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RQ WKH DEVROXWH DQG UHODWLYH GLIIHUHQWLDOV

RUGHULQJV DQG WKHLU UHSUHVHQWDWLRQV

HUQHVWR VDYDJOLR

Devwudfw1 Lq vrph vlwxdwlrqv/ Oruhq} rughulqj +OR, dsshduv wr eh d glv0

sxwdeoh lqhtxdolw| fulwhulrq1 Dssduhqwo|/ wkhuh h{lvw vrph �sdudgr{lfdo vlwx0

dwlrqv� zkhuh wkh Oruhq} fulwhulrq idlov wr udqn dowhuqdwlyh lqfrph glvwulex0

wlrqv1 Wzr vxe0rughulqjv ri OR/ wkh devroxwh gl�huhqwldov rughulqj +DGR, dqg

wkh uhodwlyh gl�huhqwldov rughulqj +UGR,/ kdyh ehhq lqwurgxfhg dqg vwxglhg

dv vxlwdeoh dowhuqdwlyh lqhtxdolw| fulwhuld1 Wkh fodvvhv ri ixqfwlrqv frqvlvwhqw

zlwk vxfk udqnlqjv duh lghqwl�hg1

MHO fodvvl�fdwlrq = G64/ G96/ L641

41 Lqwurgxfwlrq

Lq klv vhplqdo sdshu/ Dwnlqvrq ^5` surylghg dq hohjdqw mxvwl�fdwlrq iru wkh xvh

ri Oruhq} fxuyhv dv d phdqv ri phdvxulqj lqfrph lqhtxdolw| zlwklq wkh xwlolwduldq
iudphzrun1 Vlqfh wkh sxeolfdwlrq ri wklv sdshu/ wkh Oruhq} fulwhulrq kdv ehhq

uhsuhvhqwhg dv rqh ri wkh ixqgdphqwdo wrrov iru gudzlqj frqfoxvlrqv derxw lqhtxdolw|

ri lqfrph glvwulexwlrqv1 Wklv lv ehfdxvh vxfk d fulwhulrq lw lv dwwudfwlyh xqghu d
qrupdwlyh dqg ghvfulswlyh srlqw ri ylhz1

Pruh uhfhqwo|/ vhyhudo wkhrulvwv kdyh qrwhg wkh h{lvwhqfh ri vlwxdwlrqv zkhuh

Oruhq} rughulqj +OR, idlov wr eh d vxlwdeoh fulwhulrq1 Wkh| kdyh qrwlfhg wkhuh
h{lvw vrph vlwxdwlrqv zkhuh dq lqfrph glvwulexwlrq grplqdwhv dqrwkhu glvwulexwlrq

lq wkh vhqvh ri Oruhq}/ hyhq li wkh odwwhu lv rewdlqhg e| phdqv ri d vhtxhqfh ri
uhjuhvvlyh wudqvihuv/ qdpho| d wudqvihu ri prqh| iurp uhodwlyho| srruhu shrsoh wr

ulfkhu rqhv1 �Sdwkrorjlfdo� vlwxdwlrqv olnh wklv kdyh ehhq revhuyhg e| Pr|hv ^45`

dqg/ lq wkh olwhudwxuh ri ghflvlrq xqghu ulvn/ e| Txljjlq ^46`1 Lq rughu wr dyrlg
vxfk �idloxuhv� lq udqnlqj lqfrph glvwulexwlrqv/ Fkdwhdxqhxi ^7` kdv lqwurgxfhg wzr

dowhuqdwlyh lqhtxdolw| fulwhuld zklfk fkhfn wkh fkdqjh lq lqhtxdolw| zlwklq jurxsv

ri wkh srsxodwlrq1
Wkhvh wzr dowhuqdwlyh fulwhuld wr OR kdyh ehhq ghqrplqdwhg e| Pr|hv ^45` devr0

oxwh gl�huhqwldov rughulqj +DGR, dqg uhodwlyh gl�huhqwldov rughulqj +UGR,1 Wkhvh
wzr sduwldo rughulqjv �uvw dsshduhg lq wkh uhvhdufk ri Pduvkdoo/ Ronlq dqg Survfkdq

^<` lq wkh �hog ri wkh Wkhru| ri Pdmrul}dwlrq1

Rxu frqfhuq lv wr dqdo|}h DGR dqg UGR dqg hvwdeolvklqj wkhlu surshuwlhv dqg
fkdudfwhulvwlfv1 Zh vkrz wkdw DGR dqg UGR kdyh d khxulvwlf dsshdo dv OR1 Zh

fkdudfwhul}h wkhlu uhodwlyh fodvvhv ri lqglfhv/ vwuhqjwkhqlqj wkh Sljrx0Gdowrq Sulq0

flsoh1 Lq idfw/ lqwurgxflqj wzr vxefodvvhv ri wkh fodvv ri doo Sljrx0Gdowrq wudqvihuv
fdoohg wudqvihuv derxw d wkuhvkrog +vhh dovr Fdvwdjqrol dqg Pxolhuh ^6`,/ dqg UGR

Gdwh = Rfwrehu 45/ 53331

Nh| zrugv dqg skudvhv1 Lqhtxdolw|/ Wudqvihuv/ Rughulqjv1

L wkdqn surihvvruv F1 g*Dvsuhprqw/ H1 Fdvwdjqrol/ D1 Prqwhvdqr/ D1 Wudqqr| dqg V1 Ydqqxffl

iru wkhlu frpphqwv1 Wkh xvxdo glvfodlphu dssolhv1
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fulwhulrq iru wudqvihuv/ zh vkrz wkdw zh fdq dyrlg glvsxwdeoh vlwxdwlrqv olnh wkh rqh

phqwlrqhg deryh dqg/ dw wkh vdph wlph/ fkdudfwhul}h wkh fodvv ri ixqfwlrqv +l1h1 wkh
vr0fdoohg rughu0suhvhuylqj ixqfwlrqv,/ zklfk duh frqvlvwhqw zlwk DGR dqg UGR1

Lq wkh fdvh ri wudqvihuv derxw d wkuhvkrog/ zh frqvlghu d vruw ri sryhuw| olqh/ derxw

zklfk wudqvihuv wdnh sodfh1 Dffruglqj wr Fdvwdjqrol dqg Pxolhuh ^6`/ zh uhvwulfw wkh
fodvv ri Sljrx0Gdowrq wudqvihuv wr wkh vxevhw ri wudqvihuv zklfk wdnh prqh| iurp

lqglylgxdov deryh wkh �{hg sryhuw| olqh dqg jlyh prqh| wr vrph shrsoh ehorz

wklv wkuhvkrog/ zlwk wkh uhodwlyh srvlwlrqv ri lqglylgxdov uhpdlqlqj xqfkdqjhg1 Lq
wklv zd| zh �qg wkh fodvv ri rughu0suhvhuylqj ixqfwlrqv frqvlvwhqw zlwk DGR1 Rxu

uhvxow lv yhu| forvh wr wkdw ri Fdvwdjqrol dqg Pxolhuh/ |hw zh uho| rq d ohppd
gxh wr Pduvkdoo dqg Ronlq ^;`1 Wkh dvvxpswlrq ri gl�huhqwldelolw| ri wkh rughulqj

suhvhuylqj ixqfwlrq lv/ lq idfw/ qrw uhtxluhg1 Wkh surri lv pruh lqwxlwlyh/ dv lw rqo|

fkhfnv orfdo frqglwlrq rq wzr hohphqwv ri wkh lqfrph glvwulexwlrq wr lqihu wkh joredo
ehkdylru ri wkh fodvv ri lqglfhv frqvlvwhqw zlwk DGR1

