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1 Introduction

In this paper, we focus on nonparametric estimation of a univariate model with
stochastic volatility and jumps such as

dX; = a(Xt)dt + O'(Xt)th + th, te [O,T],

defined on a fixed time span [0,7]. X describes the evolution of an economic
variable as an interest rate or a logarithmic asset price. The semimartingale X
is composed by a drift component which is a deterministic function a(-) of X;, by
a continuous, diffusive Brownian motion with stochastic volatility in the form of
a deterministic function o(-) of X;, and by a discontinuous part in form of jumps
driven by a Lévy process J;. These kind of models turn out to be very useful when
the state variable varies in form of small, continuous changes (modelled by the
Brownian motion) as well as with abrupt, discontinuous variations (modelled by
the jump component).

Stochastic volatility models with jumps are used in a variety of financial applica-
tions. For interest rate modelling, Das (2002); Piazzesi (2005) show that the role
of jumps is relevant in incorporating newly released information in interest rate
levels. The statistical and economic role of jumps in interest rate modelling is fur-
ther discussed in Johannes (2004). Bond pricing for jump-diffusions is discussed
in Eberlein and Raible (1999). Jumps are also very important for derivative pric-
ing, since option writers and buyers are aware of the possibility of sudden changes
of the underlying, so that they demand an higher risk premium which affects the
term structure of implied volatility, see Bakshi et al. (1997); Bates (2000); Eraker
et al. (2002); Andersen et al. (2002); Pan (2002). Also pure-jump processes received
a lot of attention, see (Madan, 1999; Carr et al., 2002). An important problem for
the risk management and for the construction of hedging strategies is to identify
the contribution given to X separately by each component.

In the recent literature, many intriguing methodologies have been proposed to
separate the variations in the state variable X; due to the diffusive part from those
due to jumps with a feasible econometric technique.

In a parametric model parameterized functional forms are imposed for the drift
and diffusion functions and for the jump component. In that framework Jiang and
Oomen (2004) develop estimators based on a weighted sum of squared increments
in an affine assets price model where the jump part has finite activity. Ait-Sahalia
(2004) shows that it is possible to disentangle jumps from the continuous variations
using a maximum likelihood approach. Ait-Sahalia and Jacod (2005) construct a
threshold based estimator of the volatility when each source of randomness is a
stable Levy process.

In a nonparametric framework, Barndorff-Nielsen and Shephard (2004a,b); Wo-
erner (2003); Mancini (2004a) estimate the integrated volatility. Barndorff-Nielsen
and Shephard (2004b) show that, when the volatility is independent of the leading
Brownian motion, the power variation of the state variable is a consistent estima-
tor of the integral of the corresponding power of the volatility, even in the presence
of a finite activity jump process. Woerner (2003) shows that the power variation is
consistent even when the power is strictly less than 2 and the jump part belongs
to a specified class of infinite activity processes. Barndorff-Nielsen and Shephard
(2004a) develop the original theory of the bi-power variation, which also allows
them to construct a test for the presence of jumps.

In this paper, we want to estimate the local volatility. Nonparametric estimation
of the drift a(-) and the diffusion coefficient o(-) has been studied, in absence of
the jump component, by Florens-Zmirou (1993); Jiang and Knight (1997); Stanton



(1997); Bandi and Phillips (2003); Reno (2004). In presence of jumps, the only non-
parametric estimators we are aware of has been proposed by Bandi and Nguyen
(2003) and studied by Johannes (2004). Their model contains a finite activity jump
part, not necessarily of Lévy type, since it has stochastic jump intensity. They base
themselves on nonparametric kernel estimation of unconditional moments of the
state variable, and the presence of jumps is identified by an estimate of the excess
kurtosis.

Our estimator is basically different. We build on the work of Mancini (2004a,b),
who shows that when the interval between two observations shrinks, since the dif-
fusive part tends to zero at known rate, it is possible to establish when there were
some jumps and to identify asymptotically both jump times and sizes. Therefore
our idea is to get an estimate of the continuous path of the state variable, and to
perform nonparametric estimation on that. We also discuss an extension which
can be implemented with high-frequency data.

