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1 Introduction

The standard objective of the economic literature concerning inequality mea-
surement is to compare single-dimensioned welfare indicators, such as in-
come. But, in order to evaluate the social state of an individual, more
than one criterion often needs to be applied. In fact, economic disparity
does not arise from the distribution of income alone. People are different
in income, education, health, etc. and we must take into account several
individual characteristics if we want to answer to the questions posed by Sen
[24]: “Why inequality?” and “Inequality of what?”. As it was stressed by
Sen [25], Kolm [10], Maasoumi [15] and many other scholars, the analysis
of different individual attributes is crucial to understand and evaluate in-
equality among people. The classical literature on inequality measurement
instead depicts the disparity of an attribute, in general income, in a given
population. It has been showed by Kolm [10], Atkinson and Bourguignon [2]
and many others that this kind of approach is very unsatisfactory, because
people differ in many aspects besides income. Then, we have to extend our
measurement to several variables, in order to take into account the other
attributes that characterize individuals.

Unfortunately, inequality in the context of more than one variable has

seldom been studied. The literature on multidimensional inequality compar-



isons indeed is rather thin. The problem besides is inherently complex and
it is difficult to extend the ranking principle and measures from univariate
to multivariate case. The principal reason of such a difficulty is relative to
the interaction between income and non-income attributes.

In this paper, our aim is to show the heuristic worth of a multidimen-
sional analysis of the economic inequality and the more robust results con-
cerning this topic.

We review the few results, in economic literature, concerning multidi-
mensional inequality measurement and we show a theoretical result on mul-
tidimensional majorization. We will interpret our theorem under a economic
point of view, considering the problem of a decision-maker (e.g. a public au-
thority) interested in the distribution of specific goods and commodities
among people.

This paper consists of two sections. In the section 2, we explain basic
definitions and notation concerning multidimensional majorization analyti-
cally as well as intuitively. We review the results concerning social welfare
functions that evaluate the well-being associated to a multivariate distribu-
tion. We shows the pros and cons of measuring multidimensional inequality,
adopting alternative classes of indices. Finally an alternative approach to the

measurement of multidimensional inequality is reviewed. The third section



contains a very general result. We show a theorem on matrix majorization
and we interpret it under an economic point of view, stressing the fact that
a matrix represents a population of individuals endowed with several com-
modities or “goods”. Finally, some remarks on some possible extensions of

our research in this unexplored field conclude the paper.

2 Multidimensional majorization

Historically, economic literature has followed two different trends. The first
one ranks different multivariate distributions according to a social welfare
function (typically Atkinson and Bourguignon [2] and Kolm [10]). The sec-
ond one uses evaluative summary inequality statistics (Maasoumi [15] and
Tsui [28]), measuring individual attributes with a utility function. In this
way, it obtains an univariate distribution vector of utilities that is valued by
using an inequality index. Both of the approaches present some problems
as Dardanoni [6] pointed out, at least because very little is known about
majorization where components of vectors are not in R.

In this section, we review these two trends, modeling the problem of
measuring multidimensional economic disparity step by step. We introduce
general definitions of partial orderings on set of rectangular matrices dis-

cussing and interpreting the results obtained by different scholars. Then,



we conclude by discussing an approach which applies convex analysis tools

in order to compare alternative multivariate distributions.

2.1 Notation and definitions

Following the notation and terminology introduced by Marshall and Olkin
[18], we can imagine that now the components of z, y € R" are points in
R™M. that is these components are column vectors. In this case x,y become
matrices that we will denote with capital letters as X = (z1,...,zn), where
xj are all column vectors of length m. The element zj; € X, represents the
quantity of the j-th commodity or “good” belonging to the i-th individual.
To make the idea that X is “less spread out” than Y precise, we introduce

the following definition:

Definition 1 Let X and Y be n x m matrices. Then Y is said to be chain
majorized by X, written Y << X, if PX = Y where P is a product of

finitely many n x n T-transforms.!

In other terms, the idea of transfer, introduced by Muirhead [20] and

Dalton [5], also applies if the components of x and y are vectors. In fact,

1A T-transformation is a special kind of linear transformation whose matrix has the
form T'= AT+ (1—-))Q, with A € [0,1] and @ a permutation matrix that just interchanges

two coordinates.



if we suppose that zj and zj are replaced by yi and yj in order to obtain a
new vector y from z, that respects the constrains:

i) i, yj lie in the convex hull® of zj, zj;

i) zi + zj = yi + ;-

we can have an alternative partial ordering between rectangular matrices:

Definition 2 Let X and Y be two n x m matrices. Then Y is said to be
majorized by X, written Y < X, if PX =Y where the n x n matrix P is

doubly stochastic.

