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Sld}}d V1 Iudqfhvfr :/ 86433 Vlhqd

h0pdlo= ydqqxfflCxqlvl1lw

Mdqxdu| 58/ 5334

Devwudfw

Lw lv vkrzq wkdw Shuihfw Vhfuhw Vkdulqj Vfkhphv duh Vlpsoh Zhdn Hi0

ihfwlylw| Ixqfwlrqv1 Qdpho|/ iru dq| �qlwh vhw N ri nh|v dqg dq| �qlwh

vhw Q ri sduwlflsdqwv wkh vhw ri doo Shuihfw Vhfuhw Vkdulqj Vfkhphv kdy0

lqj 30qrupdol}hg vhfxulw| ohyho rg 3 � lv fkdudfwhul}hg dv wkh vhw ri doo

Vlpsoh Zhdn H�hfwlylw| Ixqfwlrqv rq +Q/N,= shuihfwlrq lq vhfuhw vkdu0

lqj wxuqv rxw wr kdyh vlpsolflw| dv lwv qlfh jdph0wkhruhwlf frxqwhusduw1 Lw

dovr iroorzv wkdw Shuihfw Vhfuhw Vkdulqj Vfkhphv gr dgplw xqlyhuvdo lpsoh0

phqwdwlrq surfhgxuhv xvlqj 40wkuhvkrog vfkhphv dv hohphqwdu| cexloglqj

eorfnv*1

MHO Fodvvl�fdwlrq Qxpehuv 358/359

4 Lqwurgxfwlrq

Lq uhdo0olih vlwxdwlrqv/ h!flhqf| frqvlghudwlrqv pd| ydulrxvo| glfwdwh hlwkhu glv0

forvxuh ru surwhfwlrq ri sulydwho| khog lqirupdwlrq1 Wkh lqirupdwlrq uhyhodwlrq

sureohp l1h1 holflwdwlrq ri sulydwh lqirupdwlrq e| phdqv ri vxlwdeoh lqfhqwlyh

vfkhphv kdv dozd|v ehhq d fhqwudo wkhph lq wkh olwhudwxuh rq phfkdqlvp ghvljq/

dw ohdvw vlqfh wkh ehjlqqlqjv ri wkh prghuq jdph0wkhruhwlf dssurdfk edfn lq

wkh hduo| *:3v1 Lq dq lqirupdwlrq uhyhodwlrq sureohp +h1j1 lq dxfwlrqv ru yrwlqj,

lqglylgxdo djhqwv dqg2ru frdolwlrqv ri djhqwv pxvw eh lqgxfhg wr vkduh vrph

ri wkhlu cvhfuhw*/ sulydwho| khog lqirupdwlrq zlwk wkh vhuylfh surylghu l1h1 wkh

djhqf| uhvsrqvleoh iru frpsxwlqj dqg srvvleo| hqiruflqj wkh ghflvlrq phfkd0

qlvp*v rxwfrphv1

E| frqwudvw/ wkh uhyhuvh vlwxdwlrq �zkhuh wkh vhuylfh surylghu dvvljqv wr

djhqwv dqg2ru frdolwlrqv vrph sulydwh lqirupdwlrq +h1j1 d sulydwh nh|/ ru sduwv

ri lw, zklfk lv phdqw wr eh nhsw dv d vhfuhw e| lwv ohjlwlpdwh kroghuv� udlvhv d
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ihz lqwhuhvwlqj lvvxhv zklfk duh ehvw dgguhvvhg zlwklq wkh wkhruhwlfdo iudphzrun

ri glvwulexwhg fu|swrjudsk|1 Krzhyhu/ lw wudqvsluhv wkdw wkh pdqdjhphqw dqg

wudqvplvvlrq ri vhfuhw2frq�ghqwldo lqirupdwlrq lv dovr ri frqvlghudeoh vljql�0

fdqfh iurp d jdph0wkhruhwlf shuvshfwlyh/ dqg ri jurzlqj sudfwlfdo lpsruwdqfh

gxh wr wkh hyhu lqfuhdvlqj uroh ri hohfwurqlf lqirupdwlrq surfhvvlqj lq vrfldo dqg

hfrqrplf lqwhudfwlrqv1 Khuh/ wkh edvlf sureohp lv ri frxuvh hqvxulqj wkdw dffhvv

uljkwv duh qrw dexvhg l1h1 wkdw wkh hqwlwohg djhqwv duh deoh wr surwhfw wkhlu vhfuhw

djdlqvw srvvleoh lqvlghuv* ru rxwvlghuv* dwwdfnv1 Wkxv/ wkh lvvxh lv surwhfwlrq �dv

rssrvhg wr uhyhodwlrq�ri sulydwh lqirupdwlrq1 D sduwlfxoduo| lqwhuhvwlqj yhuvlrq

ri wklv sureohp rewdlqv zkhq wkh vhfuhw lwvhoi lv wr eh vkduhg dprqj d frdolwlrq

ri djhqwv1

D vhfuhw vkdulqj vfkhph +VVV, lv d uxoh iru dssruwlrqlqj vrph vhfuhw lq0

irupdwlrq dprqj sduwlflsdqwv lq vxfk d zd| wkdw fhuwdlq cohjdo* vhwv ri djhqwv

zklfk frpsulvh wkh dffhvv vwuxfwxuh ri wkh vfkhph� dqg rqo| wkhp� kdyh mrlqw

dffhvv wr wkh uhohydqw gdwd +wkh cvhfuhw*,1 Dq VVV lv shuihfw zkhqhyhu dq| clo0

ohjdo* frdolwlrq ri djhqwv �qr pdwwhu krz pdq| vkduhv duh ohjdoo| dffhvvleoh wr

lwv phpehuv�fdqqrw gr dq| ehwwhu wkdq d frdolwlrq ri rxwvlghuv/ l1h1 �w|slfdoo|�

udqgrpo| jxhvvlqj wkh vhfuhw dprqj wkh +sxeolfo| nqrzq, vhw ri dgplvvleoh gdwd

ru nh|v1 Wkh uhflsurfdo ri wkh suredelolw| ri ghfhswlrq �wkdw lv wkh suredelolw| ri