2 Assumptions and preliminary results

In this Section, we set up the model, the assumptions and we recall some prelim-
inary results which will be useful in constructing our estimator. We model the
evolution of an (observable) state variable by a stochastic process X; in the time
interval [0, T']. While we leave the possibility to X; to be any variable, in financial
applications it can be thought as the short rate, or the logarithm of an asset price,
of a stock index, or of a foreign exchange rate.

We work in a filtered probability space (2, (F;):cjo, 1), F, P), satisfying the usual
conditions (Protter, 1990), where W is a standard Brownian motion and J is a pure
jump Lévy process. We then assume that (Xy),c(o 7 is a real process such that
Xo € Rand

dX; = a(X)dt + o(X,)dW, + dJ,, t € [0,T). 2.1)

The Lévy process J can be decomposed as the sum of the jumps bigger than one
and the sum of the compensated jumps smaller than one. Following this decom-
position, we write J = J; + Jy, where

Jls = / / l'/j,(dt,d.’ﬂ) and jQS = / / .’E[M(dt,d.’ﬁ) - I/(dl’)dt],
0 J)z|>1 0 Jiz|<1

1 being the jumps random measure of X, and v being the Lévy measure of J. The
process J; of the jumps with size bigger than one is a finite activity compound

Poisson process, J1s = ZéV:H 7; (see Cont and Tankov (2004)). For simplicity we
will write N in place of N, and v in place of y1.

Typically, we do not observe X, continuously, but in form of n discrete time ob-
servations {Xo, X;,, ..., X¢, ,,X:, }. We develop our theory for the case of equally
spaced observations, that is ¢t; = id, where § = T'/n. However our results still hold
when the data are not equally spaced (Mancini (2004a), Florens-Zmirou (1993),
Jiang and Knight (1997)).

For a given process Z, we use the following notations:

o N Z =17, — 7 the increment of Z between t;_; and ¢;

i—17/

o AZy = Z; — Z;_ the size of the jump, if any, at time ¢



© AijZ =2, s —Zy s  theincrement of Z between t; + s’_, and t; + s/
. J Ji—

where {s}, j = 1..m} is a partition of |¢;_1,#;]. In the case of equally spaced

observations we will have A; ;7 = Z;<T;+L) — Zl(

n

i)

e Z°is the continuous martingale part of Z

We denote by (7;); 1y the jump instants of J; and by 7() the instant of the
firstjump in |¢,_1,¢,], if A;N > 1

H.W is the process given by the stochastic integral ( fot H, dWs) o
te|0,

We require the following assumption throughout all the paper.

Assumption 2.1 a; = a(X;), o, = o(X,) are progressively measurable processes with
cadlag paths such to guarantee that the SDE (2.1) has a unique strong solution which is
adapted and right continuous with left limits on [0, T (see Ikeda and Watanabe (1981)).

Definition 2.2 A bandwidth parameter is a sequence of real numbers h such that as n —
oo we have h — 0 and nh — oo.

An example of bandwidth parameter which is very popular in applications (Scott,
1992) is the following:

h=heon"5 (2.2)
where h; is a real constant to be tuned, and ¢ is the sample standard deviation.

When J = 0 we denote our process by Y. In the case of no jumps, Florens-Zmirou
(1993) proves the following proposition

Proposition 2.3 (Florens-Zmirou, 1993) Define

L Ly —a<n (DY)

S (x n
¢ (@) Ty i Iy, —al<hn}

2.3)

If

o the coefficient function a(x) is bounded and has two continuous bounded derivatives;

o the local volatility function o(x) is uniformly bounded and bounded away from zero and
has three continuous bounded derivatives;

o if the bandwidth parameter satisfies nh* — 0 as n — oo,

then Sp*(x) converges to o2 (x) in probability for any x visited by Y.