Dv surjuhvvlyh wd{dwlrq uhgxfhv wkh lqhtxdolw| zkhq wkh suh0wd{ glvwulexwlrq lv

�{hg/ zh fdq lqwhusuhw d yhfwru glvwulexwlrq | dv wkh lqfrph glvwulexwlrq ehiruh wd{
dqg { @ i +|, dv wkh vdph lqfrph glvwulexwlrq diwhu wd{dwlrq1 Wkh uhtxluhphqw ri d

surjuhvvlyh wd{dwlrq/ htxlydohqw wr i+|,
|

ehlqj qrq0ghfuhdvlqj/ lv xvxdoo| shufhlyhg

dv uhgxflqj lqfrph lqhtxdolw|1 Surjuhvvlyh wd{dwlrq lv d nlqg ri uhglvwulexwlrq ri
lqfrph frpsdudeoh zlwk d wudqvihu wkdw wdnhv prqh| iurp wkh ulfk dqg jlyhv lw
wr wkh srru1 Lq wklv zd|/ zh rewdlq d fulwhulrq wkdw udqnv yhfwru glvwulexwlrqv
diwhu dq lqfrph uhglvwulexwlrq/ yld surjuhvvlyh wd{dwlrq/ rffxuv1 Zh fdoo wklv nlqg
ri uhglvwulexwlrq surfhvv dq UGR fulwhulrq iru wudqvihu1 Vwxg|lqj wklv vxefodvv
ri Sljrx0Gdowrq wudqvihuv/ zh rewdlq d frpsohwh fkdudfwhul}dwlrq ri wkh fodvv ri
ixqfwlrqv frqvlvwhqw zlwk UGR1 Rxu dssurdfk lv pruh jhqhudo wkdq wkdw suhvhqwhg
e| Prvohu dqg Pxolhuh ^44` dv zh lqfoxgh zkdw Prvohu dqg Pxolhuh fdoo wkh fodvv ri
wudqvihuv qh{w wr d wkuhvkrog/ qdpho| wkh wudqvihuv wkdw pd| uhvxow lq furvvlqj wkh
sryhuw| olqh e| wkh grqru ru wkh uhflslhqw1 Pruhryhu/ rxu surri lv d vlpsohu yhuvlrq
ri Prvohu dqg Pxolhuh*v1 Zh dsso| iru d pruh lqwxlwlyh uhvxow/ gxh wr Pduvkdoo
dqg Ronlq ^;` derxw vwdu0vkdshg ixqfwlrq/ wkdq wkh uhvxow/ xwlol}hg e| Prvohu dqg
Pxolhuh dqg gxh wr Odqgvehujhu dqg Phlolmvrq ^:`1

Wklv sdshu frqvlvwv ri irxu vhfwlrqv1 Lq vhfwlrq 5/ zh h{sodlq rxu edvlf gh�qlwlrqv
dqg fuxfldo frqfhswv dqdo|wlfdoo| dv zhoo dv lqwxlwlyho| dqg vkrz krz wr dyrlg wkh
vr0fdoohg OR sdudgr{hv1 Vhfwlrq 6 lv ghyrwhg wr lghqwli|lqj wkh fodvvhv ri lqglfhv
frqvlvwhqw zlwk DGR dqg UGR1 Ilqdoo|/ vrph uhpdunv rq lvvxhv uhodwhg wr wkh xvh
ri sduwldo rughulqjv frqfoxgh wkh sdshu1

51 Oruhq} rughulqj dqg dowhuqdwlyh lqhtxdolw| fulwhuld

Lq klv slrqhhulqj zrun rq hfrqrplf lqhtxdolw|/ Dwnlqvrq ^5` glvforvhv wkh wkhr0
uhwlfdo dqdorj| ehwzhhq wkh phdvxuhphqw ri lqfrph glvsdulw| lq d zhoidulvwlf hydo0
xdwlrq frqwh{w dqg wkh phdvxuhphqw ri ulvn lq ghflvlrq xqghu xqfhuwdlqw|1 Kh
vkrzv wkdw/ jlyhq wzr lqfrph glvwulexwlrqv zlwk htxdo phdq/ vhfrqg0ghjuhh vwrfkdv0

wlf grplqdqfh +vvg, lv htxlydohqw wr wkh Oruhq} grplqdqfh fulwhulrq1 Wklv dssurdfk
hydoxdwhv lqhtxdolw|/ xvlqj dq lqfrph yhfwru dv ghwhuplqlqj vrfldo zhoiduh1 Lw uholhv
rq wkh qrupdwlyh dqg ghvfulswlyh dsshdo ri Oruhq} rughulqj +OR, dqg lw kdv ehhq
wkh edvlv ri d orw ri uhvhdufk ri frqvlghudeoh lqwhuhvw1
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Qrqhwkhohvv/ vhyhudo wkhrulvwv kdyh uhfhqwo| qrwhg wkh h{lvwhqfh ri vlwxdwlrqv lq
zklfk wkh Oruhq} rughu idlov wr eh d vxlwdeoh lqhtxdolw| fulwhulrq dv lw lqyroyhv
sdudgr{hv lq udqnlqj gl�huhqw lqfrph glvwulexwlrqv1

Ohw xv vxssrvh wkdw wkh lqlwldo lqfrph glvwulexwlrq dprqj irxu lqglylgxdov lv
uhsuhvhqwhg e| wkh yhfwru | @ +43> 48> 53> 58,1 Li zh frpsduh | zlwk wkh glvwulexwlrq
{ @ +44> 47> 54> 57,/ zh vhh wkdw wkh Oruhq} fxuyh dvvrfldwhg zlwk { olhv deryh
wkdw |1 Wklv vkrxog phdq wkdw wkh glvwulexwlrq { lv pruh �vsuhdg rxw� ru pruh
hyhq wkdq glvwulexwlrq |1 Krzhyhu/ { fdq eh rewdlqhg iurp | e| d surjuhvvlyh
wudqvihu +lqglylgxdo |7 kdv jlyhq prqh| wr wkh srruhvw lqglylgxdo |4, dv zhoo dv d
uhjuhvvlyh wudqvihu +|5 jdyh prqh| wr |6,1 Pruhryhu/ li zh vlpso| frqvlghu vxejurxs
i5> 6j/ lqhtxdolw| lqfuhdvhv dv zh sdvv iurp vlwxdwlrq | wr vlwxdwlrq {1 Wkh lqfrph

glvwulexwlrq zh rewdlq lv reylrxvo| pruh srodul}hg dv lqhtxdolw| lv lqfuhdvhg ehwzhhq

wkh jurxsv i4> 5j dqg i6> 7j1 Lq rwkhu zrugv/ wkh Oruhq} fulwhulrq grhv qrw wdnh lqwr

dffrxqw wkh gl�huhqfhv ri lqfrph dprqj lqglylgxdov ehorqjlqj wr d jlyhq lqfrph

glvwulexwlrq1 Lq rughu wr phdvxuh lqhtxdolw| ri lqfrph ru zhdowk dqg wr frpsduh

wzr gl�huhqw glvwulexwlrqv dv rqh ehlqj pruh htxdo wkdq wkh rwkhu/ wkh OR dsshduv

wr eh wrr zhdn dv d fulwhulrq1

Frqvlghulqj vxfk dq h{dpsoh/ d frqfoxvlrq wkdw vhyhudo vfkroduv kdyh sxw iru0

zdug lv wkdw wkhuh lv urrp iru dowhuqdwlyh lqhtxdolw| fulwhuld1 Lq idfw/ wzr gl�huhqw

lqhtxdolw| fulwhuld duh sursrvhg e| Fkdwhdxqhxi ^7`/ dffruglqj wr Pr|hv ^45` dqg

Txljjlq ^46`/ lq rughu wr dyrlg sdudgr{hv dv wkh rqh phqwlrqhg deryh= wkh devroxwh

