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Zhljkwv dqg ydoxhv zlwk lqfrpsohwh

frppxqlfdwlrq

Jlrydqql UrvvlW

Pdufk 56/ 5334

Devwudfw

Zh irfxv rq wkh vsdfh ri �qlwh frdolwlrqdo jdphv zkrvh sod|hu vhw fr0

lqflghv zlwk wkh yhuwh{ vhw ri vrph h{rjhqrxvo| jlyhq vlpsoh judsk1 Zh

dgrsw wkh xvxdo dssurdfk frqvlvwlqj lq wkh wuhdwphqw ri vxfk jdphv lq

whupv ri wkh dvvrfldwhg +surmhfwlyh, vsdfh ri srlqw jdphv/ rqh ri zkrvh

edvhv lv wkh froohfwlrq ri doo frqqhfwhg xqdqlplw| jdphv1 Lq dvvrfldwlrq

zlwk hdfk hohphqw ri vxfk d edvlv zh frqvlghu wkh fruuhvsrqglqj vsdqqhg

vxejudsk dqg xvh wklv odwwhu wr gh�qh wzr klhudufklfdo vwuxfwxuhv/ iru0

pdol}hg wkurxjk d yhfwru0 ydoxhg vhw ixqfwlrq txdqwli|lqj zhljkwv1 Zh

sursrvh +dqg d{lrpdwlfdoo| fkdudfwhul}h, wzr fruuhvsrqglqj ydoxh ixqf0

wlrqv wkdw duh frqvlvwhqw zlwk hdfk ri vxfk klhudfklfdo vwuxfwxuhv zkhq

wkh dvvrfldwhg frqqhfwhg xqdqlplw| jdph lv sod|hg1 Wkh ydoxhv wkxv re0

wdlqhg uhvxow wr eh jhqhudol}dwlrqv ri zhljkwhg Vkdsoh| ydoxhv1 E| phdqv

ri d qhzo| gh�qhg duf jdph/ zh dovr surylgh dq dowhuqdwlyh frpsxwdwlrq

surfhgxuh iru wkh P|huvrq +4<::, ydoxh1

Nh| zrugv= frdolwlrqdo jdph/ vlpsoh judsk/ frqqhfwhg xqdqlplw|

jdph/ vsdqqhg vxejudsk/ zhljkwhg Vkdsoh| ydoxh/ Pùelxv wudqvirup1

MHO fodvvl�fdwlrq qxpehu=

4 Lqwrgxfwlrq

Wkh dlp ri wklv duwlfoh lv wr sursrvh wzr jhqhudol}dwlrqv ri zhljkwhg Vkdsoh|

+4<86d, ydoxhv iru frdolwlrqdo jdphv zlwk lqfrpsohwh frppxqlfdwlrq1 Urxjko|
vshdnlqj/ frdolwlrqdo jdphv irupdol}h vlwxdwlrqv zkhuh frrshudwlrq dprqj lqgl0

ylgxdov glvsod|v v|qhujlhv txdqwl�hg lq whupv ri wudqvihudeoh xwlolw|/ WX1 Wkhq
wkh ydoxh +ru vroxwlrq, sureohp frqfhuqv wkh gh�qlwlrq ri d uxoh iru vkdulqj

wkh iuxlwv ri vxfk v|qhujlhv ehwzhhq frrshudwlqj lqglylgxdov1 Lq wklv sdshu zh

frqvlghu �qlwh frdolwlrqdo jdphv zkhuh/ lq dgglwlrq/ vrph h{rjhqrxvo| jlyhq frq0
vwudlqwv lpshgh frpsohwh frppxqlfdwlrq dprqj wkh sod|huv1 Vxfk frqvwudlqwv

duh prghohg e| gh�qlqj d fhuwdlq froohfwlrq ri xqrughuhg sdluv ri sod|huv zklfk

WGhsduwphqwv ri Hfrqrplf Vflhqfhv dqg Pdwkhpdwlfv iru wkh Vrfldo Vflhqfhv/ yld Fxuwdwrqh

4/ 83456 Ioruhqfh/ Lwdo|1 L wkdqn Vwhidqr Ydqqxffl/ Pdufr Gdugl dqg Pdulr Eloedr iru khosixo

revhuydwlrqv dqg frpphqwv/ dv zhoo dv iru hqfrxudjhphqw1 Wkh xvxdo glvfodlphu dssolhv1
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lghqwli| wkh rqo| dydlodeoh rqh0wr0rqh frppxqlfdwlrq srvvlelolwlhv1 Zlwklq wkh

wuhdwphqw ri frdolwlrqdo jdphv/ frqvwudlqhg frppxqlfdwlrq kdg ehhq �uvwo|
prghohg e| phdqv ri xqrughuhg sduwlwlrqv ri wkh sod|hu vhw +dv lq Dxpdqq

dqg Guì}h +4<:7, dqg Rzhq +4<::,,1 Vxevhtxhqwo|/ wkh gh�qlwlrq ri rughuhg

sduwlwlrqv/ wrjhwkhu zlwk zhljkw yhfwruv/ hqdeohg wr irfxv rq frppxqlfdwlrq
vwuxfwxuhv zkhuh wkh frqvwudlqwv vhhphg wr eh gxh wr +ru wr wudqvodwh lqwr, vrph

vruw ri klhudufklhv zlwklq wkh sod|hu vhw +vhh Ndodl dqg Vdphw +4<;;,/ dqg dovr
Qrzdn dqg Udg}ln +4<<8,,1 P|huvrq +4<::, zdv wkh �uvw wr xvh +vlpsoh, judskv

iru irupdol}lqj wkh h{lvwhqfh ri frppxqlfdwlrq frqvwudlqwv/ dqg vroyhg wkh uh0

vxowlqj judsk0uhvwulfwhg jdphv wkurxjk klv zhoo nqrzq ydoxh> wklv odwwhu wxuqhg
rxw wr eh wkh vwdqgdug Vkdsoh| +4<86e, ydoxh ri d vr0fdoohg srlqw jdph +vhh

Erup hw do1 +4<<5,,/ zklfk lv/ lq idfw/ wkh surmhfwlrq ri wkh ruljlqdo jdph +l1h1/

d jhqhulfdoo| vxshudgglwlyh vhw0ixqfwlrq rq wkh srzhu vhw ri wkh sod|hu vhw, rq
wkh froohfwlrq ri frqqhfwhg frdolwlrqv1 Diwhuzdugv/ frppxqlfdwlrq frqvwudlqwv

kdyh ehhq pdlqo| prghohg e| phdqv ri judskv4 / dqg wzr ixuwkhu ydoxh ixqfwlrqv
kdyh ehhq sursrvhg/ wkdw lv wkh srvlwlrq +Erup hw do1 +4<<5,, dqg wkh Kdpldfkh

+4<<<, ydoxhv1 Rzhq +4<;9, dovr frqvlghuhg wkh Edq}kdi +4<98, ydoxh iru srlqw

jdphv1
Lw pxvw eh hpskdvl}hg wkdw d vlpsoh judsk doorzv iru gl�huhqw wkhruhwlfdo

dssurdfkhv wr wkh vroxwlrq sureohp ri wkh +jhqhulf, dvvrfldwhg judsk0uhvwulfwhg

jdph1 Lq idfw/ hdfk ri wkh wkuhh ydoxhv phqwlrqhg deryh gh�qlwho| uhvxowv lq
vrph klhudufklfdo vwuxfwxuh ryhu wkh sod|hu vhw +zklfk ghshqgv/ lq wxuq/ rq

vrph shfxoldu lqwhusuhwdwlrq ri wkh lqirupdwlrq frqwdlqhg zlwklq wkh hgjh vhw
ri wkh h{rjhqrxvo| jlyhq judsk,1 Qhyhuwkhohvv/ vrphwlphv hyhq d ydjxh lghd

ri vxfk d uhvxowlqj klhudufklfdo vwuxfwxuh lv kdug wr eh pdgh +vhh Erup hw do1

+4<<5,/ �qdo uhpdunv s1 64<,1
Pdq| ri wkh surriv +dqg uhdvrqlqjv lq jhqhudo, frqfhuqlqj ydoxh ixqfwlrqv

iru frdolwlrqdo jdphv uho| rq wkh iroorzlqj edvlf lghd= dq| ydoxh lv d pdsslqj

iurp wkh vsdfh ri doo jdphv rq d jlyhq sod|hu vhw wr wkh hxfolghdq vsdfh zkrvh
glphqvlrq htxdov wkh qxpehu ri sod|huv/ dqg li wzr pdsslqjv frlqflgh rq d

edvlv ri wkh pdsshg vsdfh/ wkhq wkh| frlqflgh ryhu wkh zkroh vsdfh1 Pruhryhu/
lw lv riwhq xvhixo wr fkhfn krz d jlyhq ydoxh ehkdyhv lq dvvrfldwlrq zlwk wkh

jhqhulf hohphqw ri d edvlv +vhh Kdpldfkh +4<<<,/ s1 97,1 Li wkh sxusrvh ri

dq| d{lrpdwlf fkdudfwhul}dwlrq ri d ydoxh lv wkdw ri h{sodlqlqj lwv ehkdylru +lq
jhqhudo/ wkdw lv iru wkh zkroh vsdfh ri frdolwlrqdo jdphv,/ wkhq suredeo| lwv

suhflvh +l1h1/ txdqwlwdwlyho| gh�qhg, ehkdylru iru doo wkh hohphqwv ri d edvlv lv yhu|

lqirupdwlyh1 Wkxv/ zh surfhhg dv iroorzv= zh �uvw lpsrvh d fhuwdlq sd|r� yhfwru/
lghqwli|lqj d shfxoldu klhudufklfdo vwuxfwxuh/ iru hdfk jdph wkdw lv dq hohphqw

ri d edvlv/ dqg wkhq ghwhuplqh wkh xqltxh ydoxh ixqfwlrq zklfk lv frqvlvwhqw
zlwk hdfk klhudufklfdo vwuxfwxuh zkhq wkh dvvrfldwhg jdph lv sod|hg5 1 Wkh

4Dowhuqdwlyho|/ d eurdg fodvv ri frqvwudlqwv +wkdw pd| eh vhhq dv frpsuhkhqglqj wkrvh gxh wr

odfn ri frppxqlfdwlrq fdsdelolwlhv, kdv ehhq vxffhvixoo| prghohg e| phdqv ri frpelqdwruldo

vwuxfwxuhv fdoohg frqyh{ jhrphwulhv1 Vhh Eloedr +4<<;, dqg Eloedr/ Mlpìqh} dqg Oìeurq