vxffhvvixo udqgrp jxhvvlqj� surylghv wkhq d zhoo0gh�qhg phdvxuh ri wkh vhfxulw|

ohyho ri wkh vfkhph1

Lw kdv ehhq nqrzq vlqfh wkh odwh *;3v wkdw shuihfw VVVv gr h{lvw iru dq| suh0

vfulehg vhfxulw| ohyho dqg dq| dffhvv vwuxfwxuh +vhh h1j1 Ehqdork/ Ohlfkwhu+4<<3,,=

lq sduwlfxodu/ vhyhudo h{dpsohv zklfk dgplw d qdwxudo lpsohphqwdwlrq yld prg0

xodu dulwkphwlf dqg frpelqdwruldo jhrphwulf vwuxfwxuhv kdyh ehhq ghvljqhg dqg

vwxglhg +vhh h1j1 Vlpprqv+4<<5,/ Vwlqvrq+4<<8,/ Phqh}hv/ydq Rruvfkrww/Ydqvwrqh

+4<<:,/ Ehxwhovsdfkhu/Urvhqedxp+4<<;,,1 Krzhyhu/ d ihz txhvwlrqv uhpdlq

wkdw� wr wkh ehvw ri p| nqrzohgjh� kdyh qrw ehhq h{solflwo| dgguhvvhg lq wkh

h{wdqw fu|swrjudsklf olwhudwxuh/ qdpho|=

� Krz fdq wkh fodvv ri doo srvvleoh shuihfw VVVv dw dq| vhfxulw| ohyho eh

ghvfulehgB Lv lw dphqdeoh wr dq| cfrqyhqlhqw* fkdudfwhul}dwlrqB

� Lv lw srvvleoh wr lpsohphqw doo dffhvv vwuxfwxuhv dw dq| �{hg vhfxulw| ohyho

xvlqj vrph shuihfw VVV dv d xqltxh hohphqwdu| cexloglqj* eorfn ru gl�huhqw +vhwv

ri, cexloglqj eorfnv* duh uhtxluhg lq rughu wr lpsohphqw glvwlqfw dffhvv vwuxfwxuhv

dqg2ru wr dfklhyh glvwlqfw vhfxulw| ohyhovB

Lw wxuqv rxw wkdw wkh iruhjrlqj lvvxhv fdq eh uhdglo| dgguhvvhg dqg vroyhg

e| h{suhvvlqj wkhp lq d vxlwdeoh frdolwlrqdo jdph0wkhruhwlf irupdw1 Wklv lv prvw

frqyhqlhqwo| grqh uho|lqj rq zhdn h�hfwlylw| ixqfwlrqv +ZHIv,1 D ZHI lv

d pds wkdw dwwdfkhv wr hdfk frdolwlrq V wkh vhw ri doo rxwfrph0vxevhwv lqwr

zklfk V lv deoh wr cirufh* wkh �qdo rxwfrph1Wkxv/ d ZHI fdq dovr eh fkdudf0

whul}hg dv dq rxwfrph0vxevhwv0sdudphwhul}hg idplo| ri vlpsoh jdphv l1h1 vhwv

ri +orfdoo|,czlqqlqj* frdolwlrqv1 D ZHI lv vlpsoh li vxfk d idplo| ri vlpsoh
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jdphv uhgxfhv wr d xqltxh vhw ri +doprvw, joredoo| czlqqlqj* frdolwlrqv1 Lw zloo

eh vkrzq lq wkh suhvhqw qrwh wkdw�iru dq| �qlwh vhw N ri nh|v dqg dq| �qlwh

vhw Q ri djhqwv� wkh vhw ri doo shuihfw VVVv grhv lqghhg fruuhvsrqg suhflvho|

wr wkh vhw ri doo vlpsoh ZHIv rq +Q>N,1 Qrz/ lw fdq eh vkrzq wkdw dq| vlp0

soh ZHI lv uhsuhvhqwdeoh dv wkh lqwhuvhfwlrq ri d �qlwh vhw ri zhljkwhg vlpsoh

ZHIv1 Vlqfh dq| zhljkwhg vlpsoh HI dgplwv d cshuihfw* lpsohphqwdwlrq +hlwkhu

prgxodu0dulwkphwlfdo ru frpelqdwruldo jhrphwulf,/ lw iroorzv wkdw �lq sulqflsoh�

uhshdwhg dssolfdwlrq ri wkh odwwhu fdq eh xvhg dv wkh edvlf frpsrqhqw ri d xql0

yhuvdo lpsohphqwdwlrq surfhgxuh iru shuihfw VVVv ri duelwudu| dffhvv vwuxfwxuh

dqg vhfxulw| ohyho1

5 Wkh prgho

Wr ehjlq zlwk/ d ihz edvlf gh�qlwlrqv frqfhuqlqj nh| hvwdeolvkphqw surwrfrov

pxvw eh lqwurgxfhg1 Ohw Q eh d �qlwh vhw ri djhqwv ru sduwlflsdqwv/ N d �qlwh vhw

ri srvvleoh vhfuhw nh|v wr eh vkduhg1 D vhfuhw vkdulqj vfkhph +VVV, iru +Q>N,
lv d wxsoh V @+V> �> �> k, frqvlvwlqj ri d vkduh vsdfh V + w|slfdoo| d qrq0hpsw|

�qlwh vhw czlwk vwuxfwxuh*/ h1j1 d �qlwh surmhfwlyh vsdfh�vhh wkh gh�qlwlrq ehorz�

ru pruh jhqhudoo| dq remhfw ri d vxlwdeo| fkrvhq frqfuhwh fdwhjru|,/ d vkdulqj

uxoh � = N � Q $ V +zlwk fdqrqlfdo h{whqvlrq �� = N � S +Q, $
V
W�Q V

W

dv gh�qhg e| wkh iroorzlqj uxoh= iru dq| W � Q / ��+n> W , @ +�+n> l, = l 5 W ,,/