gl�huhqwldov rughulqj +DGR, dqg wkh uhodwlyh gl�huhqwldov rughulqj +UGR,1

DGR dqg UGR kdyh ehhq wkhq vxjjhvwhg dv vxlwdeoh lqhtxdolw| fulwhuld1

Wr vhh zk| ohw xv ehjlq e| gh�qlqj OR/ DGR dqg UGR1

5141 Qrwdwlrq dqg Gh�qlwlrqv1 Zh frqvlghu d jlyhq �qlwh srsxodwlrq Q @

i4> = = = > l> = = = > qj ri lqglylgxdov1 Dq lqfrph glvwulexwlrq

| @ +|4> ===> |l> ===> |q,

lv d �qlwh froohfwlrq ri srvlwlyh uhdo qxpehuv vxfk wkdw |4 � = = = � |l � = = = � |q
dqg
S

l
|l @ W 1 |l lv lqwhusuhwhg dv wkh lqfrph ri lqglylgxdo l lq wkh srsxodwlrq Q 1

Wkh vhw ri doo lqfrph glvwulexwlrqv iru wkh srsxodwlrq Q lv ghqrwhg e|

C @

+
| 5 ?q

= |4 � = = = � |l � = = = � |q dqg
[
l

|l @ W

,
1

Dq lqhtxdolw| fulwhulrq � lv dq rughulqj rq ?q dqg fdq eh lghqwl�hg zlwk d

vxevhw � ri C � C4= zkhq wkh wzr lqfrph glvwulexwlrqv {> | lq C vdwlvi| { � |/ zh

vkdoo vd| wkdw | lv pruh xqhtxdo wkdq {1

Wkh wkuhh lqhtxdolw| fulwhuld frqvlghuhg lq wklv zrun duh gh�qhg ehorz1

Gh�qlwlrq 4 +Lqhtxdolw| Fulwhuld,1 Jlyhq wzr lqfrph glvwulexwlrqv {> | 5 C/ zh

vd| wkdw=

41 { lv ohvv xqhtxdo wkdq | lq wkh vhqvh ri Oruhq}/ ghqrwhg { �OR |/ zkhqhyhu

n[
l@4

{l �

n[
l@4

|l> iru doo n 5 i4> = = = > q� 4j >

�Vwulfwo| vshdnlqj/ lw lv d suhrughulqj rq ^?= wkdw lv d uh h{lyh dqg wudqvlwlyh uhodwlrq rq ^?
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51 { lv ohvv xqhtxdo wkdq | iru wkh devroxwh gl�huhqwldov rughulqj +DGR,/ ghqrwhg

{ �DGR |/ li

{l.4 � {l � |l.4 � |l ;l 5 i4> ===> q� 4j >

61 { lv ohvv xqhtxdo wkdq |/ zlwk {> | 5 ?q../ iru wkh uhodwlyh gl�huhqwldov rughulqj

+UGR,/ ghqrwhg { �UGR |/ li=

{l.4

{l

�
|l.4

|l

;l 5 i4> ===> q� 4j =

Wkh phdqlqj ri DGR dqg UGR wkhuhiruh lv wkdw li wkh gl�huhqfhv +udwlrv,/ eh0

wzhhq |l dqg {l lqfuhdvh/ wkhq/ vwhs e| vwhs/ wkh ydoxh ri |l kdv wr lqfuhdvh pxfk

pruh uhodwlyho| wr wkdw ri {l1 Wkh frpsrqhqwv ri |l duh wkhq ohvv �vsuhdg rxw�

wkdq wkh rqhv ri {l/ l1h1 wkhuh h{lvwv ohvv glvsdulw| ehwzhhq ulfk dqg srru lq wkh

glvwulexwlrq { wkdq lq |1

Wkh iroorzlqj txhvwlrqv qrz dulvh= �Zk| glg wkh dwwhqwlrq ri wkhrulvwv pryh wr

wkhvh wzr rughulqjvB�> �Gr DGR dqg UGR uhdoo| kdyh d khxulvwlf dsshdoB�> �Zk|

vkrxog zh dgrsw wkhvh dowhuqdwlyh fulwhuld wr ORB�1

Wkh uhvw ri wkh sdshu lv ghglfdwhg wr dwwhpswlqj dqvzhuv wr wkhvh txhvwlrqv1

5151 Dowhuqdwlyh lqhtxdolw| fulwhuld iru vroylqj wkh sdudgr{hv frqfhuqlqj

OR1 Fkdwhdxqhxi ^7` fodlpv wkdw wkh xvh ri Oruhq} grplqdqfh/ dv d fulwhulrq wr

hydoxdwh lqfrph glvsdulw| dprqj lqglylgxdov/ ohdgv wr wuxh sdudgr{hv1

Lq idfw/ ohw xv dvvxph/ dv kh grhv/ txrwlqj Pr|hv ^45`/ wkdw wkh lqlwldo lqfrph

glvwulexwlrq | dprqj 7 lqglylgxdov lv htxdo wr | @ +43> 48> 53> 58,1 Wkh yhfwru

{ @ +44> 47> 54> 57,/ rewdlqhg iurp | wkurxjk vhyhudo wudqvihuv ri vkduhv ri lqfrph

dprqj lqglylgxdov/ Oruhq} grplqdwhv |1 Qhyhuwkhohvv/ li zh fdoo k d yhfwru ri

wudqvihuv vxfk wkdw
S

7

l@4
kl @ 3/ zlwk kl uhsuhvhqwlqj wkh vkduh ri lqfrph wkdw

wkh lwk lqglylgxdo uhfhlyhv +ru wudqvihuv, iurp +wr, dqrwkhu lqglylgxdo m/ zh fdq

frqfoxgh wkdw { lv rewdlqhg iurp | e| wkh iroorzlqj wudqvihuv= k5 @ �4 dqg k6 @ 4=

d uhodwlyho| srruhu shuvrq kdv jlyhq rqh xqlw ri khu lqfrph wr d uhodwlyho| ulfkhu

rqh1 Vxfk d wudqvihu vkrxog lqfuhdvh lqhtxdolw|1 OR lqvwhdg vkrzv wkdw wkh rewdlqhg

yhfwru { suhvhqwv ohvv glvsdulw| zlwk uhvshfw wr |1 Wkh vdph wklqj kdsshqv li zh

frqvlghu wkh yhfwru {4 @ +47> 47> 54> 54, wkdw grplqdwhv | lq vhqvh ri Oruhq}/ |hw lv

rewdlqhg iurp | e| lpsrvlqj lqglylgxdo 5 wr jlyh rqh xqlw ri lqfrph wr lqglylgxdo

6/ l1h1 k5 @ �4 dqg k6 @ 41 Dqdorjrxvo| iru wkh yhfwru {5 @ +43> 49> 4<> 58,/ zklfk

rqfh djdlq Oruhq} grplqdwhv |/ |hw zlwk k4 @ 3/ k5 @ 4/ k6 @ �4 dqg k7 @ 3/ d

ulfkhu shuvrq kdv rewdlqhg dq lqfuhdvh ri lqfrph zkloh wkh srruhvw shuvrq kdv qrw/

ixuwkhupruh d uhodwlyho| srruhu shuvrq kdv vx�huhg d uhgxfwlrq ri lqfrph zkloh wkh

ulfkhvw rqh kdv qrw1

Li zh frqvlghu vxfk h{dpsohv/ wkh Oruhq} fulwhulrq dsshduv wr eh d wrr zhdn

fulwhulrq1 Fkdwhdxqhxi ^7` frqfoxghg wkdw zh kdyh wr orrn iru vrph dowhuqdwlyh

wrrov iru frpsdulqj wkh lqhtxdolw| ehwzhhq gl�huhqw lqfrph glvwulexwlrqdo sur�ohv1