+4<<;,1
5D ydjxh vlplodulw| zlwk rxu surfhgxuh fdq eh irxqg lq Kdpldfkh +4<<<,/ zkr dovr pdnhv

xvh ri wzr d{lrpv +l1h1/ srvlwlylw| dqg lqghshqghqfh ri luuhohydqw sod|huv , wkdw fdq rqo| eh
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klhudufklfdo vwuxfwxuh zh lpsrvh lq dvvrfldwlrq zlwk hdfk hohphqw ri d edvlv lv

ghulyhg e| irfxvlqj rq wkh fruuhvsrqglqj vsdqqhg vxejudsk1 Pruh suhflvho|/ zh
pdnh xvh ri wkh lqirupdwlrq wklv odwwhu frqwdlqv e| iuhho| eruurzlqj iurp vrfldo

qhwzrun dqdo|vlv +Zdvvhupdq dqg Idxvw +4<<7,,1 Lq sduwlfxodu/ zh wuhdw eorfnv

+ri wkh deryh phqwlrqhg vsdqqhg vxejudsk, dv xqlrqv +ru frkhvlyh vxejurxsv,
dqg xvh wkhlu frqqhfwlylw| ihdwxuhv iru phdvxulqj frkhvlrq1 Lq idfw/ zh fdoo

wkh ydoxhv zh sursrvh eorfn0frqqhfwlylw|0ghjuhh/ EFg/ dqg eorfn0frqqhfwlylw|0

frqqhfwlylw|/ EFf/ ydoxhv1

5 Irupdol}dwlrq

Ohw Q @ i4> = = = > qj � Qq i4j eh d �qlwh6 sod|hu vhw1 D frdolwlrqdo jdph rq
Q frqvlvwv ri d fkdudfwhulvwlf vhw ixqfwlrq y = 5Q $ U. vdwlvi|lqj y +>, @ 31 D
judsk0uhvwulfwhg frdolwlrqdo jdph uhtxluhv/ lq dgglwlrq/ vrph h{rjhqrxvo| jlyhq

hgjh vhw H +Q, � Q +5, =@ iV � Q m &V @ 5j/ vr wkdw j +Q, @ iQ >H +Q,j lv d
vlpsoh judsk/ wkdw lv dq rughuhg7 sdlu ri d yhuwh{ vhw Q dqg dq hgjh vhw H +Q,/
uhvshfwlyho|1 Wkh hgjh vhw irupdol}hv doo wkh lqirupdwlrq frqfhuqlqj frppxql0

fdwlrq frqvwudlqwv1 Lq idfw/ �wkh judsk j+Q, ^111` uhsuhvhqwv wkh frppxqlfdwlrq

fkdqqhov dydlodeoh= l 5 Q fdq frppxqlfdwh gluhfwo| zlwk m 5 Q li dqg rqo| li

il> mj 5 H+Q,1 Ri frxuvh/ hyhq li il> mj @5 H+Q,/ lw pd| vwloo eh srvvleoh iru

l wr frppxqlfdwh zlwk m1 Wklv zloo/ krzhyhu/ uhtxluh wkh frrshudwlrq ri vrph

lqwhuphgldulhv zkr fdq uhod| d phvvdjh/ l1h1/ sod|huv zkr gh�qh d sdwk lq j+Q,/
iurp l wr m1� +Rzhq +4<;9,/ s1 543,1

D vxejudsk lv dq| sdlu iV � Q >N � H +Q,j � j +Q,1 Jlyhq dq| judsk

j +Q,/ ohw H = 5Q $ 5H+Q, eh jlyhq e| H +V, =@ iil> mj 5 H +Q, m il> mj � Vj iru

doo V � Q / dqg gh�qh j +V, =@ iV>H +V,j wr eh wkh vxejudsk vsdqqhg e| V1 Iru
doo vlqjohwrqv ilj 5 5Q / ohw H +l, =@ iil> mj � Q m m 5 Qql> il> mj 5 H +Q,j/ dqg
gW +l, =@ & iH +l, _H +W ,j iru doo W ' Q / vlqfh gQ +l, @ g +l, @ &H +l, lv wkh
ghjuhh yhuwh{ l 5 Q glvsod|v lq j +Q,> li g +l, @ 3/ wkhq l lv vdlg wr eh dq lvrodwhg

yhuwh{/ ru/ htxlydohqwo|/ d wulyldo +vxe,judsk1 Ixuwkhupruh/ li gW +l, @ 4/ wkhq
l 5 W lv vdlg wr eh shqgdqw lq j +W ,1 Iru dq| sdlu ri glvwlqfw sod|huv l> m 5 Q /
dq l� m sdwk lv d shfxoldu vxejudsk Slm @

�
YSlm >HSlm

�
� j +Q, ri wkh irup

YSlm @ il @ l3> l4> = = = > lp�4> lp @ mj � Q

HSlm @ iil3> l4j > il4> l5j > ====> ilp�4> lpjj � H +Q,

Slm lv vdlg wr frqqhfw l dqg m lq j +Q,> lq idfw/ dq| judsk j+Q, lv gh�qhg wr
eh frqqhfwhg li iru hyhu| sdlu l> m 5 Q ri glvwlqfw yhuwlfhv wkhuh lv dq l� m sdwk

gh�qhg lq whupv ri doo jdphv wkdw duh hohphqwv ri d edvlv ri wkh vsdfh ri srlqw jdphv1
6Pdq| vwxglhv irfxv rq lq�qlwh jdphv zkrvh sod|hu vhw L � rL ' " kdv d �qlwh fduulhu

� a L � r� ' ? M Q. t"�/ zkhuh � E7� ' � E7 K�� iru doo 7 a L 1 Rxu wuhdwphqw/ zklfk

frqfhuqv �qlwh jdphv rqo|/ grhv qrw ohdg wr d uhohydqw orvv ri jhqhudolw|1 Ixuwkhupruh/ rqo|

�qlwh judskv kdyh ehhq vr idu dssolhg wr frdolwlrqdo jdphv zlwk lqfrpsohwh frppxqlfdwlrq1
7Zh xvh vhplfroxpqv t� � � ( � � � � wr ghqrwh rughuhg froohfwlrq ri vxevhwv dqg2ru ri hohphqwv1

Ixuwkhupruh/ zh ghqrwh e| r� wkh fduglqdolw| ri dq| vhw �1
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Slm � j +Q,/ rwkhuzlvh wkh judsk lv glvfrqqhfwhg1 Dpd{lpdo frqqhfwhg vxejudsk

j +V, � j +Q, +l1h1/ vxfk wkdw wkhuh grhv qrw h{lvw dq| odujhu vxejudsk j +W ,/
vxfk wkdw j +Q, � j +W , ( j +V,/ zklfk lv frqqhfwhg dv zhoo, lv d frpsrqhqw

ri j +Q,1 Zh ghqrwh e| V@j =@ ij +W4, > = = = > j +WpV
,j wkh froohfwlrq ri doo wkh

frpsrqhqwv ri dq| vsdqqhg vxejudsk j+V, � j +Q,1 Zh dovr qhhg wr frqvlghu
qrq0vsdqqhg vxejudskv= iru dq| hgjh vxevhw N � H +Q, ohw V@jN ghqrwh wkh

froohfwlrq ri doo wkh frpsrqhqwv ri wkh vxejudsk iV> +H +V, _N,j � j +V,1 Li
j +V, lv frqqhfwhg/ zkloh j +VqK, @ iVqK>H +VqK,j lv glvfrqqhfwhg/ wkhq K

vhsdudwhv j +V,> wkh pd{lpdo ydoxh k @ &K � &V � 4 vxfk wkdw qr vhw ri k� 4
yhuwlfhv vhsdudwhv j +V, +ru pdnhv lw wulyldo, lv wkh yhuwh{ frqqhfwlylw|/ ru vlpso|
wkh frqqhfwlylw|/ � +j +V,,/ ri wkh vxejudsk vsdqqhg e| V> dqdorjrxvo|/ lwv hgjh

frqqhfwlylw| �hj +V, lv wkh pd{lpdo ydoxh n @ &N vxfk wkdw qr hgjh vxevhw

ri n � 4 hgjhv vhsdudwhv j +V, +l1h1/ vxfk wkdw iV> +H +V, qN,j lv glvfrqqhfwhg,1
Wkxv

�+j+V,, =@ plq i&V � 4>&K m K � V vhsdudwhv j+V,j ;V � Q

Fohduo|/ hyhu| n0frqqhfwhg judsk +l1h1/ vxfk wkdw n @ �+j+V,,, kdv dw ohdvw n.4
yhuwlfhv dqg wkh xqltxh n0frqqhfwhg judsk ri rughu n . 4 lv wkh frpsohwh judsk
ri rughu8 n.4/ wkdw lv

�
P >P +5,

�
/ zlwk &P @ n.41 D fxwyhuwh{ +d eulgjh, ri

dq| vxejudsk j +V, � j +Q, lv d yhuwh{ l 5 V +dq hgjh il> mj 5 H +V,, vxfk wkdw

lwv ghohwlrq lqfuhdvhv wkh qxpehu ri frpsrqhqwv/ wkdw lv &V@j A &+Vql, @j +ru
&V@jH+V, A &V@j+H+V,qil>mj,,1 D vxejudsk j+E, � j +V, � j+Q, lv d eorfn ri

j+V, li hlwkhu j+E, frqvlvwv ri d eulgjh wrjhwkhu zlwk lwv hqgyhuwlfhv/ ru hovh lw lv d
pd{lpdo 50frqqhfwhg vxejudsk ri j+V,1 Dq| wzr eorfnv kdyh dw prvw rqh yhuwh{
lq frpprq1 Hyhu| yhuwh{ ehorqjlqj wr wzr eorfnv lv d fxwyhuw{/ dqg/ frqyhuvho|/

hyhu| fxwyhuwh{ ehorqjv wr dw ohdvw wzr eorfnv> ixuwkhupruh/ j+V, ghfrpsrvhv

lqwr lwv eorfnv j+EV
4 ,> = = = > j+E

V
pV

, lq wkh iroorzlqj vhqvh= H+V, @
pVV
m@4

H+EV

m
,

dqg H+EV
m
, _ H+EV

l
, @ > iru doo l> m 5 i4> = = = >pVj vxfk wkdw l 9@ m1 Lq zrugv/

wkh hgjh vhw ri dq| +vxe,judsk fdq eh sduwlwlrqhg lqwr wkh hgjh vhwv ri lwv eorfnv1