In fact she shows that
1 & T
%21{\Yti—x\<h}g (2.4)

is a consistent approximation of the local time L7 (x), the time the process Y stands
near z, and

1 n
o5 2 L, —al<my (AY)? (25)
=1



is a consistent approximation of o2 (x) Lt (z). Loosely speaking, the local time of Y’
measures how many observations Y;, are near x. It is defined, for every ¢, as the
following almost sure limit:

1t
L) =l 5 [ D (V) 26)

see e.g. Revuz and Yor (1998). On the other hand itis well known that " | (A;Y)?

—p foT o2du: if we take only those increments for which Y;, was near z, we get
pointwise information about o(x) instead of about the integrated volatility over
the full path. This is justified by the fact that (see Revuz and Yor (1998))

1 1
EIE% % /0 I{wfe,a:JrE} (}/é)d[y]s = ili% % /0 I{a;—s,ac-i—e}(Ye)O'Q(Ys)ds = UQ(x)LT(z)-
Indeed, S*(z) is a weighted average of the squared increments (A;Y)? of the dif-
fusion Y where the weights are higher when Y;, happened to be near z.

Using the indicator function is not necessary. For example, Jiang and Knight (1997)
showed a result analogous to proposition 2.3 with a continuous kernel replacing
the indicator function.

Definition 2.4 A kernel K (-) is a bounded non negative real function such that | j’;j K(s)
ds =1.

An example of smooth kernel is the Gaussian function. The indicator function used
by Florens-Zmirou (1993), namely K (u) = I{|,<1}, is non smooth. The choice of
the kernel function is usually found to be irrelevant in applications. Much more
important is the choice of the bandwidth parameter.

Jiang and Knight (1997) show that for proper kernels K

% Zn:K (Yth_ x) —ras. Lr(z) @.7)
=1
and .
% YK (%) (AY)2 =2 0%(x) Ly (x) (2.8)
=1

and therefore they validate the following result

Proposition 2.5 (Jiang and Knight, 1997) Define KS7*(z) as:

(2.9)

If
o the assumptions of 2.3 on a, o and the bandwidth h are satisfied;
o the kernel K is positive, continuously differentiable with liril K(z) = lim K(z)

then SP(z) converges to o (x) in probability for any x visited by Y .

Under the further assumption that nh® — 0 both Florens-Zmirou (1993) and Jiang
and Knight (1997) prove also the asymptotic normality for S;*(x) and %XS7 (z).



3 Nonparametric estimation of the diffusion coefficient

3.1 The case of finite activity

We now focus on defining a nonparametric estimator of o2(-) when our model
contains also a jump part. Let us begin considering the case in which J is a fi-
nite activity jump process, that is it is a compound Poisson process (see Cont and
Tankov (2004)). Our model is now

Xe =Y+ Jig, (3.1)

where Y; = fot Gy du+ fg oudW, is the diffusion part of X and J; ; = Zg;l i, with
Jio- =0

A fundamental tool for our aim is to disentangle, from the discrete observations of
X, the contributions given by the jumps and those given by the diffusion part. For
that we borrow some results from Mancini (2004a).

Theorem 3.1 (Mancini, 2004a) If r(w) is a real deterministic function such that

Tlog
lim r(z) =0 and lim 2 OET =0
n— oo n n— oo T(Z)
then for P-almost all w 3n(w) s.t. Vn > n(w) we have

This enables us to say that some jumps occurred within |¢;_1,¢;] if and only if
the squared increment (A;X)? is larger than 7(L). As a first consequence, the
cumulative sum of the properly small squared increments (A;X)? will be equal,
for large n, to the sum of the squared increments of the continuous part Y and this
intuition has been pursued in Mancini (2004a) to provide an approximation of the
quadratic variation of Y, which is in fact the integrated volatility of X. Moreover

we reach an approximation of the whole jump process J using
’A}/T(i) = AZXI{(A,X)2>T(%)}

In fact the following results hold.