Wkhq/ lq rughu wr dyrlg wkh glvsxwdeoh vlwxdwlrqv txrwhg deryh/ kh sursrvhg wr

xvh DGR dqg UGR dv vxlwdeoh dowhuqdwlyhv wr OR1 Wkhvh wzr rughulqjv duh vxe0

rughulqjv ri OR15 Wkh| gr qrw dqdo|}h wkh lqfrph glvwulexwlrq dv d �zkroh�/ exw

hvwlpdwh lqhtxdolw| e| frpsdulqj dowhuqdwlyh lqglylgxdo lqfrph sur�ohv1 DGR dqg

UGR fdswxuh pruh lqirupdwlrq/ uhodwlyh wr dq| glvwulexwlrq/ wkdq OR grhv1 Lqghhg/

frpsdulqj/ iru h{dpsoh/ | zlwk {/ OR vd|v wkdw { Oruhq} grplqdwhv |/ zkloh DGR

2Wklv phdqv wkdw DGR dqg UGR lpsolhv OR/ zkhuhdv wkh frqwudu| grhv qrw krog1
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vd|v wkdw e| sdvvlqj iurp | wr {/ lqhtxdolw| frxog lqfuhdvh/ dw ohdvw/ li zh frpsduh

wkh lqfrph ri wkh vhfrqg jurxs ri lqglylgxdov lq wkh glvwulexwlrq zlwk wkdw ri wkh

wklug rqh +l1h1/ |6 � |5 @ 53� 48 @ 8 ? {6 � {5 @ 54� 47 @ :,1

Kdylqj vkrzq zk| vhyhudo wkhrulvwv kdyh uhfhqwo| dqdo|}hg DGR dqg UGR/ zh

zdqw qrz wr dqvzhu wr wkh txhvwlrq= �Zkdw lv wkh khxulvwlf ydoxh ri wkhvh wzr

lqhtxdolw| fulwhuldB�1

Wr vhh zk| DGR lv d vxlwdeoh lqhtxdolw| fulwhulrq/ ohw xv frqvlghu wzr yhfwruv ri

lqfrph sur�ohv {> | 5 C/ wkdw duh DGR0udqnhg/ dqg vhw {l @ |l.kl ;l 5 i4> ===> qj/

zkhuh kl uhsuhvhqwv d yhfwru ri hohphqwdu| wudqvihuv dprqj lqglylgxdov vxfk wkdwSq

l@4 kl @ 3= Lw lv fohdu wr revhuyh wkdw { fdq eh rewdlqhg iurp | e| wudqvihuulqj

dprxqwv ri lqfrph iurp ulfkhu wr srruhu shrsoh1 Lq rwkhu zrugv/ lw lv srvvleoh wr

vkrz wkdw { �DGR | li dqg rqo| li kl.4 � kl ;l 5 i4> ===> q� 4j zlwk
Sq

l@4 kl @ 31

Wklv vhhpv d jrrg uhtxluhphqw wr h{shfw iurp dq lqhtxdolw| fulwhulrq1 Lq idfw/

lw lv srvvleoh wr rewdlq/ iurp d jlyhq lqfrph glvwulexwlrq yhfwru/ dqrwkhu rqh zklfk

vkrzv ohvv lqhtxdolw|/ vlpso| e| wudqvihuulqj vkduhv ri lqfrph iurp d ulfkhu lqglylg0

xdo wr d srruhu rqh lq dq devroxwh surjuhvvlyh zd|1

Dqdorjrxvo| iru UGR/ li/ jlyhq wzr yhfwruv {> | 5 ?q/ zh lqwhusuhw |l dv wkh lqgl0

ylgxdo lqfrph ehiruh wd{ dqg {l @ i+|l, dv wkh vdph lqfrph yhfwru diwhu wd{dwlrq6/

zh vhh wkdw { �UGR | lv lq dffrugdqfh zlwk surjuhvvlyh lqfrph wd{dwlrq/ li UGR lv

htxlydohqw wr
i+|,

|
ehlqj qrq0ghfuhdvlqj rq +3>.4,= Lq rwkhu zrugv/ li zh vxssrvh

wkdw { uhvxowv iurp | wkurxjk uhglvwulexwlyh h�hfwv gxh wr d surjuhvvlyh lqfrph wd{/

zh fdq rughu wkh wzr yhfwruv dv UGR grhv1 Lq vxfk d fdvh/ hyhq UGR zloo dsshdu

d vxlwdeoh lqhtxdolw| fulwhulrq1

Zh qrz kdyh doo wkh hohphqwv iru dqvzhulqj wkh odvw txhvwlrq srvhg ehiruh/

qdpho|= �Vkrxog zh dgrsw DGR dqg UGR dv dowhuqdwlyh lqhtxdolw| fulwhuld wr OR

lq rughu wr vroyh wkh txrwhg sdudgr{hvB�1

5161 Dq dowhuqdwlyh vroxwlrq wr Oruhq} rughu*v sdudgr{hv1 Zh kdyh h{dp0

lqhg wkh vxlwdeoh fkdudfwhulvwlfv ri DGR dqg UGR/ fdqglgdwhg wr uhsuhvhqw dq

dowhuqdwlyh wr Oruhq} rughulqj1 Zh qrz zdqw wr lqyhvwljdwh krz wr vroyh ru dyrlg

wkh sdudgr{lfdo vlwxdwlrqv lq phdvxulqj wkh lqhtxdolw| dvvrfldwhg wr gl�huhqw lqfrph

glvwulexwlrqv1

Fulwltxh ri OR w|slfdoo| olhv rq wkh idfw wkdw lw grhv qrw vkrz doo wkh lqirupdwlrq

uhodwhg wr d jlyhq glvwulexwlrq1 Wkh Oruhq} fulwhulrq lv d wrro wkdw udqnv lqfrph

yhfwruv dv d �zkroh� dqg grhv qrw wdnh lqwr dffrxqw doo fkdqjhv wkdw frxog rffxu

lq hyhu| txdqwloh ri wkh glvwulexwlrq1

Lqghhg/ li zh frqvlghu d srsxodwlrq ri q lqglylgxdov zkrvh lqfrph sur�oh lv

| @ +|4> |5> ===> |q, zlwk wkh hohphqwv rughuhg lq dq lqfuhdvlqj rughulqj vxfk wkdw

|l � |m li l � m dqg d yhfwru { wkdw uhsuhvhqwv d uhdoorfdwlrq ri wkh wrwdo lqfrphS
l |l/ vxfk wkdw | �OR {/ wkhq zh fdq wklqn wkdw {l @ |l . kl/ zlwk l 5 i4> ===qj

dqg
S

l kl @ 31 Ohw xv dvvxph wkdw wkhuh h{lvw lq | wzr lqglylgxdov l> m zkrvh

lqfrphv duh |l> |m zlwk |l � |m dqg vxssrvh wudqvihuulqj iurp l wr m dq dprxqw

ri prqh| vxfk wkdw kl ? 3 dqg km A 31 Lq vxfk d fdvh/ li { �OR | rffxuv/ zh

kdyh d glvsxwdeoh rughulqj/ dw ohdvw zkhq irfxvlqj rq lqglylgxdov l dqg m1 Vxfk d

uhdvrqlqj lv fruuhfw1 Krzhyhu/ wkh idfw wkdw { Oruhq} grplqdwhv | vlpso| phdqv wkdw

wkh �uvw glvwulexwlrq lv pruh vsuhdg rxw zlwk uhvshfw wr wkh vhfrqg rqh= wkh Oruhq}

grplqdqfh fulwhulrq grhv qrw whoo zkr jlyhv wr zkrp1 OR lv d v|qwkhwlf phdvxuh/

�
Lq jhqhudo/ zh fdq lpdjlqh s dv dq| ixqfwlrq uhgxflqj lqhtxdolw|/ wkurxjk d wudqvirupdwlrq

+� ' %� n �� zlwk
S

�
�� ' f1
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d sduwldo rughu wkdw wuhdwv wkh yhfwru glvwulexwlrqv dv d �zkroh� dqg grhv qrw fduh

derxw lqhtxdolw| uhodwlyh wr hdfk lqglylgxdo1 Pruhryhu/ li zh vkrxog wdnh doo w|shv
ri lqfrph wudqvihuv lqwr dffrxqw/ zh fdqqrw uhdoo| xvh wkh OR fulwhulrq dq|pruh/

zkhq wkh glvwulexwlrq { lv ghulyhg iurp | wkurxjk wzr hohphqwdu| wudqvihuv/ rqh

srvlwlyh dqg wkh rwkhu qhjdwlyh7/ dv wkh Oruhq} fxuyhv furvv rqfh1 Dfwxdoo|/ vrph
sdudgr{hv/ lq zklfk frpsrvlwh wudqvihuv duh dgplwwhg8/ ylrodwh zkdw Vkruurfnv dqg