Ohw � +Q, =@
�
j @ iQ >H +Q,j m H +Q, � Q +5,

�
ghqrwh wkh vhw ri doo vlpsoh

judskv rq Q 1 Iru Q lv xqghuvwrrg wr eh wkh zkroh sod|hu vhw wkurxjkrxw wkh
uhpdlqghu ri wkh sdshu/ lq rughu wr vlpsoli| qrwdwlrqv ohw j 5 � +Q, ghqrwh

wkh jhqhulf judsk rq Q > wkxv zh xvh sduhqwkhvhv j +V, rqo| iru vsdqqhg vxe0
judskv/ wkdw lv zkhq V ' Q 1 Dovr ohw J +Q, =@

�
y = 5Q $ U m y +>, @ 3

�
ghqrwh

wkh yhfwru vsdfh ri doo +xquhvwulfwhg, frdolwlrqdo jdphv rq Q 1 Hyhqwxdoo|/ zh

vkdoo ghqrwh e| J� +Q, =@ i+y> j, m y 5 J +Q, > j 5 � +Q,j wkh vsdfh ri doo judsk0
uhvwulfwhg frdolwlrqdo jdphv rq Q 1 D ydoxh ! = J +Q, >J� +Q, $ Uq lv d uhdo/

yhfwru0ydoxhg ixqfwlrq zklfk dvvljqv wr hdfk sod|hu l 5 Q klv survshfw !l +y, ru
!l +y> j, iurp sod|lqj d jlyhq xquhvwulfwhg ru judsk0uhvwulfwhg frdolwlrqdo jdph1
Iru dq| W � Q / ohw xW 5 J +Q, lghqwli| wkh dvvrfldwhg xqdqlplw| jdph/ wkdw lv

xW +V, @

�
4 li W � V
3 li WqV 9@ >

;V � Q

8Wkh rughu ri d judsk } E�� ' t� (. E��� lv wkh fduglqdolw| ? ' r� ri lwv yhuwh{ vhw> lwv

vl}h lv wkh fduglqdolw| r. E�� ri lwv hgjh vhw1
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Dovr ohw �+D, ghqrwh wkh vhw ri doo shupxwdwlrqv ri dq| vhw D1 Lq jhqhudo/ zh

vkdoo frqvlghu jdphv vdwlvi|lqj V � W � Q , y +V, � y +W ,> vxfk jdphv duh
vdlg wr eh +zhdno|, prqrwrqh lqfuhdvlqj1

Jlyhq dq| jdph y = 5Q $ U/ lwv Prelÿv wudqirup9 dy = 5Q $ U lv d rqh0

wr0rqh dqg lqyhuwleoh pdsslqj jlyhq e| dy +W , =@
S

V�W +�4,
&W�&V

y +V, iru
doo W � Q / wkh uhfryhulqj ri y jlyhq dy ehlqj gh�qhg e| wkh vr0fdoohg ]hwd

wudqvirup y +W , @
S

V�W
dy +V, iru doo W � Q 1 Wkhuhiruh/ iru doo V � Q zh

fdq zulwh y +V, @
S

W�V
dy +W ,xW +V, +vhh Vkdsoh| +4<86e,/ ohppd 6,/ vr wr

revhuyh wkdw wkh froohfwlrq
�
xW
�
>9@W�Q

frqvwlwxwhv d edvlv ri J +Q,/ zlwk �qlwh

glphqvlrq 5q�41 Zhehu +4<;;, zdv wkh �uvw wr gh�qh suredelolvwlf dqg udqgrp0

rughu ydoxhv dv/ uhvshfwlyho|/ wkrvh jlyhq e| !
l
+y, @

S
W�Q>W6l

sW
l
^y +W ,� y +Wql,`

iru doo l 5 Q> y 5 J +Q,/ zkhuh
�
sl
W

�
W�Q>W6l

lv d suredelolw| glvwulexwlrq iru doo

l 5 Q / dqg wkrvh jlyhq e| !l +y, @
S

�5�+Q,

S +�, ^y +SU� +l, ^ l,� y +SU� +l,,`

iru doo l 5 Q> y 5 J +Q,/ zkhuh iS +�,j
�5�+Q, lv d xqltxh suredelolw| +l1h1/

frqvwdqw dfurvv sod|huv, rq wkh vhw �+Q, ri doo rughulqjv ri wkh sod|huv/ dqg
zkhuh/ iru dq| shupxwdwlrq

�
l+4,> = = = > l+q,

�
@ i� +4, > = = = > � +q,j @ � 5 �+Q,

ri wkh sod|hu vhw/ wkh dvvrfldwhg vhw SU� +l, =@ im 5 Qql m � +m, ? � +l,j ghqrwhv
wkh froohfwlrq ri sod|huv wkdw suhfhhg l dffruglqj wr �1

Iru doo l 5 Q / wkh Vkdsoh| +4<86e, ydoxh !Vk = J +Q, $ Uq lv jlyhq e|

!Vk
l

+y, @
S
V�Q
V6l

+q�&V,$+&V�4,$
q$

^y +V,� y +Vql,` @
S
V�Q
V6l

d
y+V,
&V

@

@
S

�5�+Q,

4
&�+Q,

^y +SU� +l, ^ l,� y +SU� +l,,`/ zkhuh &�+Q, @ q$1 Wkxv/

!Vkl
�
xV
�
@ +&V,

�4
li l 5 V/ dqg 3 li l 5 QqV/ iru hdfk xqdqlplw| jdph xV/

V � Q 1 Iru dq| � 5 �+Q, dqg V � Q / gh�qh �V @
�
l+m, m l+m, 5 V

�
1 Wkhq/ iru

dq| y 5 J +Q,/ wkh jdph �y lv gh�qhg e| �y +�V, @ y +V, iru doo V � Q > wkxv

�y lv vlpso| rewdlqhg e| uhodeholqj wkh sod|huv1 Ixuwkhupruh/ gh�qh wkh jdph
yV dv yV +W , @ y +W _ V, iru doo V> W � Q 1 Qrz frqvlghu wkh iroorzlqj d{lrpv

iru ydoxh ixqfwlrqv= � h!flhqf| +H,=
S

l5Q
!l +y, @ y +Q, iru doo y 5 J +Q,

� olqhdulw| +O,= ! +�y . �}, @ �! +y, . �! +}, iru doo �> � 5 U> y> } 5 J +Q,
� v|pphwu| +V,= !

�+l, +�y, @ !
l
+y, iru doo y 5 J +Q, > � 5 �+Q,

� gxpp| +G,= li y +V ^ l,� y +V, @ y +l, iru doo V � Qql/ wkhq !l +y, @ y +l,
� zhljkwhg edodqfhg frqwulexwlrqv +ZEF,= iru doo y 5 J +Q, > l> m 5 Q>� 5 Uq.

!
l
+y,� !

l

�
yQqm

�
!m +y,� !m

�
yQql

� @
�l

�m

Lw fdq eh suryhg wkdw !Vk lv wkh xqltxh ydoxh ixqfwlrq vdwlvi|lqj H/ O/ G
dqg V +vhh Vkdsoh| +4<86e, dqg dovr Judelvfk dqg Urxehqv +4<<<,/ Wkhruhp

4,> dowhuqdwlyho|/ lw fdq dovr eh suryhg wkdw !Vk lv xqlyrfdoo| fkdudfwhul}hg e|

phdqv ri H dqg ZEF/ dqg e| lpsrvlqj �l @ 4 iru doo l 5 Q +wklv zdv �uvwo|
suryhg e| P|huvrq +4<;3,,1

9Wkh udwlr @� EA � *rA lv wkh Kduvdq| +4<96, glylghqg dq| sod|hu � M A uhfhlyhv iurp

mrlqlqj dq| frdolwlrq A a � 1
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6 Wkh P|huvrq dqg srvlwlrq ydoxhv

Zh douhdg| phqwlrqhg wkdw wkh P|huvrq +4<::, ydoxh lv wkh Vkdsoh| ydoxh ri
d vr0fdoohg srlqw jdph1 Wklv odwwhu lv d shfxoldu lqwhusuhwdwlrq ri wkh jhqhulf

judsk0uhvwulfwhg jdph +y> j, 5 J� +Q, edvhg xsrq wkh iroorzlqj dssurdfk= wkh

h{rjhqrxvo| jlyhq judsk j 5 �+Q, lv xvhg wr ghwhuplqh wkh +xqltxh, dvvrfl0
dwhg froohfwlrq Ij =@ iV � Q m &V@j @ 4j � 5Q ri ihdvleoh +l1h1/ frqqhfwhg,

frdolwlrqv> wkhq d qhz jdph y@j lv rewdlqhg dv iroorzv= y@j frlqflghv zlwk y rq

Ij/ zkloh lw lv dgglwlyh rq V@j iru hdfk V 5 5QqIj1 Wkxv/ y@j fdq eh vhhq dv
wkh surmhfwlrq ri y rq Ij/ dqg lw kdv ehhq �uvwo| qdphg wkh srlqw jdph dvvr0

fldwhg zlwk +y> j, lq Erup hw do1 +4<<5,1 Dv zh vkdoo vhh/ y@j sod|v d nh| uroh
iru wkh wuhdwphqw ri judsk0uhvwulfwhg jdphv1 Lwv gh�qlwlrq uholhv xsrq wkh lghd

wkdw zkhq zh frqvlghu dq| wzr frdolwlrqv V> W � Q vxfk wkdw V> W 5 Ij zkloh

+V ^ W , @5 Ij/ qr frppxqlfdwlrq +qru/ d iruwlrul/ frrshudwlrq, ehwzhhq V dqg
W fdq rffxu xqohvv +l, wkhuh h{lvwv dw ohdvw rqh sdwk Slm � j vxfk wkdw l 5 V