d srrolqj ixqfwlrq � =
V
W�Q V

W $ S +V, vxfk wkdw �++{l,l5V, � �++{3
l
,l5W ,

zkhqhyhu +{l,l5V 5 VV> +{3l,l5W 5 VW > V � W dqg {l @ {3l iru dq| l 5 V/

dqg d +vhpl0qhxwudo, uhfryhulqj ixqfwlrq k = S +V, $ S +N, vxfk wkdw iru dq|

n4> n5 5 N/ N4>N5 � N> D>E � V> dqg W � Q = D � E hqwdlov k+E, � k+D,>

n 5 k+�+��+n> W ,,,/ inj @ k+�+��+n>Q,,,> N4 @ k+�+��+n4> W ,, dqg N5 @

k+�+��+n5> W ,, hqwdlo &N4 @ &N5/ dqg k+>, @ N +wklv odvw uhtxluhphqw uh hfwv

wkh w|slfdo dvvxpswlrq wkdw wkh nh| vhw N eh sxeolf nqrzohgjh,1

Uhpdun 4 Lw vkrxog eh qrwlfhg khuh wkdw wkh c�qh0judlqhg* gh�qlwlrq ri dq VVV

sursrvhg deryh lv qrw vwdqgdug1 Lqghhg/ VVVv duh ydulrxvo| suhvhqwhg lq wkh

fu|swrjudsklf olwhudwxuh/ wr dq h{whqw wkdw pdnhv lw gl!fxow wr vlqjoh rxw d vwdq0

gdug gh�qlwlrq1Wkh prvw frpprq xvdjh frqvlvwv lq lghqwli|lqj VVVv zlwk wkhlu

vkdulqj uxohv dv gh�qhg deryh/ zkloh ohdylqj lpsolflw wkh srrolqj dqg uhfryhulqj

ixqfwlrqv1 L �qg/ krzhyhu/ wkdw wkh pruh ghwdlohg �li shukdsv foxpvlhu� gh�ql0

wlrq r�huhg khuh kdv vrph glvwlqfw dgydqwdjhv1 Pruhryhu/ wkh uhvxowv suhvhqwhg

ehorz pljkw eh dssursuldwho| uhirupxodwhg dffruglqj wr wkh cfrduvhu* gh�qlwlrq1

Wkh dffhvv vwuxfwxuh ri dq VVV V @+V> �> �> k, iru +Q>N, lv wkh elsduwl0
wlrq +O+V,> Of

+V,, ri S +Q, lqwr ohjdo dqg loohjdo frdolwlrqv + ru dxwkrul}hg dqg
xqdxwkrul}hg vxevhwv,/ uhvshfwlyho|/ zkhuh wkh vhw ri ohjdo frdolwlrqv lv jlyhq e|
O+V, @ iV � Q = iru dq| n 5 N/ k+�+��+n> V,,, @ injj = Qrwlfh wkdw�e| gh�ql0
wlrq ri wkh uhfryhulqj ixqfwlrq k� wkh vhw O+V, ri ohjdo frdolwlrqv ri dq dffhvv
vwuxfwxuh dprxqwv wr dq rughu �owhu ri +S +Q,>�,/ l1h1d vxevhw ri S +Q, vxfk
wkdw iru dq| V> W � Q / li W � V dqg V 5 O+V, wkhq W 5 O+V, +dqg frqyhuvho|
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dq| rughu �owhu ri +S +Q,>�, xqltxho| lghqwl�hv d srvvleoh dffhvv vwuxfwxuh zlwk
Q dv vhw ri sduwlflsdqwv,1

Dq VVV V iru +Q>N, lv vdlg wr eh d +udwlrqdo, wkuhvkrog VVV li wkhuh h{lvw
w 5 U.> dqg z = Q $ U. + w 5 T. dqg z = Q $ T., vxfk wkdw O+V, @�
V � Q =

S
l5V

z+l, � w

�
= wkh fruuhvsrqglqj dffhvv vwuxfwxuh lv dovr vdlg wr eh

d wkuhvkrog dffhvv vwuxfwxuh1 Wkh +qrupdol}hg, vhfxulw| ohyho ri d V @ +V> �> �> k,

lv jlyhq e| wkh +udwlrqdo, qxpehu s
�4

V
� 4/ zkhuh

sV @ pd{

�
p 5 ]. = wkhuh h{lvw V 5 O

f+V,>N 3 � N> n 5 N
3

vxfk wkdw

N
3 @ k+�+��+n> V,,,/ dqg p @ +&N3,�4

�

ghqrwhv wkh suredelolw| ri ghfhswlrq/ l1h1 wkh pd{lpxp suredelolw| ri dffhvv
wr wkh vhfuhw rq wkh sduw ri dq loohjdo frdolwlrq +xqghu htxlsuredelolw| ri nh|0
fkrlfh rq wkh sduw ri wkh nh|0ghdolqj djhqf|,=

Dq +htxdoo| glvwulexwhg, VVV V @+V> �> �> k, iru +Q>N, lv vdlg wr eh shuihfw

+dw +qrupdol}hg, vhfxulw| ohyho t 5 T., li
l, k+�+��+n> V,,, @ k+�+��+n> W ,,, iru dq| V> W 5 Of+V,> n 5 N/ dqg
ll, ^&k+�+��+n> V,,,`�4 @ t . 4 iru doo V 5 Of+V,=

Khqfh/ d shuihfw VVV lv htxdoo| surwhfwhg djdlqvw rxwvlghuv* dqg lqvlghuv*

srvvleoh dwwdfnv1

Wkh iroorzlqj frqvwuxfw zloo dovr eh xvhg lq wkh vhtxho1
Ohw iVm @ +Vm > �m > �m > km, = m 5 Mj eh d �qlwh idplo| ri shuihfw VVVv iru +Q>N,1