The definition 2 simply says that the average is a smooth-operation, that
makes the components of Y more “spread out” than components of X.

Because a product of T-transformations is doubly stochastic, then chain
majorization implies majorization (Y << X =Y < X) and when n =1
the converse is true also, as when m = 2. In general, for n > 2 and m > 3
majorization does not imply chain majorization.

Let us define what a convex hull of a matrix is:
Definition 3 The convex hull of a generic matrix X, denoted as

H =co{ (:E,l, ), i=1,..,n)}

?See Rado [21].



is a convex combination of the row vectors of matrix. It constitutes the

simple polyhedron of X.3

Then, an equivalent definition of matrix majorization < is the following

one:

Definition 4 Let X, Y € R™™ be two matrices, then we say Y contains a
lower level of disparity with respect to X, if Y lies in the convex hull of all

permutation of X.

2.2 Ranking matrices by using social welfare functions

Several attributes are considered in order to describe and evaluate the so-
cial state of a society. Individuals vary in income, needs, education, sex,
age, ability etc. and the welfare comparisons are based on applications of
social evaluation functions depending on the multiattributed endowment of
all individuals. In his seminal paper, Kolm [10] proposes the well-known
notion of matrix majorization < defined above, re-interpreting it under an
economic point of view. His merit is that of having introduces the ques-
tion: “When a given multiattribute distribution is “less spread out” than
another one?”. Kolm registers the notion of multidimensional inequality

using a social welfare function W : RT*™ — R, defined on the set of all

#See Bolker [4].



semidefinite rectangular matrices. In general, a SWF is an ordering preserv-
ing transformation, provided of some suitable properties like symmetry or
homogeneity.

Moreover, Kolm introduces the fundamental notion of price majoriza-
tion, borrowed from an open problem posed by Marshall and Olkin [18].

Let us quote Kolm:

”We shall say that distribution Y is more equal than distri-
bution X, if each Lorenz curve of Y lies nowhere under that
of each one of X for all price vectors (which can be restricted
to nonnegative prices), and if they are not permutations of each
other. This is equivalent to saying that all the properties, applied
to the unidimensional distribution case, hold between the income
distributions derived from Y and X, whatever the prices used

for this aggregation”.

What Kolm [10] called price majorization is named by Joe and Verducci
[9] majorization through linear combination and by Bhandari [3] directional
majorization as in Marshall and Olkin [18].

Formally:

Definition 5 For two matrices X and Y, Y is said to be directionally ma-



jorized by X, written Y <4 X, if aY < aX for all a € R".

Marshall and Olkin [18] showed that ¥ < X implies Y <4 X, in a more
general setting, where Y <y X means YA < XA for all A € R™K (with k
fixed). They posed the open question whenever Y <4 X implies Y < X and
Bhandari [3], in an important paper, gives the sufficient conditions under
which directional majorization implies multivariate majorization.

We can guess that the notion of price majorization is very useful when we
compare non-monetary quantity. In such a case, we can compare matrices
whose components are of qualitative type simply giving a price to each
component of the column vector. Unfortunately, in this way, we reduce
all individual characteristics to monetary quantities, losing a part of the
information that we have.

This kind of critique also applies to the measurement of inequality through
a SWF. A SWF is a synthetic index of equality that expresses by a number
the disparity associated to a given multivariate distribution. As Kolm and
other scholars use a SWF, in order to register multidimensional inequality,
they are losing all information about individual attributes. Overall, their
results hold only if the interrelations between welfare components are as-
sumed to be irrelevant for the inequality comparisons. These interrelations

instead are very important as Atkinson and Bourguignon [2] and Rietveld



[22] show.

An alternative approach to consider several attributes in describing in-
dividual social states is due to Mosler [19]. In his paper, the welfare com-
parisons are based on simultaneous applications of a given set of social eval-
uation functions, according with several evaluation criteria and depending
on the multiattributed endowments of all individuals. Mosler’s framework
approach is axiomatic. Some partial multidimensional welfare orderings are
introduced and a selected class of social evaluation functions is shown to be

consistent with such orderings.

2.3 Multidimensional inequality indices

We now review the properties of evaluative inequality statistics in a multidi-
mensional context. According to this approach, people are first represented
by an aggregate utility function of all attributes they received by chance. An
univariate distribution of utilities is then obtained. Afterwards, a standard
inequality index is applied to the utility distribution in order to obtain a
measurement of multidimensional inequality.