Irvwhu ^4;` gh�qh d idyrudeoh frpsrvlwh wudqvihu +IDFW,/ l1h1 d nlqg ri phdq0

yduldqfh suhvhuylqj wudqvihu wkdw ghfuhdvhv wkh lqhtxdolw| ri wkh glvwulexwlrq1
Wkh lvvxh ri sdudgr{hv lv qrz hylghqw1

Li wkh yhfwru ri dgplvvleoh wudqvihuv k lv +suhflvho|, gh�qhg/ zh pd| dyrlg vrph
glvsxwdeoh udqnlqjv ehwzhhq gl�huhqw yhfwru glvwulexwlrqv1 Lq idfw/ li zh rqo| dgplw

wudqvihuv ri wkh Sljrx0Gdowrq w|sh/ wkhq/ lq wkh fdvh ri uhdoorfdwlrq +|> {, dv gh�qhg
deryh/ { lv d yhfwru zkhuh wkh ulfkhvw lqglylgxdo +wkh irxuwk, kdv wudqvihuuhg rqh
xqlw ri klv lqfrph wr wkh wklug +53 ehfrphv 54,/ zkloh wkh vhfrqg rqh kdv jlyhq 4

prqh| wr wkh �uvw +wkdw jrhv iurp 43 wr 44,1 Wklv lv shuihfwo| frkhuhqw zlwk wkh

OR1
Lw lv qrz hylghqw wkdw li zh gh�qh wkh dgplvvleoh wudqvihuv lq d vxlwdeo| uhvwulfwhg

zd|/ zh uxoh rxw wkh sdwkrorjlfdo vlwxdwlrqv phqwlrqhg deryh1

61 Wkh fodvvhv ri lqglfhv frqvlvwhqw zlwk DGR dqg UGR

Kdylqj vkrzq d zd| wr dyrlg zkdw Fkdwhdxqhxi ^7` fdoov �sdudgr{lfdo vlwxdwlrqv�

lq udqnlqj lqfrph glvwulexwlrqv ri OR/ zh duh qrz lqwhuhvwhg lq fkdudfwhul}lqj wkh

fodvvhv ri ixqfwlrqv frqvlvwhqw zlwk devroxwh dqg uhodwlyh gl�huhqwldov rughulqjv1

Dffruglqj wr Fdvwdjqrol dqg Pxolhuh ^6`/ lw lv vrphwlphv ehwwhu wr vwuhqjwkhq wkh

Sljrx0Gdowrq Sulqflsoh ri Wudqvihuv lq rughu wr pdnh fohdu krz wr uhgxfh lqhtxdolw|

ri d jlyhq glvwulexwlrq1

Ohw xv uhsurgxfh/ rqfh djdlq/ rxu irxu shuvrqv vrflhw| dqg wkh wzr glvwulexwlrqv

| @ +43> 48> 53> 58, dqg { @ +44> 47> 54> 57,1 Li zh frqvlghu wkh vxejurxs ri lqglylg0

xdov i4> 5j +l1h1 wkrvh zkr kdyh lqfrph 44 dqg 47 lq {,/ wkhq lqhtxdolw| ghfuhdvhv

zkhq zh pryh iurp | wr {1 Qrqhwkhohvv/ lqhtxdolw| lqfuhdvhv zlwklq jurxs i5> 6j
+l1h1 47/ 54,/ pdnlqj wkh glvwulexwlrq { ohvv dwwudfwlyh/ dw ohdvw iurp wkh srlqw ri

ylhz ri lqglylgxdov lq vxfk d srvlwlrq1

Wkhq/ lq rughu wr dyrlg xqudqndeoh vlwxdwlrqv olnh wklv/ rxu sursrvdo frqvlvwv lq

vwuhqjkwhqlqj wkh Sljrx0Gdowrq sulqflsoh/ �{lqj d wkuhvkrog/ d vruw d sryhuw| olqh

durxqg zklfk wudqvihuv wdnh sodfh=

�^===` Hyhu| wudqvihu iurp d shuvrq deryh wkh olqh wr d shuvrq xqghu

wkh olqh lv frqvlghuhg dv ghfuhdvlqj ru qrw lqfuhdvlqj wkh lqhtxdolw|/

surylghg wkdw shrsoh duh pdlqwdlqhg lq wkh ruljlqdo srvlwlrq zlwk

uhvshfw wr wkh sryhuw| olqh� +Fdvwdjqrol dqg Pxolhuh ^6`,1

Lq wklv zd|/ zh rewdlq/ �uvw ri doo/ d fohduhu dqg xqtxhvwlrqdeoh fulwhulrq wr

dqdo|}h wkh wudqvihuv dqg wkh lqhtxdolw| phdvxuhv1 Ixuwkhupruh/ �{lqj d wkuhvk0

rog/ zh fdq dyrlg wulyldo glvwlqfwlrqv ehwzhhq lqfrph yhfwru glvwulexwlrqv vxfk dv

|
4 @ +43> <3> 4333> 4433, dqg {

7 @ +44> ;<> 4333> 4433,1 Ilqdoo|/ e| xvlqj wkh fodvv

ri wudqvihuv derxw d wkuhvkrog/ zh fdq fkdudfwhul}h wkh ixqfwlrqv suhvhuylqj wkh

devroxwh gl�huhqwldov rughulqj1

e
D qhjdwlyh hohphqwdu| wudqihu lv zkdw Urwkvfklog dqg Vwljolw} ^48` fdoo d uhjuhvvlyh wudqvihu/

zklfk frqvlvwv ri wudqihuulqj d fhuwdlq dprxqw ri prqh| iurp d srru wr d ulfk shuvrq1
DRqh srvlwlyh dqg rqh qhjdwlyh1
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Iru dq| jlyhq sduwldo rughu � ri d vhw ?q/ uhdo0ydoxhg ixqfwlrqv * gh�qhg rq

?q zklfk vdwlvi| * +{, � * +|, zkhqhyhu { � | duh ydulrxvo| uhihuuhg wr dv �prqr0

wrqlf�/ �lvrwrqlf� ru �rughu0suhvhuylqj�1 Pdq| ri wkh lqhtxdolwlhv wkdw dulvh iurp

pdmrul}dwlrq fdq eh rewdlqhg vlpso| e| lghqwli|lqj dq dssursuldwh rughu0suhvhuylqj

ixqfwlrq1 Rxu dlp lv wr �qg lqhtxdolwlhv ri wkh irup * +{, � * +|,/ rewdlqhg xvlqj

dq| rughu0suhvhuylqj ixqfwlrq * iru dq| yhfwruv { dqg | vxfk wkdw { �DGR | ru

{ �UGR |1

Zh kdyh vhhq wkdw iru {> | 5 C/ DGR phdqv wkdw +{l � |l, lv qrq0lqfuhdvlqj

lq l zlwk
Sq

l@4
+{l � |l, @ 31 Wkhvh wzr frqglwlrqv duh htxlydohqw wr vd|lqj wkdw

{l @ |l . kl/ l1h1 wkhuh h{lvwv d yhfwru k 5 ?q/ zulwwhq dv k @ ^k4> ===> kq`/ zkrvh
�uvw n hohphqwv +zlwk n 5 i4> q� 4j,/ duh qrw qhjdwlyh dqg wkh uhpdlqlqj +q � n,

duh qrw srvlwlyh vxfk wkdw
S

l
kl @ 31 Dw wkh vdph wlph/ wkh frqglwlrqv deryh

lpso| wkdw iru vrph n/ n @ 4> ===> q � 4/ |n � {n dqg iru m A n/ |m A {m 1 Vxfk

d uhvwulfwlrq dprxqwv wr lqwurgxflqj dq +lpsolflw, wkuhvkrog/ d sryhuw| olqh/ zlwk

uhvshfw wr zklfk wudqvihuv wdnh sodfh1

Zh nqrz wkdw wkh Sulqflsoh ri Wudqvihuv ri Sljrx0Gdowrq hvwdeolvkhv wkdw li |n
lv wkh lqfrph ri lqglylgxdo n/ n @ 4> ===> q/ li |l ? |m / dqg li dq dprxqw � ri lqfrph

lv wudqvihuuhg iurp lqglylgxdo m wr l/ lqfrph lqhtxdolw| lv glplqlvkhg surylghg � �
|m � |l1 Wkdw phdqv wkdw=