Wkhq/ wkh surgxfw VVV
Q

m5M Vm @ +VM > �M > �M > kM, ri iVm = m 5 Mj lv gh�qhg dv
iroorzv=

V
M �@

T
m5M Vm / iru dq| m 5 M >

�M = N � Q $ VM lv gh�qhg e| wkh uxoh �M+n> l, @
T
m5M �m+nm > l,/ dqg

vlploduo|

�M =
V
W�Q+V

M
,
W $ S +VM, lv gh�qhg dv �++VM,W , @

T
m5M �m++V

W
m ,,> zkloh

kM = S +VM,$ S +N, lv gh�qhg e| wkh iroorzlqj uxoh

kM+\ , @

;?
=

inj li iru dq| m 5 M =

km+
�
vm 5 Vm = wkhuh h{lvwv ++v�m ,m5M, 5 \ v1w1 v�m @ vm

�
, @ inj / dqg

N rwkhuzlvh

<@
>

1

Pruhryhu/ wkh vhfxulw| ohyho ri
Q

m5 Vm lv gh�qhg dv pd{

q
s�4
Vm

= m 5 M
r
� 4=

Ohw xv qrz wxuq wr wkh uhohydqw frdolwlrqdo jdph0wkhruhwlf qrwlrqv1 D zhdn

h�hfwlylw| ixqfwlrq +ZHI, rq sod|hu vhw Q dqg rxwfrph vhw [ lv d ixqfwlrq

H = S +Q,$ S +S +[,, vxfk wkdw = +ZHI 4, H+>, @ >> +ZHI 5, [ 5 H+V, iru

dq| V � Q>V 9@ >> +ZHI 6, H+Q, � H+V, iru dq| V � Q > +ZHI 7, > @5 H+V,

iru dq| V � Q 1

Uhpdun 5 Fohduo| hqrxjk/ ZHIv dprxqw wr d voljkw jhqhudol}dwlrq ri h�hfwly0

lw| ixqfwlrqv +HIv, +vhh h1j1 Degrx/Nhlglqj+4<<4,,1 Lqghhg/ dq HI rq +Q>[,

lv d ZHI vxfk wkdw H+Q, @ S +[, q i>j =

Pruhryhu/ d ZHI H rq +Q>[, lv prqrwrqlf li iru dq| V> W � Q / D>E �

[= ^D 5 H+V, dqg V � W hqwdlo D 5 H+W ,` dqg ^D 5 H+V, dqg D � E

hqwdlo E 5 H+V,`/ dqg vlpsoh li wkhuh h{lvw dq rughu �owhu Z ri +S +Q,>�,>
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> 9@ Z 9@ S +Q,/ D�
5 S +[, q i>j > dqg dq rughu �owhu \ ri +S +[,>�, zlwk

\ �iD � [ = D � D�
j vxfk wkdw iru dq| V � Q>D � [ = D 5 H+V, li dqg rqo|

li hlwkhu ^V 5 Z dqg D 5 \ ` ru ^V 9@ > dqg D � D�`= lq wkdw fdvh zh dovr zulwh

H @ H+Z/ \/ D�,= D vlpsoh ZHI H+Z>\ > D�, lv +udwlrqdo, wkuhvkrog vlpsoh li

Z lv d +udwlrqdo, olqhdu wkuhvkrog rughu �owhu l1h1 wkhuh h{lvw d +udwlrqdo, vfdodu

zhljkw0ixqfwlrq z = Q $ U. +z = Q $ T., dqg d +udwlrqdo, vfdodu wkuhvkrog ru

txrwd t 5 U. +t 5 T., vxfk wkdw V 5 Z li dqg rqo| li
S

l5V
z+l, � t =wkh sdlu

+t> z, lv dovr vdlg wr eh d uhsuhvhqwdwlrq ri H+Z>\> D�,1 Ixuwkhupruh/ d vlpsoh

ZHI H lv vdlg wr eh +4> q,�wkuhvkrog li lw dgplwv d uhsuhvhqwdwlrq +4> z, zkhuh
z lv d i3> 4j0ydoxhg zhljkw ixqfwlrq1

Ilqdoo|/ wkh qh{w gh�qlwlrq hvwdeolvkhv wkh edvlf olqn ehwzhhq VVVv dqgZHIv

dv uhtxluhg iru wkh hqvxlqj dqdo|vlv1

Ohw V @+V> �> �> k, eh dq VVV iru +Q>N,> wkhq/ iru dq| n 5 N wkh fkdudf0

whulvwlf ZHI HV

n
ri V dw n lv gh�qhg e| wkh iroorzlqj uxoh= iru dq| qrq0hpsw|

V � Q / HV

n
+V, @ iD � N = D � k+�+��+n> V,,,j >dqg HV

n
+>, @ >= Frqvlvwhqf| ri

wkh iruhjrlqj whuplqrorj| lv lq idfw hvwdeolvkhg wkurxjk wkh iroorzlqj

Fodlp 6 Ohw V @ +V> d> �> k, eh dq VVV iru +Q>N,1 Wkhq
�
HV

n
= n 5 N

�
lv d

idplo| ri prqrwrqlf ZHIv rq +Q>N,=

Surri1 E| gh�qlwlrq ri HV

n
dqg k/ N 5 HV

n
+V, iru dq| V 5 S +Q, q i>j

dqg dq| n 5 N/ zkloh > 5 HV

n
+V, hqwdlov�djdlq e| gh�qlwlrq ri HV

n
dqg k�

k+�+��+n> V,,, @ >/ d frqwudglfwlrq lq ylhz ri wkh idfw wkdw > 9@ k+�+��+n>Q,,, �
k+�+��+n> V,,,= Dovr �e| gh�qlwlrq ri k> �> ��� iru dq| V � Q

k+�+��+n>Q,,, � k+�+��+n> V,,,> zkhqfh

HV

n
+Q, @ iD � G = D � k+�+��+n>Q,,,j � iD � G = D � k+�+��+n> V,,,j @

HV

n
+V,=

Wkxv/ iru dq| n 5 N/ HV

n
lv lqghhg d ZHI rq +Q>N,1 Pruhryhu/ prqrwrqlf0

lw| ri HV

n
dovr iroorzv lpphgldwho| iurp wkh gh�qlwlrq1

Zh duh qrz uhdg| wr lqwurgxfh rxu uhsuhvhqwdwlrq uhvxow

Sursrvlwlrq 7 Ohw V eh dq VVV iru +Q>N,1Wkhq/ V lv d shuihfw VVV li dqg

rqo| li �iru dq| n 5 N� HV

n
lv d vlpsoh ZHI rq +Q>N,= Lq sduwlfxodu/ V lv

shuihfw dw vhfxulw| ohyho t li dqg rqo| li HV

n
@ HV

n
+O+V,> iD � N = n 5 Dj >N�,

zlwk n 5 N� dqg &N� @ t . 4=

Surri1 Ohw V @ +V> �> �> k, eh dq VVV iru +Q>N, dqg +O+V,> Of+V,, lwv dffhvv

vwuxfwxuh1

Qrz/ vxssrvh V lv shuihfw dw vhfxulw| ohyho t1 Wkhq/ iru dq| n wkhuh h{lvwv

N� � N/ N� 6 n>&N� @ t . 4 vxfk wkdw iru dq| V � Q

k+�+��+n> V,,, @

�
inj li V 5 O+V,

N� li V 5 Of+V,

�
=

Khqfh/ e| gh�qlwlrq ri HV

n
/ iru dq| qrq0hpsw| V � Q
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HV