dqg m 5 W / dqg +ll, doo sod|huv k 5 YSlmq +V ^ W , frrshudwh dv zhoo1 Vlqfh wkh

zruwk ri frdolwlrq V ^ W pd| eh wkrxjkw dv wkh dprxqw ri WX wkdw doo sod|huv
m 5 V^W fdq surgxfh e| wkhpvhoyhv wkurxjk frrshudwlrq/ wkhq wkh frppxqlfd0

wlrq frqvwudlqwv duh eurxjkw lqwr wkh slfwxuh e| phdqv ri d vhw ixqfwlrq zklfk lv

dgglwlyh ryhu pd{lpdo frqqhfwhg frdolwlrqv/ wkdw lv y@j +V ^ W , @ y +V,. y +W ,1
Lw pxvw eh hpskdvl}hg wkdw jlyhq d judsk j dqg rqfh wkh vhw ixqfwlrq y@j

lv gh�qhg/ wklv odwwhu pd| eh wuhdwhg dv dq| xquhvwulfwhg jdph1 Lq sduwlfxodu/
wkh dvvrfldwhg Vkdsoh| ydoxh pd| eh frpsxwhg> lq idfw/ wklv lv h{dfwo| wkh zd|

wkh P|huvrq +4<::, ydoxh !P| = J� +Q,$ Uq lv frpsxwhg1 Irupdoo|

!P|

l
+y> j, @

[
�5�+Q,

y@j+SU�+l, ^ l,� y@j+SU�+l,,

&�+Q,
@ !Vk

l
+y@j, +4,

iru doo l 5 Q / wkh jdph y@j = 5Q $ U ehlqj gh�qhg dv

y@j+V, =@
[

j+W ,5V@j

y+W , ;V � Q +5,

Wkxv/ dq| ri wkh d{lrpdwl}dwlrqv vr idu sursrvhg iru wkh Vkdsoh| ydoxh: pd| eh
dssolhg wr wkh jhqhulf srlqw jdph y@j 5 J +Q, dqg wkhq xvhg iru fkdudfwhul}lqj

wkh P|huvrq ydoxh1

Jlyhq j 5 � +Q,/ ohw Jj +Q, ghqrwh wkh vsdfh ri doo wkh dvvrfldwhg srlqw
jdphv1 Wkh sureohp ri ghwhuplqlqj d edvh iru wkh vsdfh Jj +Q,/ jlyhq j/ zdv �uvw
dwwdfnhg e| Rzhq +4<;9/ wkhruhp 6,/ dqg/ pruh uhfhqwo|/ vroyhg e| Kdpldfkh
+4<<</ ohppd 5/ s1 :7, dv iroorzv

y@j+V, @
[

Ij6W�V

dy@j +W ,xW +V, ;V � Q> j 5 � +Q, +6,

:Frqfhuqlqj wkh ruljlqdo d{lrpdwl}dwlrq ri ��+ / zh judwhixoo| uhihu wr P|huvrq +4<::,1
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dy@j +W , =@

;A?
A=

S
Ij6U�W

WqU
�@>

+�4,&W�&Uy+U, li W 5 Ij

3 li W 5 5QqIj

;W � Q +7,

zkhuh U� =@ il 5 Q m <m 5 U vxfk wkdw il> mj 5 H +Q,j1 Lq rwkhu whupv/ xvlqj
wkh qrwdwlrq ri wkh suhylrxv vhfwlrq/ iru doo U � Q zh fdq zulwh

U�qU @

;?
=l 5 QqU m > 9@ H +l, _

3
C
3
C^
m5U

H +m,

4
D qH +U,

4
D
<@
>

Wkxv/ iru wkh frpsxwdwlrq ri dy@j +W , zh pxvw frqvlghu rqo| wkrvh vxe0frdolwlrqv
U � W zklfk duh +l, frqqhfwhg +l1h1/ U 5 Ij,/ dqg +ll, +froohfwlyho|, gluhfwo|
olqnhg wr doo uhpdlqlqj yhuwlfhv lq W +l1h1/ WqU� @ >,1 Ixuwkhupruh/ jlyhq

j/ wkh froohfwlrq
�
xW m W 5 Ij

�
ri frqqhfwhg xqdqlplw| jdphv lv d edvlv ri

wkh vsdfh Jj +Q, ri dvvrfldwhg srlqw jdphv/ vlqfh wkhuh h{lvw uhdo frh!flhqwv�
dy@j +W ,

�
W5Ij

vxfk wkdw dq| srlqw jdph y@j = 5Q $ U fdq eh h{suhvvhg dv d

olqhdu frpelqdwlrq ri frqqhfwhg xqdqlplw| jdphv dv lq +6,1

Dq dowhuqdwlyh dssurdfk wr wkh vroxwlrq sureohp iru judsk uhvwulfwhg jdphv/

ohdglqj wr wkh srvlwlrq ydoxh !Sr = J� +Q, $ Uq/ kdv ehhq ixuqlvkhg e| Erup
hw do1 +4<<5,1 Wkh| kdyh gh�qhg d vr0fdoohg duf jdph zy = 5H+Q, $ U/ zkrvh
sod|hu vhw lv wkh hgjh vhw H +Q, ri wkh jlyhq judsk/ dv iroorzv

zy +N, @ y@jN +Y +N,, ;N � H +Q, +8,

Y +N, = @ il 5 Q m N _H +l, 9@ >j � Q +9,

y@jN +V, = @
[

j+W ,5V@jN

y+W , ;V � Q +:,

Wklv doorzv wr gh�qh wkh iroorzlqj hgjh0srvlwlrq ydoxh #Sr = J�+Q,$ U&H+Q,

#Sr
lm

+y> j, @
[

�5�+H+Q,,

zy+SU�+il> mj, ^ il> mj,� zy+SU�+il> mj,,

&�+H+Q,,
+;,

iru doo hgjhv il> mj 5 H +Q,/ zkhuh �+H+Q,, dqg SU�+il> mj, � H+Q,q il> mj
ghqrwh/ uhvshfwlyho|/ wkh vhw ri doo rughulqjv ri H+Q, dqg wkh vhw ri hgjhv wkdw
suhhfhg il> mj lq � 5 �+H+Q,,1 Wkxv/ #Sr

lm
+y> j, @ !Vkil>mj+H+Q,> zy,1 Wkhq wkh

srvlwlrq ydoxh lv rewdlqhg e| htxdoo| vkdulqj hgjhv* sd|r�v ehwzhhq dvvrfldwhg

hqgyhuwlfhv/ wkdw lv

!Sr
l

+y> j, @

;?
=

S
il>mj5H+l,

4
5#

Sr

lm +y> j, li g+l, A 3

y+l, li g+l, @ 3
+<,

Lw vkrxog eh qrwhg wkdw/ jlyhq +y> j, 5 J� +Q,/ wkh gh�qlwlrq ri zy lpsolhv wkdw/

iru wkh frpsxwdwlrq ri !Sr/ dq hqwluh idplo| iy@hj m hj � jj ri srlqw jdphv +dqg
qrw rqo| wkh xqltxh y@j, lv wdnhq lqwr dffrxqw1 Xqiruwxqdwho|/ wkhuh grhv qrw

:



h{lvw dq| jhqhudo d{lrpdwlf fkdudfwhul}dwlrq ri !Sr +vhh Erup hw do1 +4<<5,/

s1 64<,1 Lq sduwlfxodu/ wkh sd|r�v
q
!Sr

�
xW > j

�r
j5�+Q,>W5Ij

gh�qhg e| wkh

srvlwlrq ydoxh zkhq +l, d frqqhfwhg xqdqlplw| jdph lv sod|hg/ dqg +ll, wkh judsk
j 5 �+Q, lv jhqhulf/ gr qrw vdwlvi| dq| vshfl�f d{lrpdwl}dwlrq1 Qhyhuwkhohvv/

rqh fdq vd| zklfk sod|huv l 5 Q jhw d vwulfwo| srvlwlyh sd|r� !Srl
�
xW > j

�
A 3

lq vxfk d vlwxdwlrq1 Lq idfw/ iru dq| j 5 � +Q, dqg dq| xW m W 5 Ij/ zh kdyh

!
P|

l

�
xW > j

�
@

�
4
&W li l 5 W

3 li l 5 QqW
+43,

!Sr
l

�
xW > j

�
@

�
A 3 li l 5 Skn � j m k> n 5 W

3 rwkhuzlvh
+44,

Lq zrugv/ xqdqlprxv frrshudwlrq zlwklq W pd| surgxfh d xqlw ri WX> ri
frxuvh/ jlyhq qhfhvvlw| ri xqdqlplw|/ hdfk sod|hu fohduo| kdv d yhwr srzhu1 E|

irfxvlqj rq vxfk d edvlf lghd/ wkh iruphu ydoxh +l1h1/ !P|/ dv zhoo dv !Vk iru

xquhvwulfwhg jdphv, htxdoo| vkduhv wkh xqlw ri WX dprqj doo wkh &W lqyroyhg
sod|huv> wkxv zh pljkw vd| wkdw lw dwwdfkhv rqo| d elqdu| lqirupdwlrq wr wkh

hgjh vhw H +W , ri wkh vsdqqhg vxejudsk j +W ,/ wkdw lv W 5 Ij ru W @5 Ij +dqg

lq wklv odwwhu fdvh xW @j @
S

U�QmU5Ij
dx

W
@j +U,xU,1 Rq wkh rwkhu kdqg/ wkh

odwwhu ydoxh +l1h1/ !Sr, lv shukdsv xwrsldq/ lq wkdw lw dvvljqv d vwulfwo| srvlwlyh

sd|r� wr vrph sod|huv/ hyhq wkrxjk wkhlu qrq0frrshudwlrq zrxog qrw suhyhqw
wkh xqlwdu| WX surgxfwlrq1 Wklv lv ehfdxvh/ iru dq| judsk j 5 �+Q, vxfk wkdw

j +W , @5 Q@j +dqg hyhq li j +W , � j zdv d frpsohwh vxejudsk,/ wkhuh dozd|v
h{lvwv vrph hgjh vxevhw N � H +Q, vdwlvi|lqj