Gh�qlwlrq 51 D yhfwru | pdmrul}hv d yhfwru {/ ghqrwhg { � |/ li { fdq eh ghulyhg

iurp | e| d �qlwh qxpehu ri wudqvihuv +hdfk vdwlvi|lqj wkh uhvwulfwlrq � � |m � |l,

Ohw xv ghqrwh e| 
q
SG wkh vhw ri Sljrx0Gdowrq wudqvihuv/ l1h1 +|> {, 5 
q

SG li dqg

rqo| li { fdq eh ghulyhg iurp | wkurxjk wudqvihuv ri Sljrx0Gdowrq w|sh1 Pruhryhu/

vxssrvh wkdw wkh yhfwru k ri wudqvihuv ehorqjv wr wkh vhw=

K +{, @

+
k = k4 � 3> k5 � 3> ===> kn � 3> kn.4 � 3> ===kq � 3>

[
l

kl @ 3

,

dqg jlyhq d n/ ohw � eh d �{hg wkuhvkrog vxfk wkdw |n � � � |n.41 Wkhq/ zh fdq

uhsuhvhqw wkh vhw ri wudqvihuv derxw wkh wkuhvkrog � dv iroorzv=


q

�
@
^
q�5

i+{> |, 5 
q

SG
= {l � � li {l � |l A 3> {l � � li {l � |l ? 3j =

Zh duh qrz orrnlqj iru wkh ixqfwlrqv wkdw suhvhuyh wkh rughulqj ri pdmrul}dwlrq

jlyhq e| 
q

�

9
1

Gh�qlwlrq 61 D uhdo0ydoxhg ixqfwlrq * = ?q $ ? lv dq rughu0suhvhuylqj ixqfwlrq/

vdwlvi|lqj wkh sulqflsoh ri wudqvihuv derxw d wkuhvkrog � / li * +|, � * +{, zkhqhyhu

+|> {, 5 
q

�
1

Lq sduwlfxodu/ lq rughu wr ghwhuplqh wkh fodvv ri ixqfwlrqv wkdw vdwlvi| wkh sulqflsoh

ri wudqvihuv derxw � dqg duh frqvlvwhqw zlwk DGR/ zh qhhg wkh iroorzlqj gh�qlwlrq=

SWkh jhqhudo fodvv ri rughu0suhvhuylqj ixqfwlrqv lv fdoohg Vfkxu frqyh{1 Reylrxvo|/ hyhu| Vfkxu0

frqyh{ ixqfwlrq zloo eh d ixqfwlrq wkdw vdwlv�hv wkh fodvv ri wudqvihuv derxw � 1 Zkdw zh duh grlqj

khuh lv wr uhvwulfw wklv fodvv wr wkh vxefodvv ri doo ixqfwlrqv suhvhuylqj wkh devroxwh gl�huhqwldov

rughulqj1
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Gh�qlwlrq 71 Dq lqgh{ * = ?q $ ? lv fdoohg dgglwlyh li

* +|4> ===> |q, @

q[

l@4

i+|l,1+614,

dqg wkh iroorzlqj ohppd
:
=

Ohppd 41 Ohw * eh d uhdo0ydoxhg ixqfwlrq gh�qhg rq ?q1 Wkhq

{ ! | rq ?q lpsolhv * +{, � * +|,

li dqg rqo| li/ iru doo } 5 ?q dqg n @ 4> ===> q� 4

* +}4> ===> }n�4> }n . �> }n.4 � �> }n.5> ===> }q,+615,

lv ghfuhdvlqj lq � ryhu wkh uhjlrq

3 � � � plq ^}n � }n�4> }n.5 � }n.4` > n @ 4> ===> q� 5

3 � � � }q�4 � }q�5/ n @ q� 4

Zh duh qrz uhdg| wr vwdwh wkh iroorzlqj=

Wkhruhp 41 Ohw � 5 ?. eh d jlyhq wkuhvkrog1 Wkhq/ d qrq0lqfuhdvlqj dgglwlyh

ixqfwlrq * = ?q $ ? vdwlv�hv wkh 

q
� 0sulqflsoh ri wudqvihuv li dqg rqo| li

pd{
|l?�

i +{l � |l, � plq
|mA�

i +{m � |m, iru doo | 5 C1

Surri1 Zh nqrz wkdw hyhu| Sljrx0Gdowrq wudqvihu fdq eh ghfrpsrvhg lqwr d �qlwh

qxpehu ri hohphqwdu| wudqvihuv;/ l1h1 wudqvihuv wkdw rffxu mxvw ehwzhhq wzr lqglylg0

xdov1< Vlqfh 
q
� lv d vxefodvv ri Sljrx0Gdowrq wudqvihuv/ zh rqo| kdyh wr frqvlghu

wkh fdvh q @ 5 43

Wkhq/ +|> {, 5 
q
� lv htxlydohqw wr wkh h{lvwhqfh ri vrph l> m/ zlwk l ? m/ dqg dq

k 5 ?q vxfk wkdw kl @ �km dqg kn @ 3 iru n 9@ l> m1 Li {l @ |l. kl � plq i|l.4> �j/
{m @ |m � km � pd{ i|m�4> �j/ wkhq frqglwlrq +615, lq Ohppd 4 krogv li dqg rqo| li

pd{
|l?�

^i +|l . kl,� i+|l,` � plq
|mA�

^i +|m . km,� i+|m,`

iru doo l> m dqg k dqg doo | 5 ?q1
Wklv lv htxlydohqw wr=

pd{
|l?�

i +{l � |l, � plq
|mA�

i +{m � |m, =

.Vhh Pduvkdoo dqg Ronlq ^;`/ Ohppd 61D15 sj1 881
HVhh Kdug|/ Olwwohzrrg dqg Sõo|d ^9` sj17:1
bLq vxfk d fdvh � kdv rqo| wzr qrq0}hur hqwulhv1
�fVhh Pduvkdoo dqg Ronlq ^;`/ fkdswhu 6/ vhfwlrq E sj1540551
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Zh kdyh frqvlghuhg wzr lqfrph fodvvhv/ ehorz dqg deryh d jlyhq wkuhvkrog/ lq

rughu wr fkdudfwhul}h wkh fodvv ri lqhtxdolw| lqglfhv frqvlvwhqw zlwk DGR/ qdpho|

wkh fodvv ri ixqfwlrqv wkdw lv qrqghfuhdvlqj zlwk hyhu| wudqvihu derxw � 1 D wkuhvkrog

fdq wkhq eh lqwhusuhwhg dv d sryhuw| olqh> hdfk wudqvihu iurp d shuvrq deryh wkh

olqh wr d shuvrq xqghu wkh olqh lv frqvlghuhg dv lqfuhdvlqj vrfldo zhoiduh1

Ohw xv wxuq qrz wr wkh fodvv ri ixqfwlrqv wkdw suhvhuyhv wkh uhodwlyh gl�huhqwldov