n
+V, @

�
iD � N = n 5 Dj li V 5 O+V,

iD � N = D � N�
j li V 5 Of+V,

�
=

Vlqfh fohduo| > @5 HV

n
+V, � HV

n
+W , 6 N iru dq| V 5 O+V,> W 5 Of+V,/ lw

iroorzv wkdw HV

n
lv lqghhg d vlpsoh ZHI rq +Q>N,1 Lq sduwlfxodu/ iru dq|

n 5 N

HV

n
@ HV

n
+O+V,> iD � N = n 5 Dj >N�,=

Frqyhuvho|/ ohw
�
HV

n
= n 5 N

�
eh d idplo| ri vlpsoh ZHIv rq +Q>N,1 Wkhq/

iru dq| n 5 N wkhuh h{lvw dq rughu �owhuZn ri +S +Q,>�, zlwk > 9@Zn 9@ S +Q,/
dq rughu �owhu \n ri +S +N,>�,/ dqg d qrqhpsw| vhw N�

n
/ n 5 N�

n
� N vxfk wkdw

iru dq| qrq0hpsw| V> W � Q / V @5 Zn> W 5 Zn =

HV

n
+W , @ \n � iD � N = D � N�

n
j @ HV

n
+V,1

Lw iroorzv wkdw �e| gh�qlwlrq ri HV

n
�iru dq| V @5 Zn =

iD � N = D � k+�+��+n> V,,,j @ HV

n
+V, @ iD � N = D � N�

n
j

zkhqfh k+�+��+n> V,,, @ N�

n

+lqghhg/ vxssrvh qrw> wkhq/ hlwkhu k+�+��+n> V,, n N�

n
ru z1o1r1j1 k+�+��+n> V,,, �

N�

n
= lq erwk fdvhv N�

n
5 iD � N = D � N�

n
j q iD � N = D � k+�+��+n> V,,,j,1

Khqfh V lv shuihfw zlwk vhfxulw| ohyho t3 @ +&N�

n
,� 4 dv uhtxluhg=

Dsduw iurp surylglqj d frqyhqlhqw jdph0wkhruhwlf fkdudfwhul}dwlrq ri doo
shuihfw VVV dw dq| vhfxulw| ohyho/ wkh iruhjrlqj Sursrvlwlrq dovr hqwdlov wkdw
wkhuh h{lvw cxqlyhuvdo� surfhgxuhv zklfk fdq cxqlirupo|* lpsohphqw shuihfw VVV

ri duelwudu| dffhvv vwuxfwxuh xvlqj d xqltxh prvw hohphqwdu| wkuhvkrog VVV dv

d cexloglqj eorfn*1 Lq rughu wr vxevwdqwldwh wkdw fodlp zh vkdoo uhihu wr d
surplqhqw vshfldo fodvv ri lpsohphqwdwlrqv ri shuihfw VVVv/ qdpho| +surmhfwlyh,
frpelqdwruldo jhrphwulf vfkhphv1

Uhpdun 8 Vlqfh wkuhvkrog vfkhphv duh vx!flhqw wr jhqhudwh shuihfw VVVv ri

dq| dffhvv vwuxfwxuh dqg vhfxulw| ohyho/ rqh pljkw dovr xvh wkh zhoo 0nqrzq

Vkdplu*v shuihfw wkuhvkrog VVV zklfk uholhv lqvwhdg rq prgxodu dgglwlrq dv rs0

srvhg wr frpelqdwruldo surmhfwlyh vwuxfwxuhv +vhh h1j1 Vwlqvrq+4<<8,,1 Lqghhg/

Vkdplu wkuhvkrog vfkhph �wkh yhu| �uvw h{dpsoh ri d shuihfw VVV � lv du0

jxdeo| dv lqwxlwlyho| dsshdolqj dqg hohjdqw dv w|slfdo jhrphwulf wkuhvkrog shuihfw

vfkhphv duh/ dqg lv lqirupdwlrqdoo| h!flhqw ru clghdo*+l1h1 lwv lqirupdwlrq udwh�
wkh udwh ri wkh vl}h ri wkh nh| vsdfh wr wkh vl}h ri wkh eljjhvw lqglylgxdo vkduh

vsdfh� lv 4/ zklfk lv surydeo| wkh rswlpxp udwh iru shuihfw vfkhphv,1 Krzhyhu/

wkh edvlf Vkdplu vfkhph lv nqrzq wr eh pdqlsxodeoh lq wkh iroorzlqj vhqvh= d

fkhdwhu pd| wudqvplw idovh lqirupdwlrq frqfhuqlqj klv vkduh dqg xvh nqrzohgjh

ri wkh fruuhvsrqglqjo| lqfruuhfw nh| lq rughu wr uhfryhu e| klpvhoi wkh wuxh nh|
e| xvlqj klv wuxh vkduh1 E| frqwudvw vwdqgdug frpelqdwruldo jhrphwulf wkuhvkrog
vfkhphv duh w|slfdoo| qrqpdqlsxodeoh lq wkdw vhqvh1 Jlyhq wkh jdph0wkhruhwlf

hpskdvlv ri wkh suhvhqw qrwh/ L wdnh wkdw flufxpvwdqfh�ryhu dqg deryh wkh xq0

ghqldeoh vlpsolflw| dqg hohjdqfh ri vxfk jhrphwulf vfkhphv� wr eh dq doprvw

frpshoolqj uhdvrq wr fkrrvh frpelqdwruldo surmhfwlyh wkuhvkrog vfkhphv dv wkh

edvlf uhihuhqfh vfkhphv lq zkdw iroorzv1

Xqiruwxqdwho| hqrxjk/ d suhvhqwdwlrq ri jhrphwulf wkuhvkrog vfkhphv uh0
txluhv d txlwh pdvvlyh dprxqwv ri qhz gh�qlwlrqv= wkh| duh surylghg ehorz iru
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wkh vdnh ri frpsohwhqhvv1
Dq lqflghqfh vwuxfwxuh lv d wxsoh J @+S>E>@, zkhuh S>E duh glvmrlqw vhwv

+wkh vhwv ri srlqwv dqg eorfnv �ru olqhv�/ uhvshfwlyho|, dqg @ � +S ^E,
5
lv d

uh h{lyh dqg v|pphwulf elqdu| uhodwlrq/ wkh lqflghqfh uhodwlrq rq S ^E1 Dq
lqflghqfh vwuxfwxuh J @ +S>E>@, lv d surmhfwlyh vsdfh li wkh iroorzlqj surshuwlhv
krog=