Such an exercise involves two kinds of issues. First of all we have to
choose a utility function. This is an arbitrary choice. To select a func-

tion instead of another one means to stress some individuals’ preferences



and do not take care of other evaluative spaces that could be very impor-
tant. Second, we have to aggregate the vector of individuals’ utilities into a
real valued inequality index. This is a too extreme and information losing
exercise.

Nonetheless, appealing to a criterion from information theory, Maasoumi
[15] argues that when the distribution of welfare is the primary concern of
the analysis, a class of utility functions (that contains many of the popular
utility functions employed in economics), emerges as the best solution to
the first issue quoted above. The class of indices that Maasoumi consid-
ers is that of the General Entropy. Maasoumi claims that if we multiply
a matrix X by a bistochastic one, then it obtains a new matrix Y that
should be declared more equal by any summary inequality index. Such a
claim is based on an argument discussed by Kolm [10], who notices that
a doubly stochastic transformation is a necessary and sufficient condition
for an unambiguous improvement in the welfare relative to a multivariate
distribution. Unfortunately, this is not the conclusion that arises from the
application of whatever multivariate inequality index. Dardanoni [6] has
provided a counterexample where the social inequality is increased after a
Schur transformation (S-transform). In several situations, we in fact regis-

ter a increasing of inequality after a rearrangement due to an S-transform.
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Dardanoni [6] have furthermore proved that we require a very extreme re-
striction on the class of allowed utility functions in order to ensure that
the social welfare is decreasing after an unfair redistribution: the aggregate
utility functions must be additively separable. A requirement which does
not always represent individuals’ preferences. Moreover, it is in contradic-
tion with the evaluation of individuals’ welfare when there exist correlations
about the personal attributes.*

Tsui [28] follows the footsteps of Maasoumi and suggests an axiomatic
approach to the design of multidimensional inequality measures. Tsui’s
framework differs from that of Maasoumi by first postulating different sets
of axioms and then deriving admissible classes of social evaluation functions
and their corresponding inequality indices. The paper extends, to the multi-
dimensional case, the Atkinson-Kolm-Sen inequality approach, generalizing
the axioms used in the unidimensional context. The result is a complete
characterization of a specific class of social evaluation functions and of the
corresponding multidimensional inequality indices. Furthermore, Tsui [29]
studies the class of Generalized Entropy inequality measures generated by a
non-additive separable evaluation function. He generalizes, to the multidi-

mensional case, the class of functions studied by Shorrocks [26]. In this way,

1See Rietvield [22].
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he obtains a non-welfaristic approach to the measurement of multidimen-
sional inequality and a useful tool for empirical investigations of economic

disparity.

2.4 Multivariate Lorenz majorization and Gini index

A special mention is for the joint work of Koshevoy and Mosler. They,
following the approach of Rado [21], introduce the “convex analysis” in
the field of multivariate majorization. In his seminal paper, Koshevoy [11]
generalizes the notion of Lorenz curve through that of a convex body, i.e. a
center symmetric convex polyhedron in RY'. The multivariate generalization
of the Lorenz curve takes the name of Lorenz zonotope, that is defined as

follows:

Definition 6 The Lorenz zonotope LZ (X) of a matrix X is the sum of

segments [0, 7], i.e.

LZ (X)={6171+ ...+ 0nTn:0i € [0,1] forall i =1,...,n}.

Then, Koshevoy defines the multivariate version of univariate Lorenz

criterion as follows:

Definition 7 Let X and Y be two matrices, then Y is said to be Lorenz
majorized by X, denoted as Y < X, if LZ(Y) C LZ (X).

12



Finally, Koshevoy compares the notion of Lorenz majorization with those
of matrix majorization and price majorization. As he proves that the Lorenz
majorization is equivalent to the price majorization, we may conclude that
the chain of equivalences among matrix majorization <, directional ma-
jorization <4 and Lorenz majorization < holds. But, this is not true.
Majorization implies Lorenz majorization, but, in general, for the multidi-
mensional case, the contrary does not hold.

Disparity in several attributes and its relation to multivariate orderings
are investigated also in Koshevoy [12]. In this work he develops a geometric
approach to order multivariate distributions.

Linked to these pioneering papers, there are two brilliant works of Ko-
shevoy and Mosler [13], [14].

In the first [13] one, they study extensions of the Gini mean difference
and Gini index® to measure the disparity of a population with respect to
several attributes. This is an important result besides under a theoretical
point of view even for empirical applications.