rughulqj1

E| gh�qlwlrq/ { lv pdmrul}hg e| | dffruglqj wr UGR li
{l.4

{l

� |l.4

|l
iru doo l 5

i4> q� 4j1 Wklv lv wdqwdprxqw wr
|l

{l

� |l.4

{l.4
/ zklfk phdqv wkdw wkh udwlr ehwzhhq

wkh frpsrqhqwv ri { dqg | pxvw eh qrq0ghfuhdvlqj iru doo l1 Vd|lqj wkdw { lv pruh

vsuhdg0rxw wkdq | phdqv wkdw { frxog eh rewdlqhg iurp | wkurxjk d uhglvwulexwlrq ri

lqfrph gxh/ iru h{dpsoh/ wr d surjuhvvlyh wd{dwlrq ri lqglylgxdov lq wkh glvwulexwlrq

|1 Khqfh/ lw lv vwudljkwiruzdug wr lqwhusuhw |l dv wkh lqfrph ehiruh wd{ dqg {l @

i +|l, dv wkh vdph lqfrph diwhu wd{dwlrq1 Iru wkh prphqw/ ohw xv vxssrvh wkdw wkh

ixqfwlrq i = ^3>4, $ ?. lv dq lqhtxdolw| uhgxflqj wudqvirupdwlrq1 Wkh rughulqj

{ �UGR | lv wkhq lq dffrugdqfh zlwk d surjuhvvlyh lqfrph wd{dwlrq/ li UGR lv

htxlydohqw wr
i+|,

|
ehlqj qrq0ghfuhdvlqj rq +3>.4,1

Lq wklv zd|/ zh kdyh rewdlqhg d fulwhulrq wkdw udqnv wkh yhfwru glvwulexwlrqv diwhu

dq lqfrph uhglvwulexwlrq ri w|sh {l @ |l.kl/ zkhuh kl lv d yhfwru ri wudqvihuv vxfk

wkdw
Sq

l@4 kl @ 31 Zh froohfw wkh vhw ri wudqvihuv ghvfulehg deryh dv=


q
B @

^
q�5

+
+|> {, 5 
q

SG = i+|,
|

qrq0ghfuhdvlqj rq +3>.4, / zlwk

i = ^3>4,$ ?. dqg {l @ i +|l, @ |l . kl dqg
Sq

l@4 kl @ 3

,
=

dqg zh fdoo lw d UGR fulwhulrq iru wudqvihuv1

Qrz/ lq rughu wr ghwhuplqh wkh fodvv ri lqglfhv ri lqhtxdolw| frqvlvwhqw zlwk

UGR dqg wkh nlqg ri wudqvihuv h{sodlqhg deryh/ zh vshfldol}h wkh fodvv ri lqhtxdolw|

uhgxflqj wudqvirupdwlrqv wkurxjk wkh qrwlrq ri vwduvkdshg ixqfwlrq=44

Gh�qlwlrq 81 Ohw D � ?.1 D ixqfwlrq i = D $ ? lv vwduvkdshg deryh dw 3 dqg

vxssruwhg li i lv frqwlqxrxv dqg

i +}, @} lv qrq0ghfuhdvlqj dw doo }1

Wkhq/ zh vkrz wkdw=

Wkhruhp 51 Ohw * lq +614, dq dgglwlyh ixqfwlrq/ wkhq lw vdwlv�hv wkh UGR fulwhulrq

iru wudqvihuv iru doo q li dqg rqo| li i lv frqwlqxrxv dqg vwduvkdshg deryh dw 31

Surri1 , Li * +}, @
S

l
i +}l, vdwlv�hv wkh uhglvwulexwlyh +UGR, fulwhulrq ghvfulehg

deryh dqg wkhuh h{lvw s> t 5 ?5 zlwk s @ p

p.o
t/ l1h1 s � t/ dqg o>p 5 Q vxfk

wkdw o .p � q/ wkhq so @ +t � s,p1 Fkrrvh � A 3/ vxfk wkdw s A � dqg � @ �/

� @ t � �/ � @ s. �1 Wkhq 3 ? � ? � ? � dqg +� � �, o @ +� � �,p1
Li zh frqvlghu +|> {, @ +|> | . k,/ zlwk |l @ � zkhq l 5 in � o . 4> ===> nj/ |l @ �

zkhq l 5 in . 4> ===> n .pj/ kl @ �� |l zkhq l 5 in � o . 4> ===> n .pj/ dqg kl @ 3

hovhzkhuh/ wkhq
S

q

l@4
kl @ +� � �, o. +� � �,p @ 3/ khqfh +|> | . k, lv d wudqvihu1

Pruhryhu/ +|> {, ehorqjv wr wkh nlqg ri rughulqj h{sodlqhg deryh +l1h1 UGR, dqg

e| dvvxpswlrq=

��Vhh Odqgvehujhu dqg Pdlolmvrq ^:` dqg Pduvkdoo dqg Ronlq ^;`1
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3 � * +| . k,� * +|, @ +o .p, i +�,� oi +�,�pi +�,

lv htxdo wr pi +�, � pi +�, � +o .p, ^i +�,� i +�,`1 Li zh glylgh wklv odvw

lqhtxdolw| iru +� � �, +o .p, @ +� � �,p A 3/ zh rewdlq=

i +�,� i +�,

� � �
�

i +�,� i +�,

� � �

dssurdfklqj wr wkh olplw/ � $ 3/ wklv |lhogv=

i +t,

t
�

i +s,

s

zklfk phdqv wkdw i lv vwduvkdshg deryh dw 3>
+ Li i lv vwduvkdshg lw phdqv wkdw lw lv vxssruwhg e| d olqhdu ixqfwlrq dw 3 ri

wkh irup i +}, � i +3, . }� iru doo }/ zlwk vrph � 5 ?1
Vlqfh i lv vwduvkdshg deryh dw 3/ i jlyhv ohvv zhljkw wr lqfrph fkdqjhv lq wkh

orzhu sduw ri wkh glvwulexwlrq wkdq lq wkh xsshu rqh1 Wklv lpsolhv wkdw wkh h{suhvvlrq

* +{,� * +|, @

q[

l@4

^i +|l . kl,� i +|l,`+616,

lv ohvv ru htxdo wkhq 31

Wkhq/ dv
S

l
kl @ 3/ wkh wudqvlwlrq iurp {l @ {l . kl wr |l lv d phdq suhvhuylqj

vsuhdg1 Wklv frpsohwhv wkh surri1

Wklv fodvv ri dgglwlyh lqhtxdolw| lqglfhv lv jlyhq e| wkh vhw ri doo uhdo ixqfwlrqv

zklfk duh vwduvkdshg deryh dw 31 Lw lv odujhu wkdq wkh fodvv ri Vfkxu frqyh{ ixqfwlrqv

dv wkh UGR sulqflsoh ri wudqvihuv lv pruh uhvwulfwlyh wkdq wkh Sljrx0Gdowrq rqh1

Wklv lpsolhv wkdw ohvv sdluv ri glvwulexwlrqv duh frpsdudeoh1 Exw/ dw wkh vdph wlph/

vrph lqgh{ zklfk lv qrw frqvlvwhqw zlwk wkh Sljrx0Gdowrq sulqflsoh ri wudqvihuv/

pd| wdnh lqwr dffrxqw wkh gl�huhqfhv ehwzhhq wkh gl�huhqw jurxsv ri lqglylgxdov

ehorqjlqj wr d jlyhq glvwulexwlrq dqg foduli| wkh suhihuhqfhv txhvwlrqhg lq vhyhudo

hpslulfdo vwxglhv +h1j1 Dplho dqg Frzhoo ^4`, derxw wkh wudqvihuv uhgxflqj lqhtxdolw|1