+S4, +Olqh d{lrp,= iru dq| S>T 5 S/ li S 9@ T> wkhq wkhuh h{lvwv O 5 E
�dovr ghqrwhg e| +ST,� vxfk wkdw @ � i+S>O,> +T>O,j >dqg iru dq| O3 5 E/
@ � i+S>O,> +T>O,> +S>O3,> +T>O3,j hqwdlov O @ O3=

+S5, +Srlqwv0rq0d0olqh d{lrp,= iru dq| O 5 E wkhuh h{lvw S>T>U 5 S> vxfk
wkdw & iS>T>Uj @ 6 dqg @ � i+S>O,> +T>O,> +U>O,j

+S6, +Yheohq0\rxqj Qr0sdudooholvp d{lrp,= iru dq| S>T>U> V 5 S vxfk wkdw

& iS>T>U> Vj @ 7/ li +ST, _ +UV, 9@ > wkhq +SU, _ +TV, 9@ >
Ixuwkhupruh/ d surmhfwlyh vsdfh lv vdlg wr eh qrqghjhqhudwh li wkh iroorzlqj

frqglwlrq lv dovr vdwlv�hg

+S7, +Qrqghjhqhudf| d{lrp,= &E � 5=

Qrz/ ohw S @ +S>E>@, eh d surmhfwlyh vsdfh1 D olqhdu vxevhw ri S lv d vhw

S3� S vxfk wkdw +UV, � S3 iru dq| U>V 5 S3>dqg wkh olqhdu vxevsdfh jhqhudwhg

e| dq| vhw T � S lv

kTl @
W
iX � S = X lv d olqhdu vxevhw ri S vxfk wkdw T �Xj =

Pruhryhu/ wkh +olqhdu, vxevsdfh ri d surmhfwlyh vsdfh S jhqhudwhg e| d olq0

hdu vxevhw S3� S lv d �srvvleo| ghjhqhudwh� surmhfwlyh vsdfh S3@ +S3>ES3 >@S3,

zkhuhES3 @ iO 5 E =S 5 S3 iru dq| S v1w1 +S>O, 5 @j/ dqg@3 @ @_+S3^ES3,51

Dq lqghshqghqw vhw ri srlqwv ri d surmhfwlyh vsdfh S @ +S>E>@, lv d vhw ri srlqwv

T � S vxfk wkdw iru dq| T3 � T/ dqg dq| S 5 T qT
3

/ S @5 kT3l= Dq lqgh0

shqghqw vhw T ri srlqwv ri d surmhfwlyh vsdfh S @ +S>E>@, lv d edvlv ri S

li kTl @ S= Lw fdq eh vkrzq wkdw doo wkh edvhv ri d surmhfwlyh vsdfh kdyh wkh

vdph fduglqdolw| +vhh h1j1 Edwwhq+4<<:,/ Ehxwhovsdfkhu/ Urvhqedxp+4<<;,,1 D

surmhfwlyh vsdfh S kdv glphqvlrq g �dovr zulwwhq glpS @g� li wkh +frpprq,

fduglqdolw| ri lwv edvhv lv g . 4= D k|shusodqh ri d g0glphqvlrqdo surmhfwlyh

vsdfh S lv d +g � 4,0glphqvlrqdo vxevsdfh ri S= D vhw T � S ri srlqwv ri d g0

glphqvlrqdo surmhfwlyh vsdfh S @ +S>E>@, lv lq jhqhudo srvlwlrq li &T �g. 4

dqg dq| T3 � T vxfk wkdw &T3 @ g. 4 lv d edvlv ri S1

Lw fdq eh vkrzq wkdw cdoprvw* dq| g�glphqvlrqdo surmhfwlyh vsdfh +g � 5, lv

lvrprusklf wr wkh +surmhfwlyh, vsdfh S+YU, zklfk uhvxowv iurp wdnlqj dv srlqwv

wkh 40glphqvlrqdo yhfwru vxevsdfhv ri d vxlwdeoh g . 40glphqvlrqdo +ohiw, yhf0

wru vsdfh YU ryhu d glylvlrq ulqj U/ dv olqhv wkh 50glphqvlrqdo yhfwru vxe0

vsdfhv ri YU/ dqg srvlwlqj @ @
V
i�>�j +uhfdoo wkdw d glylvlrq ulqj lv d wxsoh

U @ +U>.> �> 3> 4, vxfk wkdw l, +U>.> 3, lv d frppxwdwlyh jurxs l1h1 . lv dq dv0

vrfldwlyh/ frppxwdwlyh elqdu| rshudwlrq rq U zlwk lghqwlw| hohphqw 3> dqg vxfk

wkdw hyhu| hohphqw { 5 U kdv dq lqyhuvh> ll,+U q i3j > �> 4, lv d +qrw qhfhvvdulo|

frppxwdwlyh, jurxs l1h1 � lv dq dvvrfldwlyh elqdu| rshudwlrq rq U zlwk lghqwlw|

hohphqw 4/ dqg vxfk wkdw hyhu| { 5 Uqi3j kdv d elodwhudo lqyhuvh dqg lll, iru dq|

{> |> } 5 U wkh uljkw dqg ohiw glvwulexwlyh lghqwlwlhv ^{ � +|. }, @ +{ � |,. +{ � },`

dqg ^+| . }, � { @ +| � {, . +} � {,` krog ,1 Li d surmhfwlyh vsdfh S lv lqghhg

:



lvrprusklf wr S+YU,> wkhq lw lv vdlg wr eh frruglqdwl}hg e| U +vhh djdlq Ehx0

whovsdfkhu/ Urvhqedxp +4<<;,,1 Li d surmhfwlyh vsdfh S lv frruglqdwl}hg e| d

glylvlrq ulqj U> wkhq hdfk srlqw ri S pd| eh fkdudfwhul}hg e| lwv krprjhqhrxv

frruglqdwhv l1h1 htxlydohqfh fodvvhv ri +yhfwru, frruglqdwhv ri srlqwv lq YU +zlwk

htxlydohqfh uhodwlrq � gh�qhg e| wkh uxoh +d4> ==> dg.4, � +e4> ==> eg.4, l� wkhuh