In the last of this companion work, Koshevoy and Mosler [14] extend
the notions of the Lorenz curve (and the Lorenz order) to several attributes

of a multivariate empirical distribution. In order to generalize the usual

®Notice that the Gini index is the most known and applied measure of disparity.
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Lorenz curve to the multivariate situation, they use the notion of zonoid®.
Their main result is that the inclusion of Lorenz zonoids is equivalent to

directional majorization.

3 Matrix majorization: a result

In this section, we develop a result on multidimensional inequality using
some tool from convexity and polyhedral theory, which generalizes several
findings reviewed above. We let Mp m denote the set of all column-stochastic
n X m matrix, such that each of the m column vectors lie in the standard
simplex Sy = {x eRT: M, z = 1}. This means that we normalize the

quantity of commodities endowed by individuals.

Definition 8 Let X € R™™M and Y € RP*™M be two matrices. Then Y
is said to be E-majorized by X, denoted X > Y, if there exists a matrix

P € Mpn, such that PX =Y.

Note that the number of rows in the two matrices X and Y may be
different. This is in contrast to the orderings > and >> mentioned in the

section 2 (where the matrix P was respectively a doubly stochastic matrix

6 A zonoid is the set of all point between the graph of the dual multivariate Lorenz

function and the graph of the multivariate Lorenz function.
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and the finite product of n T-transforms). Denote with e a vector (suitably
dimensioned) of all ones, since eP = e whenever P € My, we see that if
X > Y then ePX = eX = eY, so the i-th columnsum in X and Y coincide
for ¢ = 1,...,m. This is a suitable property of this preordering because it
allows to compare set of individuals with different cardinality.

Other suitable properties of the binary relation > are the following ones:

1. > is a preorder, i.e. a reflexive and transitive binary relation;

2. Selected I C {1, ...,n} we denote with X the submatrix of X induced
by the rows indexed by the elements in I. Therefore, if X > Y, then

Xy > Y, foreach I C {1,...,n};

3. If X >Y and H € R™M, then XH > Y H;

4. If X > Y and P € R™" and () € RP*P are two permutation matrices,

then PX > QY

5. If X > Y, then cone (X) D cone (Y);

6. If X > Y, then rank (X) > rank (Y)

All this properties are obtained using elementary arguments. They could
be assumed like axioms. Moreover, notice that we can deduce such charac-

teristics of matrix majorization directly from the definition of >, considering
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that the set of column-stochastic matrices is closed under matrix products.
Property 2 is a sort of decomposibility property, which allows this ordering
to be coherent with an inequality measurement via an additive SWF. The
third property says that if we premultiply the matrices X and Y for the
same square matrix, then the ordering between X and Y does not change.
We require, in other words, that the ordering >> respect a sort of homo-
geneity property, i.e. multiplying the endowment of every individual for the
same coefficient the disparity between two different populations does not
change. Property 4 is a kind of symmetry requirement, that guarantees that
inequality does not depend on who occupies (by chance) a certain position
in the distribution (anonimity).”

The fifth property, even if just quoted in Koshevoy [12], is less intuitive.
It is equivalent to say that there are nonnegative numbers pjj for i < n
and j < p such that yj = Zinzlpi,jwi for each j < p, i.e. PX =Y where
P := [pij]. We could consider each number pjj as a weight associated with
the vector xj, one for each row yj of Y. Thus, X > Y occurs precisely when
the sum of all these weights associated with xj add up to 1, for each ¢ < j,

or equivalently when cone (X) D cone (Y).

"Furtherly, it notes that there are examples where X >> Y, but XP >> Y for some

suitable permutation matrix P.
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In general, X > Y reflects the fact that the columns of X are less spread
out than the columns of Y, i.e. in Y there are more columns which are linear
dependent. In the following, a very intuitive result will show the heuristic
appeal of such partial ordering.

By first, let us define what a Markotope is:
Definition 9 For a matrix X € R™™M and a positive integer k, the set
Z(X,k)={SX:5 e Mgn}
is called the Markotope associated with X.

A matrix R € Mpk is sometimes called a Markov matrix. Thus, by

definition of the binary relation > we have that
Z(X,k) = {Y e Rkm . x >>Y}.

A Markotope is a special polytope and it is also defined as the convex
hull of matrices obtained from X8

Now, denote with (X, G) = 3 zijgij = Tr(XTG) the inner product
between two k x m matrices X = [zjj] and G [gij], then define a function

that plays an important role in the study of matrix majorization:

8See Webster [30] chapter 3.
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Definition 10 Let C ¢ R*™ a nonempty compact set. A function ¢ :

RkM _, R defined as:
¢c (X) =max {(X,G): GeC} for X e R*M
is sublinear.