Corollary 3.2 (Mancini, 2004a) If we choose r as in Theorem 3.1 then

n

T
D (DX Iya xp<r(zyy —p /0 o (Xo)ds

i=1

Proposition 3.3 (Mancini (2004b): we remark that part a) of theorem 3.1 of Mancini
(2004b) in the present framework with fixed time horizon T still holds. We can reformulate
the result as follows)

Assume that J is a compound Poisson process, let § = L — 0 and the threshold function

r be such that % —5 0. Then, for any € > 0,

n . 1
P (U{nk|%<i> — Yo A, N>13] > E}) —p0 VEe€]|0, 5[.

i=1



Another consequence of theorem 3.1 here is that now we can reach an estimation
Y of the continuous part Y of (2.1) and we can apply to it, for instance, the estima-
tors proposed in Florens-Zmirou (1993) or in Jiang and Knight (1997) for the local
volatility o%(z).

In fact, to get o%(z) L7 (x) in the spirit of proposition 2.3 of Florens-Zmirou (1993),
we will select, among the “small” squared increments (A; X)? (having index i such
that no jumps occurred within the interval |¢;_1,¢;]), those for which the continu-
ous part Y of X was close to z at time ¢;.

From a practical point of view .J; ; = S0\ A, X It(a,x)2>r(1)} 18 @ consistent ap-

proximation of the jump part .J; ; of X;, so that Y = X —.J, is a consistent estimator
of Y which allows us to detect whether Y; is near to x or not. Note that a continu-
ous semimartingale Y a.s. reaches any x belonging to [min;c(o 7] Yz, max;ejo 77 Yi]
during the period [0, 7] (Karatzas and Shreve (1988)). Moreover this happens in-
finitely many times within [0, 7]. When X contains a finite activity jump process
J1, there are only finite many jumps within [0, T], and thus X a.s. reaches any x
belonging to | inf,co, 77 X+, sup #4071 X[ anyway infinitely often.

The following theorem is our first result and validates our criterion.

Theorem 3.4 Let X be a jump-diffusion process as in (3.1).
o Let the assumptions of 2.3 for a and o and for the bandwidth parameter hold

o let further the bandwidth parameter be such that 33 > 1 : nh# — oo
o let the threshold function r satisfy the assumptions of theorem 3.1.
Then for any x visited by X

n Xt.fj ;T
R K (Rt ) (AX) a xpenn)
T K (W)

as soon as the kernel K is continuous and satisfies the conditions in proposition 2.5 or
alternatively K (u) = I{jy)<13-

on(x) = —poi(z) (33

Lemma 3.5 Mancini (2004a) Take T = 1.

1 1
sup |Ajo. W[ < V2(5 + 1)4/ - Inn = M(w) - Inn,

where 5(w) = sup,¢o, 1) |0s(w)] is a.s. finite since o is cadlag. .

Proof of Theorem 3.4 We set, without loss of generality, 7 = 1and t; = L = 1. Set
Y=X-Jiand L = L.
Step 1. We see that a.s. for n big enough, uniformly in i,

}Afti _Y;fq‘,
h

In fact - j
X, —Jie, = Yo, Jig, —Jiy

h h




AN

Ny .

1 J J ti ti

E E Ye — § </ audu+/ Uuqu+ E Ye I{(Af,X)2>r(%)} . (34:)
k=1 ti-1 ti-1 =1

i=1
By theorem 3.1 we have that a.s. for n big enough, uniformly ini, It o, xy25, (1)} =
I, n20y; however, since Jp has finite activity, for big n, uniformly in i, I a, n 20y =
Itn,n=1y- Therefore for big n (3.4) coincides with

Ny, ,

1 3 J t; t;

7 Z'Yk - Z (/ ay,du +/ 0y dWy, +%u)> Iian=1}| =
k=1

i=1 ti—1 ti—a

J 1 t; ti
Z— / audu—i—/ oudWy | Ia;N=1}-
h ti—1 ti—1

i=1

Set a(w) = sup |a,(w)|: ais a.s. finite, since a is a cadlag function of ¢. Then the
u€[0,T]
last sum tends to zero uniformly in j, since, for big n,

1 J t; J t; a
7 ZZ auduI{AiNzl} = Z/t auduAiNI{AiNzl} < %Nl — 0.
i=17ti-1 i=17ti-1
Moreover

1 J b AZO'W
7 ;/ oudWylia, n=1} < Slll_p %NT —0

ti—1

uniformly on j, since by lemma 3.5 sup; % < M(w),y/ # Inn —,5 0.