h{lvwv � 5 U> � 9@ 3 vxfk wkdw dl @ �el/ l @ 4> ==> g. 4,1

Lw fdq eh vkrzq wkdw li d g0glphqvlrqdo surmhfwlyh vsdfh S lv frruglqdwl}hg

e| d glylvlrq ulqj U/ wkhq d prvw w|slfdo lqvwdqfh ri d vhw ri srlqwv lq jhqhudo

srvlwlrq lv surylghg e| wkh vhw F ri srlqwv ri d qrupdo udwlrqdo fxuyh ri S+YU,/

qdpho|�e| gh�qlwlrq� e| wkrvh srlqwv zkrvh krprjhqhrxv frruglqdwhv duh hl0

wkhu ^+4> u> ==> ug,`� +zlwk u 5 U, ru ^+3> 3> ==> 3> 4,`�= Li wkh uhohydqw glylvlrq ulqj

lv lq sduwlfxodu d �qlwh �hog I +l1h1 U @ I lv �qlwh khqfh frppxwdwlyh e| wkh

fodvvlf Zhgghuexuq*v wkhruhp, wkhq� iru dq| qrqqhjdwlyh lqwhjhu g� rqh pd|

frqvlghu wkh �qlwh yhfwru vsdfh Ig vr wkdw S+Ig, lv d �qlwh surmhfwlyh vsdfh +fr0

ruglqdwl}hg e| I zkrvh fduglqdolw|�uhfdoo� pd| eh jlyhq e| dq| srvlwlyh srzhu

ri dq| sulph qxpehu,1 Qrz/ lw vkrxog eh uhfdoohg khuh wkdw wkh vhwv ri srlqwv

ri dq| wzr olqhv lq dq duelwudu| surmhfwlyh vsdfh duh elmhfwlyh1 Khqfh/ lq d �qlwh

surmhfwlyh vsdfh S+Ig, doo wkh olqhv frpsulvh dq htxdo qxpehu n . 4 ri srlqwv

zkhuh n lv wkh fduglqdolw| ri I+qrwlfh wkdw n. 4 � 6 lq dffrugdqfh zlwk d{lrp

+S5,,= wkhq/ n lv vdlg wr eh wkh rughu ri S+Ig, zklfk lv dovr zulwwhq S+Ig> n,

wr pdnh wklv idfw h{solflw1

Zh duh qrz uhdg| wr lqwurgxfh wkh edvlf frpelqdwruldo jhrphwulf VVVv iru

wkuhvkrog dffhvv vwuxfwxuhv wkdw zh qhhg iru rxu qh{w uhvxow1

Gh�qlwlrq 9 +Edvlf shuihfw surmhfwlyh wkuhvkrog VVV , Ohw Q eh d qrq0hpsw|

�qlwh vhw ri sduwlflsdqwv/Z � S +Q, d udwlrqdo wkuhvkrog rughu �owhu ri +S +Q,>�
, zlwk zhljkw ixqfwlrq z dqg txrwd w @ n3

p3

> dqg t dq| srvlwlyh +udwlrqdo, qxpehu=

Qh{w/ frqvlghu
q
z+l, @ nl

pl

= l 5 Q

r
> frpsxwh wkh ohdvw frpprq pxowlsoh P ri

ip3>p4> ==>pqj dqg wdnh d �qlwh surmhfwlyh vsdfh S @ S+I w
�

> t�, zkhuh

w� @ P� � w zlwk P�
@ plqin �P = n 5 Q dqg n �P � orj

5
qj/ dqg

t� @ plq is 5 Q = s � t dqg wkhuh h{lvw q>p 5 Q vxfk wkdw q lv sulph dqg s @ qpj1
Ilqdoo|/ wdnh dq| srlqw T ri S +l1h1 T 5 S+S,,/ dqg dq| olqh O 5 E+S, vxfk

wkdw +T>O, 5 @+S, l1h1 T 5 +O, zkhuh +O, @ iS 5 S+S, = +S>O, 5 @+S,j = Wkhq

d edvlf frpelqdwruldo surmhfwlyh wkuhvkrog VVV VSJ+Z> t�, @ +V> �> �> k, iru

+Q> +O,, +zlwk dffhvv vwuxfwxuh +Z> S +Q, q Z , dqg qrupdol}hg vhfxulw| ohyho

t�, lv gh�qhg dv iroorzv=

ohw K eh d k|shusodqh ri S vxfk wkdw T 5 K dqg +O, - K/ dqg F d qrupdo

udwlrqdo fxuyh ri K +vhh wkh gh�qlwlrq deryh, vxfk wkdw T 5 F 1 Wkhq/ srvlw

V @ F / wdnh � = Q $ S +Fq iTj, wr eh dq lqmhfwlyh ixqfwlrq vxfk wkdw & i�+l,j @
P� � nl iru dq| l 5 Q / dqg �iru dq| V @ i4> ==> vj � Q� gh�qh �+\4> ==> \v, @V

l5V \l 1 Ilqdoo|/ k = S +F, $ S ++O,, lv gh�qhg e| wkh uxoh k+iS4>==>Soj, @
+O, ^ ++O, _ kiS4> ==> Sojl,=

Uhpdun : Qrwlfh wkdw glpK @ w��4 khqfh& iS4> ==> Soj @ w� hqwdlov kiS4> ==> Sojl @
K 1 Lw iroorzv wkdw iru dq| \ � S +F, vxfk wkdw &\ @ w� rqh kdv k+\ , @

+O,_K @ iTj1 E| frqwudvw/ li &\ ? w� wkhq k\ l_+O, @ >/ zkhqfh k+\ , @ +O,=

;