A function sublinear is a function positively homogeneous (i.e. ¢ (Az) =
A () for each z € RMand a real number A > 0) and convex. We denote
with ® (R™) the set of sublinear functionals that may be written as a
maximum of at most k linear functionals.

The following theorem summarizes some equivalent conditions for matrix

majorization:”

Theorem 1 Let X = [z;j] € R™ and Y = [yij] € RP™M. Then the

following three statements are equivalent:

1. X>Y,;

2. Z(X,k) 2 Z (Y, k) for each positive integer k;

n n
3. Foreach k> 1 and ¢ € &, (R™) we have that Y ¢ (xj) > > ¢ (yj)-
i=1 i=1

Notice that an inequality < between vectors means that the inequality holds for each

component.

18



Proof. (1= 2) Let k£ > 1 and assume that X > Y, so there is a matrix
P € Mpn, with PX =Y. For each N € Mkp, we get NPX = NY. Here
NP € Mygn, so we conclude our statement.

(2= 3)Let k > 1and L € R*™, We see that max {(X', L) : X’ € Z (X, k)} >
max {(Y', L) : Y' € Z(Y,k)}, that is, by definition, tantamount to ¢z >

¢z, - Analogously, denoted with I3, ..., [k k linear functionals,
max {(X', L) : X' € Z(X,k)} >max {(Y', L) :Y' € Z(Y,k)}

is equivalent to

max Zzpt'j Zli,txi,j P eMynp >
i1 i

max{ Y Y pej Y liwij: P € Mpn
it i

Last inequality can even be written as:

S o= e S
that is equivalent to

PRI ED IR
j

J
(B=1) As Y} jo(zj) = 3 max > i litxij, we obtain, repeating the

same argument in (2 = 3), that Z (X, k) 2 Z (Y, k). Then, for £ = p and

19



because the identity matrix Ip € Mpp, there exists a P € Mpn such that
PX =LY =Y,iee X>Y. R

The three statements of the theorem represent a theoretical generaliza-
tion of the previous results reviewed in section 2 above.

The binary relation > is a more general notion of matrix majorization
as well as the equivalent notion of Markotope, that, at the same time, is
a specification of the zonotope used by Koshevoy [11], which maintains
the suitable characteristics of it. Finally, the last equivalent condition
anl o (xj) > anl ¢ (yj) could be interpreted as an utility function, that mea-
1= 1=

sures the welfare or, by converse, the inequality, of each individual in the

distribution.

4 Conclusion and further possible extensions

We have reviewed how to rank matrices, that represent the distribution of
goods and commodities among people, by using a SWF. We have noted as,
in general, this operation either is information losing or implies a strong re-
striction on the class of evaluation functions. Then, we have surveyed some
results on multidimensional inequality indices. As an inequality index is a
synthetic measure of the degree of disparity among individuals, we loose

the goal of our exercise. To investigate multidimensional inequality means
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to take into account several attributes, besides income, which characterize
people. Then forcing all variables into a scalar is an unsuitable practice
that is arbitrary and very restrictive. Finally, we have considered the at-
tempt of Koshevoy and Mosler to capture the notion of majorization and
Lorenz order in a multidimensional context. The outcome obtained is unsat-
isfactory. Despite the analytical sophistication used by these two scholars,
the results are not so far from those well-known in literature of Theory of
Majorization, while a lot of work remain to do. We have then examined a
more general definition of multidimensional inequality ordering, providing a
complete characterization and representation.

In what follows, we summarize the contents of our future research in this
field.

Studying multidimensional inequality, our aim is to generalize the T-
transforms to a more general class of transformations induced by linear
groups, whose name is G-majorization.' In particular, we want to analyze,
in a multidimensional context, the meaning of the composite transfer, i.e.
what Shorrocks and Foster [27] call a favorable composite transfer (FACT),

namely a kind of transfer that decreases the inequality of the distribution,

10A vector z is said to be G-majorized by a vector y if y lies in the convex hull of the

orbit of x under a group G of linear transformations.
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I How inequality changes

through a progressive and regressive transfer.!
when different transfers take place between the individual characteristics is
far to be known and surely it is worth to pursue. In other words, we want
to investigate how to induce a partial ordering on the set of nonnegative
matrices when the Lorenz hypersuperfaces intersects several times.
Another aspect of the multidimensional inequality that we want to deepen
concerns the class of functions that preserves the matrix ordering. Our aim
is to generalize a well-known result due to Schur and Ostrowki to a wider

class of functions than those which are continuously differentiable on a vector

space of real n X m matrices.
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