W ' Y +N, >
&Y +N, @jN A 4

&Y +N, @jN^il>mj @ 4
>

il> mj 5 Skn � j

l dqg2ru m @5 W 6 k> n

, #Srlm +y> j, �
+&H +Q,�&N � 4,$&N$

&H +Q,$
, !Srl +y> j, A 3

Lq zrugv/ dv orqj dv zh dvvxph wkh xqlirup glvwulexwlrq ryhu �+H +Q,,/ dq|
hgjh il> mj 5 H +Q, ehorqjlqj wr dq| sdwk frqqhfwlqj dq| wzr sod|huv k> n 5 W
kdv d srvlwlyh suredelolw| ri ehlqj/ lq d udqgrp rughu � ri H +Q,/ h{dfwo| wkh

rqh zklfk pdnhv iW >SU� +il> mj, ^ il> mjj � j d frqqhfwhg vxejudsk1
Iru dq| j 5 � +Q,/ d ixuwkhu ydoxh !Kd = Jj +Q, $ Uq/ zklfk/ li zdv wr eh

h{suhvvhg dv d suredelolvwlf ru udqgrp0rughu rqh/ lv suryhg; wr dsso| rqo| wr

wkh vsdfh Jj +Q, ri dvvrfldwhg srlqw jdphv/ kdv dovr ehhq uhfhqwo| sursrvhg e|
Kdpldfkh +4<<<,1 Iru uhdvrqv ri vsdfh/ zh qrz eulh | sxw rq uhfrug rqo| irxu

rxw ri wkh �yh d{lrpv wkdw fkdudfwhul}h lw1 Wklv lv ehfdxvh vxfk irxu d{lrpv duh

dovr vdwlv�hg e| wkh qhz ydoxhv zh duh wr gh�qh1

;Vhh Kdpldfkh +4<<<,/ Wkhruhp 5 +s1 :4,/ dqg lwv surri +ss1 :80::,1

;



� frpsrqhqw h!flhqf| +FH,=
S

l5V
!l +y> j, @ y +V, iru doo +y> j, 5 J� +Q,

dqg j +V, 5 Q@j
� olqhdulw| +O,= ! +�y . �z> j, @ �! +y> j, . �! +z> j, iru doo �> � 5 U dqg

y> z 5 J +Q,/ iru �{hg j 5 � +Q,
� lqghshqghqfh ri luuhohydqw sod|huv +LLS,= iru doo

�
xW > j

�
5 J� +Q, dqg

W 5 Ij/ lw krogv !l
�
xW > j

�
@

�
!
l

�
xW
W
> j +W ,

�
li l 5 W

3 li l 5 QqW

� srvlwlylw| +S,= !l
�
xW > j

�
� 3 iru doo l 5 W dqg

�
xW > j

�
5 J� +Q, dqg W 5 Ij

Lw vkrxog eh qrwhg wkdw zkloh wkh P|huvrq ydoxh dovr vdwlv�hv d{lrp LLS/ wkh

srvlwlrq ydoxh grhv qrw1 Qhyhuwkhohvv/ !P| dovr vdwlv�hv wkh pxfk vwurqjhu

frqglwlrq +43,/ vr wkdw zkhq wkh jhqhulf frqqhfwhg xqdqlplw| jdph xW lv

sod|hg/ wkh &W 0glphqvlrqdo sd|r� yhfwru
�
!P|

l

�
xW > j

��
l5W

+ru/ htxlydohqwo|/

!P|
�
xW
W
> j +W ,

�
, grhv qrw ghshqg rq wkh shfxoldu ihdwxuhv glvsod|hg e| wkh

vsdqqhg vxejudsk j +W ,1 Rq wkh frqwudu|/ iru dq| frqqhfwhg xqdqlplw| jdph

xW wkdw pd| eh sod|hg/ wkh yhfwru
�
!Sr
l

�
xW > j

��
l5Q

qrw rqo| grhv ghshqg rq

j +W ,/ exw dovr rq wkh ihdwxuhv glvsod|hg e| wkh zkroh judsk j1 Hyhqwxdoo|/ wkh

Kdpldfkh ydoxh gh�qhv d sd|r� yhfwru zklfk grhv ghshqg vroho| rq j +W , +dqg
qrw rq wkh zkroh j,> qhyhuwkhohvv/ lw vhhpv< wr dvvrfldwh sduwlfxoduo| kljk sd|r�v

wr wkrvh sod|huv l 5 W zklfk duh fxwyhuwlfhv zlwklq j +W ,1 Lq idfw/ zkhq sod|lqj

dq| frqqhfwhg xqdqlplw| jdph xW / wkrvh sod|huv l 5 W � Q zkr duh fxwyhuwlfhv
zlwklq j +W , gr qrw kdyh pruh edujdlqlqj +l1h1/ yhwr, srzhu wkdq qrq0fxwyhuwlfhv
m 5 W 1 Wkxv/ li zh zdqw wr xvh j +W , iru gh�qlqj d klhudfklfdo vwuxfwxuh ryhu

W dffruglqj wr zklfk sod|huv l 5 W duh xqhtxdoo| uhzdughg zkhq sod|lqj xW /
wkhq fxwyhuwlfhv vkrxog qrw dxwrpdwlfdoo| rffxs| wkh kljkhu srvlwlrqv ri vxfk d

klhudfklfdo vwuxfwxuh1

7 D qhz ydoxh iru srlqw jdphv

Lq dvvrfldwlrq zlwk frqqhfwhg xqdqlplw| jdphv/ wkh P|huvrq dqg srvlwlrq ydoxhv

glvsod| wkh wzr gl�huhqw ihdwxuhv vkrzq deryh ehfdxvh lq wkh iruphu fdvh rqo|
vsdqqhg vxejudskv duh frqvlghuhg/ zkloh lq wkh odwwhu fdvh rqh lv doorzhg wr

frqvlghu dq| vxejudsk/ wkdw lv srvvleo| qrq0vsdqqhg e| dq| frdolwlrq V 5 5Q 1
Zh qrz sursrvh d shfxoldu duf jdph ezy +9@ zy, ryhu 5H+Q, zklfk/ lq rxu rslqlrq/
pd| eh vhhq dv wkh dqdorjxh ri wkh srlqw jdph dprqj lqglylgxdov/ vlqfh lw

frqvlghuv vsdqqhg vxejudskv rqo|1 Jlyhq +y> j, 5 J� +Q,/ ohw

ezy +N, =@ pd{ iy@jN +V, m H +V, � Nj ;N � H +Q, +45,

Frpsdulqj +8, dqg +45, zh vhh wkdw ezy +V, � zy +V, iru doo V � Q / dqg iru

dq| judsk0uhvwulfwhg jdph +y> j, 5 J� +Q,1 Zh pd| dssuhfldwh wkh gl�huhqfh
ehwzhhq wkh wzr duf jdphv e| frqvlghulqj wkh jhqhulf frqqhfwhg xqdqlplw| jdph

<Vhh Wdeoh D1L lq Kdpldfkh +4<<<,/ s1 :51

<



xW m W 5 Ij1 Lq idfw/ zh kdyh

ezxW +N, @

�
4 li H +W , � N

3 li H +W , qN 9@ >

!Vkil>mj

�
H +Q, > ezxW � @

� 4
&H+W , li il> mj 5 H +W ,

3 li il> mj 5 H +Q, qH +W ,

Rqh srvvleoh lqwhusuhwdwlrq lv wkdw j +V, � j qrw rqo| lghqwl�hv doo wkh dydlo0
deoh frppxqlfdwlrq fkdqqhov dprqj sod|huv l 5 V/ exw d pruh frpsoh{ vrfldo

qhwzrun/ dffruglqj wr zklfk wkhuh h{lvwv d xqltxh vhw ri rqh0wr0rqh frrshudwlyh

ehkdylruv +ru dwwlwxghv, wkurxjk zklfk doo lqglylgxdov l 5 V fdq joredoo| frrs0
hudwh1 Wkhuhiruh/ N ' H +V, lghqwl�hv d vlwxdwlrq zkhuh vrph sdluv ri sod|huv

il> mj 5 H +V, qN yroxqwdulo| gr qrw frrshudwh zlwk hdfk rwkhu +wkxv suhyhqwlqj

dq| xqdqlprxv djuhhphqw zlwklq V,1

Zh pljkw gh�qh d ydoxh ixqfwlrq e! = J� +Q,$ Uq dv iroorzv

e!l +y> j, =@ 4

5

[
il>mj5H+l,

!Vkil>mj +H +Q, > ezy,

, e!
l

�
xW > j

�
@

+
gW +l,

5&H+W ,
li l 5 W

3 li l 5 QqW
+46,

Wkxv/ zkhq xW lv sod|hg/ e! uhzdugv sod|huv l 5 W dffruglqj wr d klhudufkldfdo
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ixuwkhupruh/ iru dq| uhdo { 5 U/ gh�qh dev +{, @ { li { � 3/ @ �{ li { ? 31

Surri1 Vlqfh +l,
�
xW
�
W5Ij

frqvwlwxwhv d edvlv ri Jj +Q, iru doo j 5 � +Q,/

dqg +ll, !EFg lv xqlyrfdoo| gh�qhg iru hdfk hohphqw ri vxfk d edvlv dffruglqj wr

+48,/ wklv odwwhu lv xqltxh rq Jj +Q,1 Wkxv/ zh vlpso| qhhg wr vkrz wkdw !EFg

dfwxdoo| vdwlv�hv frqglwlrq +48, iru hdfk frqqhfwhg xqdqlplw| jdph xW 1 Lq idfw/

Sx
W
@j +�, @ SW +�, iru doo � 5 �+H +Q,, e| phdqv ri ohppd 51 Ixuwkhupruh/

e| phdqv ri ohppd 4/ zh jhw
S
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#
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dv zdqwhg1 Lw uhpdlqv wr fkhfn zkhwkhu

�
S y@j +�,

�
�5�+Q,

frqvwlwxwhv d suredelolw| glvwulexwlrq iru doo sdluv +y> j,1 Wklv

lv gh�qlwho| wkh fdvh/ ehfdxvh S y@j lv d frqyh{ frpelqdwlrq ri suredelolwlhv

iSWjW�Q +l1h1/ 3 �
dev+dy+W ,,S

W�Q

dev+dy+W ,, � 4 dqg
S
W�Q

dev+dy+W ,,S
W�Q

dev+dy+W ,, @ 4,/ dqg wkxv d

suredelolw| dv zhoo1 Wklv frpsohwhv wkh surri1

Uhpdun= jlyhq j 5 �+Q,/ wkh ydoxh !EFg gh�qhg e| +48, lghqwl�hv d

xqltxh q0glphqvlrqdo sd|r� yhfwru iru doo y 5 J +Q, li/ dqg rqo| li/ wkh sdlu

+y> j, lv lqwhusuhwhg dv y@j1 Rwkhuzlvh/ wkdw lv li y +V, uhpdlqv xqgh�qhg iru

doo V 5 5QqIj/ wkhq wkhuh h{lvwv dq hqwluh idplo| i!� m !� = J� +Q,$ Uqj ri
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+suredelolvwlf dqg2ru udqgrp0rughu, ydoxh ixqfwlrqv vxfk wkdw hdfk !� +y> j, vdw0
lv�hv +48, iru doo