Consequence of step 1 for the indicator functions kernel. Remember that L is the local

time of Y. We have in particular that a.s. for each & > 0 for n big enough sup; |V;, —
Y, | < e. We now show that

nZ?:1]{|Yti—x|<h}(AiY)2 o Iy, —afeny (AY)?
n = Plim

2imi L9, —al<ny >im1 L1y, —al<n}

Let us preliminarily remark that for every ¢ > 0 then Vi if |V;, — | < h, since
|V;, — 2| < |Vi, — Yi,| + |Vi, — x|, then |Y;, — 2| < h + e. On the other hand, if
D/tz _$| <h’_€then‘}>ti —.’13‘ < ‘Ytz _ﬁ7‘+|)/tl —JZ| <h.

That means: asymptotically V;, is distant from  less than h if and only if Y;, does.
In particular, choosing for instance ¢ = ¢(h) = h*, we have I (Y, —z|<h—ni} <
I{Wti*ﬂ?Kh} and I{Wti*rKh} < I{\Yf,i—-”ﬂ\<h+h4}/ and thus

ny i I{\Yti—th}(Aiy)z <

Z?:1I{|?tfz|<h}
n i1 Lve, —al<ninny (AY)?
> i1 Igvi, —l<h—na}
n i Ly, —al<niny (DY) 3000 Iy, —al<nint)
Y1 Ive, —al<ninty Y1 Ive, —al<n—n1y

the first factor tends in probability to o%(z) by proposition 2.3, since n(h+h?*) — oo.
The second factor, by (2.4), has Plim equal to

L(x)
2(h+h*)n
L(z)
2(h—hH)n

Plim

7



On the other hand we have
ny i I{|Yti—m|<h}(Aiy)2
Z?:l I{‘Y/}_L—I‘<h}

1Y Iy, —el<n-nty (DY )2 300 Iy, —aj<h—n1y
i Ly —al<honty 2y Iy, —al<n+na}’

>

where again the first factor tends to o2 (x) and the second one to 1.

Consequence of step 1 for continuous kernels. We show that

Yim K (Yti’;z) (A7) = Plim i K (Ytiﬁiw) (AiY)?

n V, —x n Yy, —w
Zi:lK(YlT)% Zi:lK( h )%

In fact, from the results about the approximation of stochastic integrals with re-
spect to a continuous semimartingale (see Metivier (1982)),

Yy, — Yy, — @
d B g
() e ()
1 / — J—
/Plim|K<L" I>K<Yt x)

which is zero, since Plim ‘K (%) - K (%) ‘ = 0 a.s. and, uniformly in ¢,

Y, —x Yti—z -
‘K( b )fK(T)‘§K—sup[o’T]K(u)<oo.
Moreover analogously,

Plim

(AiY)? =

d[Y]s

}Aft.—m Y, —=x 1
K|———| - — || ==
( h > K( h )n
=1
K(Yt _x> —K(Lih_x) A[W],, =
=1
1 R
. Y, —x Y, —x
Pl K|— | -K|——||ds=0.
/0 zm| ( 5 ) < 3 ) s=0

Step 2. For any kernel function K, we have that 62 (z) has the same limit in proba-
bility as

nZZ 1 K (Yt ﬂ) (A;Y)? Iin,N=0} B
S K (M) )
i K (Ytih_x) (AY)? YLK (Yf _f) (AiY )2 LA, N0}
FELE () Sk ()R
The Plim of the first term coincides with o%(z) by Florens-Zmirou (1993) in the case

of indicator functions and by Jiang and Knight (1997) in the case of continuous
kernel, while the second term is negligible, since

sup; (A;Y)? 2([:_1 aydu)? + Q(Lii_l oudW,)?

