|qdplf dqg hfrqrplf htxloleulxp duh qrw rqo| lvrprusklf/ d ohvvrq zklfk

lv douhdg| hylghqw iurp wkh xvh ri wkh vdph pdwkhpdwlfv lq sk|vlfv dqg hfrqrplfv/

;



exw udwkhu wkh| duh frqqhfwhg1 Lq wkh suhvhqw frqwh{w/ wklv lv kljkoljkwhg e| dv0

vxplqj dq dprxqw ri +wkhupdo, hqhuj| dv qxphudluh/ qdpho| wkh dprxqw qhhghg wr

surgxfh lq wkh prvw h�flhqw zd| d xqlw ri d vshfl�f jrrg1

Wkh frqqhfwlrq zlwk wkhuprg|qdplf htxloleulxp dggv d glphqvlrq wr wkh irupdo

dqdo|vlv ri hfrqrplf htxloleulxp zlwk wlph ghshqghqw surgxfwlrq1 Lq sduwlfxodu/ li

vwhdg| vwdwh ri wkh whuprg|qdplf surgxfwlrq surfhvv lv qrw dfklhyhg/ e| vzlwfklqj

wr dq hqhuj| qxphudluh/ zh pd| h{sorlw dq duelwudjh srvvlelolw| zklfk suhyhqwv

htxloleulxp1

Wkh uhvxow suhvhqwhg lq wklv sdshu pd| eh vwudljkwiruzdugo| h{whqghg wr pxowlsoh

jrrgv dqg pxowlsoh shulrgv +ru frqwlqxrxv wlph hfrqrplhv,1 D vlpsoh zd| wr h{whqg

wklv vhwwlqj wr pxowlsoh jrrgv lv wr dvvxph wkdw hdfk jrrg lv d gl�huhqw �xlg khdwhg

dw wkh vdph whpshudwxuh juhdwhu ru htxdo wr n1 D gl�huhqw �xlg lv fkdudfwhul}hg e|

d gl�huhqw gl�xvlrq frh�flhqw �1 Li zh h{foxgh wkh srvvlelolw| ri mrlqw surgxfwlrq

surfhvv/ hdfk jrrg lv surgxfhg e| d glvwlqfw fdsdflwru +surfhvv,1

Li zh wdnh wkh ylhz wkdw d ghvfulswlrq ri wkh surgxfwlrq surfhvv lq zklfk surgxf0

wlrq ghshqgv rq wlph lv lqghhg uhdolvwlf/ vrph phfkdqlvp zklfk suhyhqwv duelwudu|

vzlwfkhv ri qxphudluh lv uhtxluhg wr dfklhyh htxloleulxp1 Iruflqj wkh xvh ri d prq0

hwdu| qxphudluh wkurxjk fdvk lq dgydqfh frqvwudlqwv pd| eh d zd| wr jxdudqwhh dq

htxloleulxp1

<



Iljxuh 4

Dw wlph � @ �4 wkh �xlg lq wkh frqwdlqhu lv dw wkh whpshudwxuhWf1 Wkh xsshu vxuidfh
lv eurxjkw wr wkh whpshudwxuh W� A Wf1 Diwhu d xqlw ri wlph wkh �xlg whpshudwxuh
lq uhodwlrq wr lwv ghswk lv W +{,/ zklfk lv orzhu wkh ghhshu lqvlgh wkh frqwdlqhu1

x

T0

T

x0 T(x )0>k

T(x)

1

τ τ=-1 =0

Period I

RESIDUAL

Iljxuh 5

Dw wlph � @ 3/ diwhu wkh uhprydo ri wkh surgxfhg dprxqw {f/ wkh uhvlgxdo lv dw d
+qrq xqlirup, kljkhu whpshudwxuh W �+{f, A Wf1 Ixuwkhu khdwlqj xqwlo wlph � @ 4
iurp wkh xsshu vxuidfh dw wkh qhz whpshudwxuh W r

�
uhvxowv lq wkh surgxfhg dprxqw

{
r
�
/ zklfk kdv d pdujlqdo whpshudwxuh htxdo wr n1

x

x T 0(x  x)
T(x)

1

τ τ

RESIDUAL

T

Period II

=0 =1

s s

1
s

1
s =k

T’(x )0

1 T
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Iljxuh 6

T(x )0

T(x)

1

τ=0

x0
A >x0

B

x0
B B

T(x )0
A

TT
1

Iljxuh 7

(x )0

1

τ=0

B
T(x )0

A

TT
1

00
0T(x0

B+dx)=

y

T -dT
dy
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