�
xW > j

�
5 J� +Q, zkhq W 5 Ij1 Lq rwkhu zrugv/ dq| jdph

yj = 5Q $ U vdwlvi|lqj yj @ y = Ij $ U pljkw eh xvhg1 Wkxv/ wkh ydoxh !EFg

gh�qhg e| +48, lv xqltxh rq wkh vsdfh Jj +Q, ri srlqw jdphv dvvrfldwhg zlwk j/

iru doo j 5 � +Q,> exw lw lv qrw xqltxh ryhu wkh vsdfh J� +Q, ri judsk0uhvwulfwhg
jdphv dvvrfldwhg zlwk j 5 � +Q,/ vlqfh wkhvh odwwhu duh sdluv +y> j,/ wkdw fdq eh

wxuqhg lqwr jdphv +l1h1/ vhw ixqfwlrqv rq 5Q, rqo| li vrphkrz lqwhusuhwhg1

Wkh eorfn0frqqhfwlylw|0ghjuhh ydoxh iru srlqw jdphv pd| eh ghulyhg gluhfwo|>
wkdw lv/ zlwkrxw xvlqj wkh duf jdph ezy1 Jlyhq dq| j 5 � +Q, dqg wkh dvvrfldwhg
vhw Ij � 5Q ri ihdvleoh frdolwlrqv/ iru hdfk W 5 Ij zh gh�qh zhljkwv $W 5 Uq

vxfk wkdw $W
l
A 3 li l 5 W dqg $W

l
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iru doo l 5 Q dqg iru dq| frqqhfwhg xqdqlplw|

jdph xW 1 Dv suhylrxvo| h{sodlqhg/ $W
l
lv wr eh lqwhusuhwhg dv wkh suredelolw|

wkdw/ zkhq xW lv sod|hg/ l 5 W lv odvw iru W 1 Wkxv/ khuh djdlq/ zh pd| xvh wkh
idplo|

�
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�
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ri zhljkwv wr rewdlq d suredelolw| +jlyhq e| d olqhdu frpel0

qdwlrq, ryhu wkh froohfwlrq �+Q, ri doo shupxwdwlrqv ri wkh sod|hu vhw Q 1 Iru
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suredelolw| ryhu �+Q, dvvrfldwhg zlwk wkh sod|lqj ri xqdqlplw| jdph xW / zlwk
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Wkhruhp 7 Iru dq| +y> j, 5 J� +Q,/ wkh xqltxh udqgrp0rughu ydoxh iru wkh
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Qrz frqvlghu wkh suredelolw| Sx
W

ryhu �+Q, dvvrfldwhg zlwk wkh jhqhulf xqd0
qlplw| jdph xW m W 5 Ij

Sx
W

+�, @
[
V5Ij
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�
dx
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�
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�S$V +�, @ S$W +�, ;� 5 �+Q,

Wkhuhiruh !EFl +y> j, @ H
S
y@j

$

^y@j +SU� +l, ^ l,� y@j +SU� +l,,` iru doo l 5 Q /

vlqfh wkh| frlqflgh rq hdfk hohphqw ri wkh edvlv
�
xW
�
W5Ij

1 Khuh djdlq/ sohdvh

qrwh wkdw iS$W +�,j
�5�+Q, fohduo| lv d suredelolw| glvwulexwlrq rq �+Q, iru

doo W � Q > ixuwkhupruh/
q
S
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$ +�,
r
�5�+Q,

lv d frqyh{ frpelqdwlrq ri vxfk

suredelolwlhv/ dg wkxv d suredelolw| dv zhoo1 Wklv frpsohwhv wkh surri1
Lw pxvw eh hpskdvl}hg wkdw !EFg +y> j, frlqflghv zlwk wkh xquhvwulfwhg Vkds0

oh| ydoxh !Vk +y, zkhqhyhu wkh h{rjhqrxvo| jlyhq judsk lv wkh frpsohwh rqh/
wkdw lv zkhq j @

�
Q >Q +5,

�
1 Wklv lv gh�qlwho| d srvlwlyh ihdwxuh !EFg glvsod|v/

zklfk dovr fkdudfwhul}hv erwk !P| dqg !Kd +dqg dovr wkh eorfn0frqqhfwlylw|0
frqqhfwlylw| ydoxh !EFf zh duh wr ghyhors lq vhfwlrq 9,1

8 Wkh P|huvrq ydoxh wkurxjk e�y

Urxjko| vshdnlqj/ wkh frqvwuxfwlrq ri wkh duf jdph ezy hqdeohv wr jhw d olqn
ehwzhhq srlqw jdphv +zkhuh/ dv zh h{sodlqhg/ rqo| vsdqqhg vxejudskv duh frq0

vlghuhg, dqg duf jdphv lq jhqhudo +wkdw lv/ zkhuh H +Q, lv wuhdwhg dv wkh sod|hu
vhw,1 Wkxv/ vlqfh wkh P|huvrq ydoxh lv wkh Vkdsoh| ydoxh ri wkh srlqw jdph/ zh

pd| jhw d frpsxwdwlrqdo phwkrg iru rewdlqlqj !P| e| phdqv ri ezy1 Lq grlqj

vr/ zh qhhg wr ghwhuplqh/ rqfh djdlq/ dq &H+Q,0glphqvlrqdo yhfwru ri zhljkwv
iru hdfk frqqhfwhg xqdqlplw| jdph1 Exw/ lq dgglwlrq/ zh qrz qhhg wr ghwhu0

plqh dovr d +qrq0v|pphwulf/ wkdw lv 9@ 4
5
, uxoh iru glvwulexwlqj hgjhv* sd|r�v

ryhu dvvrfldwhg hqgyhuwlfhv1
Dffruglqj wr wkh qrwdwlrq xvhg vr idu/ ohw #P| = J� +Q, $ U&H+Q, ghqrwh

wkh P|huvrq hgjh0ydoxh ixqfwlrq zh duh wr gh�qh1 Iru dq| frqqhfwhg xqdqlplw|

jdph xW / frqvlghu wkh zhljkwv
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4;



,
[

il>mj5H+W ,

$W
lm
@

[
il>mj5H+W ,

�
4

gW +l,
.

4

gW +m,

�
@
[
l5W

3
CgW +l,[

n@4

4

gW +l,

4
D @ &W
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vhw/ ohw �H+W , @
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il> mj+4, > = = = > il> mj+&H+W ,,

r
ghqrwh wkh lqgxfhg rughulqj ri

H +W ,1 Wkhq zh dvvrfldwh d suredelolw| SW +�, wr vxfk dq rughu +dqg wkxv wr doo
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Zh fdq qrz gh�qh wkh P|huvrq hgjh0ydoxh ixqfwlrq dvvrfldwhg zlwk wkh jhqhulf

frqqhfwhg xqdqlplw| jdph xW wr eh jlyhq e| #
P|
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dv zdqwhg

Qrz frqvlghu d jhqhulf jdph +l1h1/ zklfk lv qrw d frqqhfwhg xqdqlplw| jdph,>
zh qhhg wr xvh/ khuh djdlq/ wkh Prelÿv wudqvirup1 Pruh suhflvho|/ iru dq|

frqqhfwhg xqdqlplw| jdph xW / dqg iru dq| sod|hu l 5 Q zklfk lv dq hqgyhuwh{

ri d jhqhulf hgjh H +W , 6 il> mj 5 H +l, � H +Q,/ ohw �W
l
+l> m, =@ gW +m,

gW +m,.gW +l,

Wkhruhp 9 Iru dq| judsk0uhvwulfwhg frdolwlrqdo jdph +y> j, 5 J� +Q,
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�yl +l> m,#
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45 Lq idfw/ lw pd| zhoo eh A *M 5} 1 Wklv uhvxow lv d gluhfw frqvhtxhqfh ri wkh zhoo nqrzq
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Surri1 Dv xvxdo/ frqvlghu wkh jhqhulf hohphqw xW ri wkh edvlv
�
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�
V5Ij

1

Zh kdyh douhdg| vkrzq wkdw Sx
W

@ SW > wkxv #
P|
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�
xW > j

�
lv gh�qlwho| dv deryh

+l1h1/ lq sduwlfxodu/ #P|

lm

�
xW > j

�
@ 3 iru doo il> mj 5 iH +l, qH +W ,j1 Ixuwkhupruh/
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gW +m,.gW +l,
/ vr wkdw

S
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+y> j, dqg !P|

l
+y> j, frlq0

flgh iru hdfk hohphqw ri d edvlv ri wkh vsdfh Jj +Q, ri srlqw jdphv/ dqg wkxv
wkh| frlqflgh iru hdfk srlqw jdph y@j/ dv zdv wr eh vkrzq1

Wkh deryh uhvxow lv xvhixo iru xqghuvwdqglqj wkh lqwhusuhwdwlrq ri wkh hgjh

vhw zklfk lv pdgh +l1h1/ lpsolflwo|, e| wkh P|huvrq ydoxh1 Pruh suhflvho|/ zkhq

dq| frqqhfwhg xqdqlplw| jdph xW m W 5 Ij lv sod|hg +dqg li/ dffruglqj wr ezxW
dqg2ru y@j/ doo h{lvwlqj dufv il> mj 5 H +W , duh qhhghg iru dfklhylqj xqdqlprxv
djuhhphqw zlwklq W ,/ wkh dssurdfk ohdglqj wr !P| lpsolhv wkdw +4, hgjhv rqh

zkrvh hqgyhuwlfhv lv shqgdqw zlwklq j +W , kdyh kljkhu suredelolwlhv ri ehlqj odvw
lq d udqgrp rughu ri H +W ,/ dqg +5, hgjhv sd|r�v duh vkduhg +ehwzhhq dvvrfldwhg
hqgyhuwlfhv, vr wkdw shqgdqw yhuwlfhv jhw kljkhu iudfwlrqv1 +5, lv gh�qlwho| kdug

wr mxvwli|> +4, pd| eh dffhswhg li zh dvvxph/ dv suhylrxvo| h{sodlqhg/ wkdw

v|qhujlhv ri frrshudwlrq duh lqlwldoo| xqnqrzq wr doo sod|huv dsduw iurp rqh/
+xqlirupo|, udqgrpo| fkrvhq/ zkr vwduwv gl�xvlqj +zkloh srvvleo| edujdlqlqj,

vxfk dq lqirupdwlrq wr lwv dgmdfhqw yhuwlfhv1

9 Dq dowhuqdwlyh klhudufklfdo vwuxfwxuh

Ohw xv irfxv rqfh djdlq rq wkh jhqhulf vsdqqhg vxejudsk j +W ,/ zlwk W 5 Ij/
dqg ohw j
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gh�qhg e|
�
$W
�
W5Ij