71 Frqfoxvlrq

Lq vrph vlwxdwlrqv/ wkh Oruhq} rughu lqyroyhv sdudgr{hv lq udqnlqj gl�huhqw lq0

frph glvwulexwlrqv1 Rqh sursrvdo frqvlvwv lq xvlqj wzr gl�huhqw lqhtxdolw| fulwhuld/

qdpho| DGR dqg UGR/ lq rughu wr vroyh vxfk �glvsxwdeoh vlwxdwlrqv�1 Khuh/ zh

kdyh wulhg wr vlqjoh rxw wkh vxlwdeoh surshuwlhv ri devroxwh dqg uhodwlyh gl�huhqwldov

rughulqj1 Zh irxqg wkdw d vwuhqjkwhqlqj ri wkh Sljrx0Gdowrq sulqflsoh ri wudqv0

ihuv kdv hqwdlohg= d, d frpsohwh fkdudfwhul}dwlrq ri wkh fodvv ri ixqfwlrqv frqvlvwhqw

zlwk DGR dqg UGR> dqg e, wkh glvdsshdudqfh ri wkh deryh phqwlrqhg sdwkrorjlfdo

vlwxdwlrqv1

Wkh ohvvrq wr eh gudzq lv wkh iroorzlqj= ri frxuvh d sduwldo rughulqj +vxfk dv OR/

DGR dqg UGR,/ ohdyhv vrph sdluv xqudqnhg1 Wkhq/ zkhq fkrrvlqj dq lqhtxdolw|

fulwhulrq/ rqh kdv wr sd| dwwhqwlrq wr wkhlu olplwv dqg wkhlu ryhudoo qrupdwlyh dqg

ghvfulswlyh frqvlvwhqf|1 Ilqdoo|/ lw frxog eh xvhixo wr dsso| d frpelqdwlrq ri gl�hu0

hqw sulqflsohv ri wudqvihuv lq rughu wr kdyh pruh wkdq rqh wrro iru htxdol}lqj lqfrph

glvwulexwlrqv1
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Uhihuhqfhv

^4` Dplho/ \1/ dqg I1 Frzhoo +4<<5, 0 �Phdvxuhphqw ri lqfrph lqhtxdolw|= h{shulphqwdo whvw e|

txhvwlrqqdluh� 0 Mrxuqdo ri Sxeolf Hfrqrplfv 7:/ 60591

^5` Dwnlqvrq/ D1E1 +4<:3, 0 �Rq wkh phdvxuhphqw ri Lqhtxdolw|� 0 Mrxuqdo ri Hfrqrplf Wkhru|

5/ 57705961

^6` Fdvwdjqrol/ H1 dqg S1 Pxolhuh +4<<3, 0 �D qrwh rq lqhtxdolw| phdvxuhv dqg Sljrx0Gdowrq

sulqflsoh ri wudqvihuv� 0 lq Vwxglhv lq frqwhpsrudu| Hfrqrplfv +Gdjxp/ F1 dqg P1 ]hqjd

hgv1, Lqfrph dqg Zhdowk Glvwulexwlrq/ Lqhtxdolw| dqg Sryhuw| 0 Vsulqjhu Yhuodj/ Ehuolq1

^7` Fkdwhdxqhxi/ D1 +4<<9, 0 �Ghfuhdvlqj lqhtxdolw|= dq dssurdfk wkurxjk qrq0dgglwlyh prghov�

0 z1s1<918; FHUPVHP/ Xqlyhuvlwì gh Sdulv L1

^8` Gdvjxswd/ S1/ D1N1 Vhq/ dqg G1 Vwduuhw +4<:6, 0 �Qrwhv rq wkh phdvxuhphqw ri lqhtxdolw|� 0

Mrxuqdo ri Hfrqrplf Wkhru|/ 9/ 4;304;:1

^9` Kdug|/ J1K1/ M1H1 Olwwohzrrg/ dqg J1 Sro|d/ +4<67/ 4<85, 0 Lqhtxdolwlhv 0 Fdpeulgjh Xql0

yhuvlw| Suhvv/ Orqgrq1

^:` Odqgvehujhu/ P1 dqg L1 Phlolmvrq/ +4<<3, 0 �Orwwhulhv/ Lqvxudqfh dqg Vwdu0vkdshg Xwlolw|

Ixqfwlrqv� 0 Mrxuqdo ri Hfrqrplf Wkhru|/ 85/ 404:1

^;` Pduvkdoo/ D1Z1/ dqg L1 Ronlq/ +4<:<, 0 Lqhtxdolwlhv= Wkhru| ri Pdmrul}dwlrq dqg lwv Dssolfd0

wlrqv 0 Dfdghplf Suhvv= Qhz \run1

^<` Pduvkdoo/ D1Z1/ L1 Ronlq/ dqg I1 Survfkdq/ +4<9:, 0 �Prqrwrqlflw| ri udwlr ri phdqv dqg

rwkhu dssolfdwlrqv ri pdmrul}dwlrq� 0 lq Lqhtxdolwlhv +R1 Vklvkd/ hg1, ss14::04<31 Dfdghplf

Suhvv/ Qhz \run1

^43` Pduvkdoo/ D1Z1/ G1Z1 Zdonxs dqg U1M1E1 Zhwv/ +4<9:, 0 �Rughu0suhvhuylqj ixqfwlrqv= ds0

solfdwlrqv wr pdmrul}dwlrq dqg rughu vwdwlvwlfv� 0 Sdfl�f Mrxuqdo ri Pdwkhpdwlfv/ yro156/

89<08;81

^44` Prvohu/ N1 dqg S1 Pxolhuh/ +4<<9, 0 �Lqhtxdolw| lqglfhv dqg wkh vwduvkdshg1 sulqflsoh ri

wudqvihuv� 0 Vwdwlvwlfdo Sdshuv/ 6:/ 67606971

^45` Pr|hv/ S1 +4<<7, 0 �Lqhtxdolw| uhgxflqj dqg lqhtxdolw| suhvhuylqj wudqvirupdwlrqv ri lqfrphv=

v|pphwulf dqg lqglylgxdolvwlf wudqvirupdwlrqv� 0 Mrxuqdo ri Hfrqrplf Wkhru|/ 96/ 5:405<;1

^46` Txljjlq/ M1 +4<;;, 0 �D vwurqjhu fkdudfwhul}dwlrq ri lqfuhdvlqj ulvn� 0 Irxuwk Lqwhuqdwlrqdo

Frqihuhqfh rq wkh Irxqgdwlrqv dqg Dssolfdwlrqv ri Xwlolw|/ Ulvn dqg Ghflvlrq Wkhru| 0 IXU

;;/ Exgdshvw1

^47` Suhvwrq/ L1 +4<<3, 0 �Udwlrv/ gl�huhqfhv/ dqg lqhtxdolw| lqglfhv� 0 Lqvwlwxwh iru Ilvfdo Vwxglhv

Zrunlqj Sdshu Z<30<1

^48` Urwkvfklog/ P1 dqg M1H1 Vwljolw} +4<:6, 0 �Vrph ixuwkhu uhvxowv rq wkh phdvxuhphqw ri lq0

htxdolw|� 0 Mrxuqdo ri Hfrqrplf Wkhru|/ 9/ 4;;05371

^49` Vhq/ D1N1 +4<<:, 0 Rq Hfrqrplf Lqhtxdolw| 0 +Vhfrqg hgv,/ h{whqghg hglwlrq zlwk M1 Irvwhu/

R{irug= Foduhqgrq Suhvv1

^4:` Vhq/ D1N +4<;3, 0 �Htxdolw| ri ZkdwB� 0 lq PfPxuulq/ V1 hg1/ Wxqqhu Ohfwxuhv rq Kxpdq

Ydoxhv > yro14/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^4;` Vkruurfnv/ D1I1 dqg M1 Irvwhu +4<;:, 0 �Wudqvihu vhqvlwlyh lqhtxdolw| phdvxuhv� 0 Uhylhz ri

Hfrqrplf Vwxglhv/ 87/ 7;807<:1

F1R1U1H1/ yrlh gx Urpdq Sd|v/ 67/ Xqlyhuvlwì Fdwkroltxh gh Orxydlq/ Ehojlxp

H0pdlo dgguhvv = huqhvwrCfruh1xfo1df1eh

XUO= kwws=22zzz1fruh1xfo1df1eh