=lnn i %lnn

(3.5)




a> 21
sup 2% +2M ;lnn

i Llnn
n

< Cw),

and therefore

> K (Y )AY) Ita, N0} B
leU“ﬁ )

n Y. —x
1. 2o K (=5 ) iainvzoy
nC(w) —Ilnn ! ( " ) <

" Z?:l K (Ytih_m) -
o liavzoy
S K ()

Nr
S (M)

and the ratio above has the same Plim as

C(w) Inn K

C(w)KInn

AT ppy 0
2nhLr(z) nh n’

Plim Inn
which is zero as soonas o = 1 — % °

While the estimator (3.3) is consistent, we define another estimator which asymp-
totically behaves in the same way as the former, but potentially has a much larger
relevance in practical application. The idea is just to replace (A; X )21 ((A:X)2<r(L)}
with m jump-free squared increments in the interval |¢;,_1, ;] as follows:

n )(2 _ jl. X “
ny |K (%) ISP i NG AEPME

i=1 j=1
Py (N

In fact since the quantity 377", (A; ;X)*I (4, j,)2<,(.r ) tends to the integrated
volatility in the interval |t;_1,1,], it is the analogous of the very popular realized
volatility within ]¢,_1,¢;] (see for instance (Andersen et al., 2003)) when extended
for the presence of jumps in the driving equation, and theorem 3.4 allows to di-
rectly use realized volatility measures for estimating non-parametrically the diffu-
sion coefficient in (2.1). The following proposition validates our 67 ,, ().

G (@) =

(3.6)

Proposition 3.6 Let m — oo be such that mnh* — 0. Then, under the same assump-
tions of theorem 3.4, we have

Plim 57 (@) = o (x).

Proof. Set again T' = 1. Let us start considering the indicator functions kernel:

it Ly, g —afeny 2 (B XD Tga,  x02<r (1))
21;1 I{|Xti—j1‘ti—m|<h}

)



has Plim coinciding with

n Z%] I{‘Yti _I‘<h} (Ai’jY)QI{Ai,jN:O} -
Y1 Lgvi, —al<ny

n 3 Loy, —al<ny (Ai;Y)?
Yim1 Ly, —al<ny

Plim

= Plim , (3.7)

since the sum of the terms for which some jumps occurred is negligible.

Note that as soon as |Y;, — x| < h we have that for any € > 0, for large n, |Y;, , — | <
Yy, —x|+|Y;, =Y, | < h+e, uniformly in i and j, since Y is uniformly continuous
on [0, T']. Therefore we can show that

Plim 62 ,,(x) < o*(z). In fact (3.7) is dominated by

n,m

n3 5 liv,  —al<nrey(BiY)?

Plim

i1 Igve, —al<ny

2 v, J Cal<ntey (A Y)?

. h+e 2(hte) B
Plim h 2 vy, —ai<ny N
2nh
, e Li(z)o?(x)
Pl 1+4-)—————=
m L+ D)=

by Florens-Zmirou (1993), as soon as we choose a sequence ¢ = ¢(h) such that
e/h — 0, so that nm(h +¢)* — 0.

Therefore, for any such sequence of s, (3.7) is dominated by Plim (1 + $)o?(z) =
o (x).

On the other hand for any ¢ €]0, k[ as soon as |Y;, ; — 2| < h — ¢ then, for large n,
Vi, — x| < |V, , — 2| + 1Yy, = Y3, ;| < h, uniformly in i and j, and thus

n 3 Tave, —al<ny (A Y)?
i1 Ly, —al<n)

Plim

i v, j—z\<h—5}(Ai,jy)2
2(h—e) h—e
im1 l1vy, —al<ny h
2nh

choosing a sequence ¢(h) > 0 such that e(h)/h — 0 such a Plim coincides with

= Plim %&Q)(m) (1 - E) =o%(z).

> Plim

We analogously deal with a continuous kernel in place of the indicators. .