+dv lq wkhruhp 7, lv edvhg xsrq wkh dvvxpswlrq wkdw/

zkhq xW lv sod|hg/ wkh froohfwlrq ri yhuwh{0sod|huv l 5 EW
p ehorqjlqj wr wkh

jhqhulf p0wk eorfn gr qrw shuirup dq ryhudoo djuhhphqw rq krz wr vkduh wkh

53



dydlodeoh dprxqw

�
�+j+EWp,,
�+EW

p
,

�
@

�
pWS
p@4

�+j+EWp,,
�+EW

p
,

�
ri WX1 Lq idfw/ wkh xqghuo|lqj

dvvxpswlrq lv wkdw dq| sod|hu l 5 EW
p jhwv uhzdughg lq d zd| zklfk lv sursru0

wlrqdo wr wkh ghjuhh gEW
p
+l, kh glvsod|v zlwklq j

�
EW
p

�
vlpso| ehfdxvh +l, doo

sod|huv duh dvvxphg wr eh htxdoo| jrrg lq rqh0wr0rqh qhjrwldwlrqv/ dqg +ll, wkh

odujhu wkh ghjuhh/ wkh odujhu wkh qxpehu ri vxfk qhjrwldwlrqv wkh fruuhvsrqg0
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: �EFg dqg �EFf lq whupv ri suredelolvwlf ydoxhv

iru srlqw jdphv46

Zh kdyh h{suhvvhg erwk !EFg dqg !EFf vroho| dv udqgrp0rughu ydoxhv/ wkdw

lv wkurxjk/ uhshfwlyho|/ wkh wzr suredelolw| glvwulexwlrqv
�
S
y@j

$ +�,
�
�5�+Q,

dqg�
S
y@j

�
+�,
�
�5�+Q,

ryhu wkh froohfwlrq ri shupxwdwlrqv ri wkh zkroh sod|hu vhw1

Ixuwkhupruh/ vlqfh wkhvh odwwhu duh erwk frqvwdqw dfurvv sod|huv/ wkhruhpv 45

dqg 46 lq Zhehu +4<;;, dsso| khuh dv zhoo1 Lq sduwlfxodu/ lw lv fohdu wkdw
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4
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Ixuwkhupruh/ dv zh vkdoo vhh/ erwk !EFg dqg !EFf frqvwlwxwh jhqhudol}dwlrqv
ri zhljkwhg Vkdsoh| ydoxhv iru srlqw jdphv1 Zhljkwhg Vkdsoh| ydoxhv zhuh �uvw

sursrvhg e| Vkdsoh| +4<86d,1 Vxevhtxhqwo|/ vxfk d idplo| ri ydoxh ixqfwlrqv

kdv ehhq fkdudfwhul}hg e| Ndodl dqg Vdphw +4<;;,/ e| phdqv ri d vr0fdoohg
sduwqhuvkls d{lrp/ dqg e| Kduw dqg Pdv0Frohoo +4<;<,/ e| phdqv ri wkh srwhq0

wldo ixqfwlrq1 Pruh uhfhqwo|/ Fdoyr dqg Vdqwrv +5333, kdyh dovr sursrvhg dqg
fkdudfwhul}hg wkh uhodwhg idplo| ri zhljkwhg zhdn vhplydoxhv1 Jlyhq d jdph

y 5 J +Q,/ wkh gh�qlwlrq ri dq| dvvrfldwhg zhljkwhg Vkdsoh| ydoxh uhtxluhv

�uvw wkh lqwurgxfwlrq ri dq q0glphqvlrqdo zhljkw yhfwru Uq 6 $ @ +$l,l5Q 1

Lq vhfwlrq 5 zh kdyh uhsruwhg wkdw wkh vwdqgdug Vkdsoh| ydoxh !Vk +y, fdq eh
h{suhvvhg dv
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dy +V,
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Ohw !$�Vk +y, eh wkh zhljkwhg Vkdsoh| ydoxh ri jdph y dvvrfldwhg zlwk wkh
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iru doo xqdqlplw| jdphv xV> V � W 1 Lw lv hdvlo| xqghuvwrrg wkdw dq| zhljkw

yhfwru $ 5 Uq irupdol}hv wkh h{lvwhqfh ri vrph klhudufk| zlwklq wkh sod|hu vhw1

46Wklv vhfwlrq dqg wkh iroorzlqj rqh ghyhors iurp wkh frpsdqlrq sdshu Urvvl +5333d,
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Prvw lpsruwdqwo|/ vxfk d klhudufk| lv xqltxh> wkdw lv wr vd|/ lw lv pdlqwdlqhg

xqfkdqjhg iru doo xqdqlplw| jdphv1 Rq wkh rssrvlwh/ lq wkh suhylrxv vhfwlrqv
zh kdyh sursrvhg wkh lghd wkdw dq| frqqhfwhg xqdqlplw| jdph kdyh dq dvvr0

fldwh shfxoldu dqg judsk0lqgxfhg klhudufklfdo vwuxfwxuh/ dqg/ jlyhq j 5 � +Q,/
erwk !EFg dqg !EFf uhzdug wkh sod|huv lq d zd| zklfk lv frqvlvwhqw zlwk
doo vxfk klhudufklfdo vwuxfwxuhv dvvrfldwhg zlwk frqqhfwhg xqdqlplw| jdphv1

Wklv lv wkh uhdvrq zk| zh dujxh wkdw wkh wzr ydoxhv khuh sursrvhg frqvwlwxwh
jhqhudol}dwlrqv ri zhljkwhg Vkdsoh| ydoxhv iru srlqw jdphv / zkhuh wkh xqltxh

qrq0zhljkwhg Vkdsoh| ydoxh iru srlqw jdphv lv/ ri frxuvh/ wkh P|huvrq ydoxh1 Lq
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Ixuwkhupruh/ wkhvh wzr odvw h{suhvvlrqv doorz xv wr sxw erwk !EFg dqg !EFg

xqghu wkh suredelolvwlf irup1 Lq idfw/ iru dq| jdph y 5 J +Q, +uhfdoo wkdw

Jj +Q, � J +Q, iru doo j 5 �+Q,, dqg iru doo V � Q vxfk wkdw V 6 l/ zh kdyh
+vhh/ iru h{dpsoh/ Judelvfk +4<<:,/ surri ri Wkhruhp 4/ s1 4:7,
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Wkxv/ e| frpelqlqj +4<,/ +53, dqg +54,/ zh pljkw whpswdwlyho| dssurdfk wkh

sureohp ri h{suhvvlqj wkh eorfn0frqqhfwlylw|0ghjuhh dqg wkh eorfn0frqqhfwlylw|0

frqqhfwlylw| ydoxhv uhvwulfwhg wr srlqw jdphv dv suredelolvwlf ydoxhv lq wkh iro0
orzlqj zd|1 Dvvxph/ iru vlpsoli|lqj qrwdwlrqv/ wkdw Q 5 Ij1 Ixuwkhupruh/ Ij
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w|slfdoo| ehlqj d vhw v|vwhp +l1h1/ lq 5Q, iru doo j 5 �+Q,/ zh dgrsw wkh iro0

orzlqj qrwdwlrqdo frqyhqwlrqv wkdw duh vwdqgdug lq Frpelqdwrulfv +vhh Erooreäv
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Qrwh wkdw li j lv wkh frpsohwh judsk vr wkdw Ij � 5Q / wkhq y@j +V, @ y +V, iru

doo V � Q / dqg
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q$ 1 Dv nqrzq/

zlwklq wkh eurdg fodvv ri suredelolvwlf ydoxhv/ wkh Vkdsoh| ydoxh gh�qlwho| sod|v

d vshfldo uroh/ vlqfh e| vdwlvi|lqj v|pphwu| lw lpsolhv sV
l
@ s&V iru doo sod|0

huv dqg frdolwlrqv l 5 V � Q 1 Wkdw lv wr vd|/ wkh suredelolw| hdfk lqglylgxdo

dwwulexwhv wr wkh hyhqw ri mrlqlqj dq| frdolwlrq V � Q pxvw ghshqg vroho|
rq wkh fduglqdolw| &V1 Dqg vlqfh wkh P|huvrq ydoxh lv wkh Vkdsoh| ydoxh

ri y@j +dqg wkhuhiruh vdwlv�hv v|pphwu| zlwk uhvshfw wr y@j,/ lw pxvw dovr

eh frqvlvwhqw zlwk vxfk d frqglwlrq1 Lq idfw/ +4, fdq fohduo| eh zulwwhq dv
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l
@ 3 iru doo V @5 Ij> pruh suhflvho|/ zh

fdq vhh wkdw frdolwlrqv V 5 Ij duh jurxshg lq fodvvhv dffruglqj wr wkh qxpehu ri

frqqhfwhg odujhu frdolwlrqv/ ri dq| jlyhq fduglqdolw|/ wkh| duh frqwdlqhg zlwklq/

wkdw lv rq wkh edvlv ri wkh q�&V lqwhjhuv jlyhq e| &I
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vxfk fodvvhv> dovr ohw lqwhjhuv {4> = = = > {{ ghqrwh wkh qxpehuv ri frdolwlrqv eh0

orqjlqj wr hdfk fodvv1 Wkhq +55, lpsolhv wkdw wkh prgho iru fkrrvlqj d udqgrp
frqqhfwhg frdolwlrq V lv wkh iroorzlqj= �uvw/ d fodvv m 5 i4> = = = > {j lv fkrvhq udq0
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Zh pxvw hpskdvl}h wkdw qru
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�
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kdyh wr frqvwlwxwh suredelolw| glvwulexwlrqv1 Qhyhuwkhohvv/ wkhuh gh�qlwho| h{lvwv

vrph +srvvleo| vwrfkdvwlf, txdqwlwdwlyh lqwhughshqghqfh ehwzhhq
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shfxoldu frqqhfwlylw| ihdwxuhv ri wkh judsk xqghu frqfhuq471
Zh vkdoo qrz ghwhuplqh xqghu zklfk frqglwlrqv lw pd| eh srvvleoh wr h{suhvv