Qrwdwlrq ; Zh vkdoo ghqrwh e| SJWV+Q, wkh fodvv ri edvlf shuihfw surmhfwlyh

wkuhvkrog VVVv zlwk vhw ri sduwlflsdqwv Q dv ghvfulehg deryh1

Lw lv d txlwh uhpdundeoh idfw wkdw d yhu| vlpsoh +4> q,�wkuhvkrog yhuvlrq ri

vxfk shuihfw jhrphwulf VVVv gh�qhg deryh fdq lq sulqflsoh eh xvhg dv wkh xqltxh

cexloglqj eulfn* lq rughu wr lpsohphqw shuihfw VVVv ri dq| dffhvv vwuxfwxuh dw

dq| vhfxulw| ohyho1

Wklv fodlp lv pdgh suhflvh e| wkh iroorzlqj

Sursrvlwlrq < Ohw Z � S +Q, eh dq| rughu �owhu ri +S +Q,>�,/ dqg t 5 T.=

Wkhq 0 iru dq| �qlwh vhw N0 wkhuh h{lvw n 5 ].>dqg +lvrprusklf, V4>==>Vn 5

SJWV+Q, vxfk wkdw V @
Qn

l@4 Vl lv d shuihfw VVV iru +Q>N, dw vhfxulw| ohyho

t dqg zlwk dffhvv vwuxfwxuh +Z> S +Q, qZ,=

Surri1 Iluvw/ uhfdoo wkdw rughu �owhuv ri +S +Q,>�, gr hvvhqwldoo| fruuhvsrqg

wr vlpsoh jdphv rq Q 1 Exw wkhq/ rqh vkrxog dovr uhfdoo wkdw hyhu| vlpsoh jdph

fdq eh uhjdughg dv wkh lqwhuvhfwlrq ri d �qlwh qxpehu ri wkuhvkrog ru zhljkwhg

vlpsoh jdphv1 Wkh frqvwuxfwlrq jrhv dv iroorzv= ohw iW
4
> ==> Wnj � S +Q, qZ eh

wkh vhw ri �0pd{lpdo frdolwlrqv zklfk duh qrw lq Z= Wkhq/ iru dq| m @ 4> ==> n

srvlw

Zm @ iV � Q = V q Wm 9@ >j =

Lw lv hdvlo| vkrzq wkdw Z @
Wn

m@4Zm

+vhh h1j1 Wd|oru/ ]zlfnhu+4<<<,/ Wkhruhp 41:15 iru pruh ghwdlov,1

Qrz/ qrwlfh wkdw �iru hdfk m� +Zm > S +Q, q Zm, fdq eh uhjdughg dv wkh

dffhvv vwuxfwxuh ri d +4>&+Q qWm,,�wkuhvkrog VVV1 Khqfh/ wdnh d fruuhvsrqglqj

VSJm +Zm > t, 5 SJWV+Q, kdylqj dffhvv vwuxfwxuh +Zm > S +Q, q Zm, dv gh�qhg

deryh1 Lw iroorzv wkdw � e| gh�qlwlrq� wkh uhvxowlqj surgxfw VVV
Q

m5M V
SJ
m

kdv erwk vhfxulw| ohyho t dqg dffhvv vwuxfwxuh +
Wn
m@4Zm > S +Q, q

Wn

m@4Zm, dv

uhtxluhg1

Lw vkrxog eh hpskdvl}hg wkdw wkh iruhjrlqj sursrvlwlrq surylghv d srvlwlyh

dqvzhu wr wkh txhvwlrq udlvhg lq wkh lqwurgxfwlrq frqfhuqlqj lqghhg wkh dydlo0

delolw| ri xqlyhuvdo cprqrjhqlf* lpsohphqwdwlrq surfhgxuhv1

6 Frqfoxglqj uhpdunv

Wkh pdlq phvvdjh ri wkh suhvhqw qrwh lv wkdw frdolwlrqdo jdph0wkhruhwlf qrwlrqv

surylgh d uhpdundeo| qdwxudo iudphzrun iru h{suhvvlqj d ihz edvlf lghdv dqg

uhvxowv frqfhuqlqj nh| glvwulexwlrq surwrfrov dqg uhodwhg lvvxhv lq glvwulexwhg

fu|swrjudsk|1 Lq sduwlfxodu/ Sursrvlwlrq < deryh vkrzv wkdw glphqvlrq0wkhruhwlf

frqvlghudwlrqv frqfhuqlqj frdolwlrqdo jdph irupv vxjjhvw zd|v wr rewdlq shuihfw

VVVv ri duelwudu| dffhvv vwuxfwxuh dqg vhfxulw| ohyho vwduwlqj iurp fhuwdlq vlpsohu

shuihfw VVVv ri rqh vlqjoh w|sh1 Pruhryhu/ d jdph0wkhruhwlf rxworrn pljkw dovr

surylgh ixuwkhu lqwhuhvwlqj fulwhuld iru dvvhvvlqj shuihfw +dqg qrq shuihfw, VVVv1

Wklv lv krzhyhu ehvw ohiw dv d wrslf iru ixuwkhu uhvhdufk1

<



Uhihuhqfhv

^4` Degrx M1/ K1 Nhlglqj +4<<4,= H�hfwlylw| Ixqfwlrqv lq Vrfldo

Fkrlfh1Gruguhfkw= Noxzhu1

^5` Edwwhq O1P1 +4<<:,= Frpelqdwrulfv ri Ilqlwh Jhrphwulhv +5qg hglwlrq,1

Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^6` Ehqdork M1/ M1 Ohlfkwhu +4<<3,= Jhqhudol}hg Vhfuhw Vkdulqj dqg Prqrwrqh

Ixqfwlrqv/ lq Dgydqfhv lq Fu|swrorj|0FU\SWR *;;1 Ohfwxuh Qrwhv lq Frp0

sxwhu Vflhqfh 7361 Ehuolq/ Khlghoehuj/ Qhz \run= Vsulqjhu Yhuodj1

^7` Ehxwhovsdfkhu D1/ X1 Urvhqedxp +4<<;,= Surmhfwlyh Jhrphwu|1 Iurp Irxq0

gdwlrqv wr Dssolfdwlrqv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^8` Phqh}hv D1M1/ S1F1 ydq Rruvfkrw/ V1D1 Ydqvwrqh +4<<:,= Kdqgerrn ri Ds0

solhg Fu|swrjudsk|1 Erfd Udowrq/ IO1=FUF Suhvv1

^9` Vlpprqv J1M1 +4<<5,= Dq Lqwurgxfwlrq wr Vkduhg Vhfuhw dqg2ru Vkduhg Frq0

wuro Vfkhphv/ lq J1M1Vlpprqv+hg1,= Frqwhpsrudu| Fu|swrorj|1 Qhz \run=

LHHH Suhvv1

^:` Vwlqvrq G1U1 +4<<8,= Fu|swrjudsk|1 Wkhru| dqg Sudfwlfh1Erfd Udowrq/ IO1=

FUF Suhvv1

^;` Wd|oru D1G1/ Z1 ]zlfnhu +4<<<,= Vlpsoh Jdphv1 Ghvludelolw| Uhodwlrqv/

Wudglqj/ Svhxgrzhljkwlqjv1 Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv1
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