!EFg dqg !EFf lq whupv ri suredelolvwlf ydoxhv1 H{whqglqj wkh wuhdwphqw ri
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Lw lv vwudljkwiruzdug wr fkhfn wkdw wkh uhvwulfwlrq ri erwk !EFg dqg !EFf wr

srlqw jdphv vdwlvi| FH/ O/ LLS dqg S ghvfulehg lq vhfwlrq 61 Wkxv vxfk d{lrpv
fohduo| duh qrw vx!flhqw iru rewdlqlqj xqltxhvv1 Lq +53, wkh uhvwulfwlrqv ri erwk

!EFg dqg !EFg wr srlqw jdphv duh h{suhvvhg lq whupv ri wkh +xqltxh, dvvrfldwhg

srwhqwldo ixqfwlrq +vhh Kduw dqg Pdv0Frohoo +4<;<,,1 Dffruglqjo|/ wkh vlpsohvw
zd| ri fkdudfwhul}lqj vxfk ydoxhv iru srlqw jdphv lv e| phdqv ri d vlqjoh d{lrp1

Lq sduwlfxodu/ sohdvh frqvlghu wkh iroorzlqj d{lrpv
� ghjuhh zhljkwhg edodqfhg frqwulexwlrqv +GZEF,=
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47 Lq rughu wr ghwhuplqh vxfk d srvvleo| vwrfkdvwlf uhodwlrqvkls/ lqwhuhvwlqj uhvxowv frxog eh

irxqg lq Slwwho/ Vshqfhu dqg Zrupdo +4<<9,
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� frqqhfwlylw| zhljkwhg edodqfhg frqwulexwlrqv +FZEF,=

!l +yV> j +V,,� !m +yV> j +V,, @
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m5W6l

dy@j +W ,
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iru doo V � Q> l> m 5 V> y 5 J +Q, > j 5 � +Q,
Lw lv wkhq lpphgldwho| yhul�hg wkdw

Wkhruhp ; Wkh uhvwulfwlrq ri !EFg wr srlqw jdphv lv wkh xqltxh ydoxh ixqfwlrq
rq wkh vsdfh ri vxfk jdphv vdwlvi|lqj GZEF1

Wkhruhp < Wkh uhvwulfwlrq ri !EFf wr srlqw jdphv lv wkh xqltxh ydoxh ixqfwlrq

rq wkh vsdfh ri vxfk jdphv vdwlvi|lqj FZEF1

Uhihuhqfhv

^4` Dxpdqq/ U1 dqg M1 Guì}h +4<:7,/ Frrshudwlyh jdphv zlwk frdolwlrq vwuxf0

wxuh/ Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|/ 6 +7,/ 54:06:1

^5` Edq}kdi/ M1 I1 +4<98,/ Zhljkwhg yrwlqj grhvq*w zrun= d pdwkhpdwlfdo dqdo0

|vlv/ Uxwjhuv Odz Uhylhz/ 4</ 64:0761

^6` Eloedr/ M1 P1 +4<<;,/ D{lrpv iru wkh Vkdsoh| ydoxh rq frqyh{ jhrphwulhv/

Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 443/ 69;0:91

^7` Eloedr/ M1 P1/ H1 Oheuöq dqg Q1 Mlpìqh} +4<<;,/ Suredelolvwlf ydoxhv rq

frqyh{ jhrphwulhv/ Dqqdov ri Rshudwlrq Uhvhdufk ;7/ :<0;81

^8` Erooreäv/ E1 +4<;<,/ Frpelqdwrulfv/ Vhw V|vwhpv/ K|shujudskv/ Idplolhv ri
Yhfwruv dqg Frpelqdwruldo Suredelolw|/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^9` Erooreäv/ E1 +4<:<,/ Judsk Wkhru|/ Vsulqjhu0Yhuodj1

^:` Erooreäv +4<:;,/ H{wuhqdo Judsk Wkhru|/ Dfdghplf Suhvv1

^;` Erup/ S1/ J1 Rzhq dqg V1 Wlmv +4<<5,/ Rq wkh srvlwlrq ydoxh iru frppx0

qlfdwlrq vlwxdwlrqv/ VLDP Mrxuqdo ri Glvfuhwh Pdwkhpdwlfv/ 8 +6,/ 6380531

^<` Fdoyr/ H1 dqg M1 F1 Vdqwrv +5333,/ Zhljkwhg zhdn vhplydoxhv/ Lqwhuqdwlrqdo

Mrxuqdo ri Jdph Wkhru|/ 5< +4,/ 40<1

^43` Judelvfk/ P1 +4<<:,/ n0rughu dgglwlyh glvfuhwh ix}}| phdvxuhv dqg wkhlu

uhsuhvhqwdwlrq/ Ix}}| Vhwv dqg V|vwhpv <5/ 49:0;<1

^44` Judelvfk/ P1 dqgP1 Urxehqv +4<<<,/ Dq d{lrpdwlf dssurdfk wr wkh frqfhsw

ri lqwhudfwlrq dprqj sod|huv lq frrshudwlyh jdphv/ Lqwhuqdwlrqdo Mrxuqdo ri

Jdph Wkhru|/ 5; +7,/ 87:0981
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^45` Kdpldfkh/ J1 +4<<<,/ D ydoxh zlwk lqfrpsohwh frppxqlfdwlrq/ Jdphv dqg

Hfrqrplf Ehkdylru/ 59 +5,/ 8<0:;1

^46` Kduvdq|/ M1 F1 +4<96,/ D vlpsol�hg edujdlqlqj prgho iru wkh q0shuvrq frrs0

hudwlyh jdphv/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 7/ 4<705531

^47` Kduw/ V1 dqg D1 Pdv0Frohoo +4<;<,/ Srwhqwldo/ ydoxh dqg frqflvwhqf|/ Hfrqr0
phwulfd 8: +6,/ 8;<09471

^48` Kduw/ V1 dqg D1 Pdv0Frohoo +4<;;,/ Wkh srwhqwldo ri wkh Vkdsoh| ydoxh/ lq
Wkh Vkdsoh| ydoxh/ D1 H1 Urwk +hg1,/ Fdpeulgjh Xqlyhuvlw| Suhvv/ 45:06:1

^49` Ndodl/ H1 dqg G1 Vdphw +4<;;,/ Zhljkwhg Vkdsoh| ydoxhv/ lq Wkh Vkdsoh|

ydoxh/ D1 H1 Urwk +hg1,/ Fdpeulgjh Xqlyhuvlw| Suhvv/ ;60<<1

^4:` P|huvrq/ U1 +4<;3,/ Frqihuhqfh vwuxfwxuhv dqg idlu doorfdwlrq uxohv/ Lqwhu0

qdwlrqdo Mrxuqdo ri Jdph Wkhru|/ </ 49<04;51

^4;` P|huvrq/ U1 +4<::,/ Judskv dqg Frrshudwlrq lq Jdphv/ Pdwkhpdwlfv ri

Rshudwlrqv Uhvhdufk/ 5 +6,/ 5580<

^4<` Qrzdn/ D1 V1 dqg W1 Udg}ln +4<<8,/ Rq d{lrpdwl}dwlrqv ri wkh zhljkwhg

Vkdsoh| ydoxhv/ Jdphv dqg Hfrqrplf Ehkdylru/ ; +5,/ 6;<07381

^53` Rzhq/ J1 +4<;9,/ Ydoxhv ri judsk0uhvwulfwhg jdphv/ VLDP Mrxuqdo ri Dojh0

eudlf dqg Glvfuhwh Phwkrgv/ : +5,/ 5430531

^54` Rzhq/ J1 +4<::,/ Ydoxhv ri jdphv zlwk d sulrul xqlrqv/ lq Hvvd|v lq Pdwk0

hpdwlfdo Hfrqrplfd dqg Jdph Wkhru|/ U1 Khqq dqg R1 Prhvfkolq +hgv1,/

Vsulqjhu0Yhuodj/ :90;;1

^55` Slwwho/ E1/ M1 Vshqfhu dqg Q1 Zrupdog +4<<9,/ Vxgghq hphujhqfh ri d jldqw

n0fruh lq d udqgrp judsk/ Mrxuqdo ri Frpelqdwruldo Wkhru|/ Vhulhv E/ 9:/
4440841

^56` Urvvl +5333e,/ Rq wkh eorfn0srvlwlrq ydoxh iru frppxqlfdwlrq vlwxdwlrqv/
Txdghuql gl Whruld ghl Jlrfkl/ Vhswhpehu 53331

^57` Urvvl +5333d,/ Jhqhudol}hg zhljkwhg Vkdsoh| ydoxhv/ iruwkfrplqj1

^58` Vkdsoh| +4<86e,/ D ydoxh iru q0shuvrq jdphv/ lq Wkh Vkdsoh| ydoxh/ D1 H1
Urwk +hg1,/ Fdpeulgjh Xqlyhuvlw| Suhvv/ 640731

^59` Vkdsoh| +4<86d,/ Dgglwlyh dqg qrq0dgglwlyh vhw ixqfwlrqv/ Sk1G1 Wkhvlv/
Ghsduwphqw ri Pdwkhpdwlfv/ Sulqfhwrq Xqlyhuvlw|1

^5:` Zdvvhupdq/ V1 dqg N1 Idxvw +4<<7,/ Vrfldo Qhwzrun Dqdo|vlv/ Fdpeulgjh
Xqlyhuvlw| Suhvv1

^5;` Zhehu/ U1 M1 +4<;;,/ Suredelolvwlf ydoxhv iru jdphv/ lq Wkh Vkdsoh| ydoxh/

D1 H1 Urwk +hg1,/ Fdpeulgjh Xqlyhuvlw| Suhvv/ 43404<1
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