3.2 The case of infinite activity

Now we have .
X=Y+ L+ Jy (3.8)

10



. 7 . s s N,
with Jas = [§7 [, 1<, @lp(dt, dz)—v(dz)dt] and Jis = [§ [, 2pldt, dz) = 3200 Yk
Even in this case we can estimate the continuous part from our discrete observa-
tions and thus we can apply to Y the nonparametric estimator of Florence-Zmirou

or of Jiang and Knight.
Set
o . tint
T =D AX T x (T (3.9)
i=1

Now jt(>r) is a consistent approximation not only of .J; ; but also of part of J,. To
give anidea, for small § = % we have substantially that, for each i, I{(a, x)2<r(5)} =

I{(A, Ja)2<ar(8),00 01 =0y hOWever within jt(>r) the contribution of the terms Iy, 7, —0}
is negligible. So

ti At t; A\t

D AXT (A xy2<n(zy) R ZA XI{(a; J2)2 <ar(5),8071 =0}
=1
ti N\t ti N\t
Z(A Y"‘A JQ)I{(A J2)2<4T(5) A 1= 0} ~ Z A Y"' A JQ)I{(A J2)2<4'r(5)}
=1 =1
ti N\t ti N\t .
R AY + Y AT <o)y
=1 =1
and
tiAt ti N\t
T =YX =Y AKX s ey
=1 =1
tiNt

~ Y (AJi+A; J2I{(A J2)2>ar(L )})
1

7

Now from (Mancini, 2004a) we have
Aij2l{(Aij2)2§4r(%)} = AiJom — A Joe

where

t; - ti
A Jom = / / xf(dx,dt), AjJa. = / / v (dx)dt,
ti—1 |I|S2\/T(5) ti—1 21/T‘(5)<|I|S1

and consequently Aifala, 125 ar(6)} = Ju,, Jay/ray<jor<r ©H(d; D). So I s
given by all the jumps of .J; and all the jumps of J, bigger in absolute value than

2./7(9).

Since for 7(§) — 0 the jumps bigger in absolute value than 2,/7(5) are all jumps of
A;Jo, the tool is to approximate Y with X — J(>T) Zf Nt A XTi A, x)2<r(zyy- We
have the following result. -

Theorem 3.7 Let X be as in (3.8). Under the same assumptions of theorem 3.4. Specify
r(6) = 6", n €0, 1[. We then have again that

n X"iflfjt(;:ll)*m 2
n i K| ———F=— ) (AiX)*Iya,x)2<r(2))

Xy, J(>T) x
n 3 7—1
rap et

11

—po?(zr) (3.10)




as soon as
r(9)

h
the kernel K is continuous and satisfies the conditions in proposition 2.5 and
K (5*)

h

— 0

< Cy for each x, uniformly on z

or alternatively K (u) = Ifjy|<1}-

Remarks. Note that the kernel K (u) = e~ satisfies the assumptions of the previ-
ous theorem.
r(6) and h satisfy the requested assumptions for n €]2/3,1].

Proof. Set T' = 1. Let o be the Blumenthal-Gatoor index of J (see e.g. Cont and
Tankov (2004)). 3
First of all note that on {(A;J2)? < 4r(8), A;N = 0} we have

Xti—l - jt(7>_:) -
h

(AX)PK ( ) < (Aidy + AY)’K = O(r(6)),

so that by lemma 3.5 in Cont and Mancini (2005) (see the appendix) the limit in
probability of 62 () coincides with

X 7j(>r>7w 2
n i—1 ti_1
ny i K (f) (AiX) Ly(a, 72 <ar(6),0,N=0}
Plim __ (3.11)
Y K (X%Jffffr>
i=1 h
X =07 —a i Yi, , —a
We now show that we can replace K %) with K ( = ) for each

i. By lemma 5.2 and the continuity of K it is sufficient to show that for each ¢

Xy, — j(>r) — Y, _ Zi;l(AiX]{(AiX)zgr((;)} —AY) _

tr—1

0.
h h

However we can proceed through the following steps.

First of all .
iz AiX A x)2<r(8))
h

has the same Plim as

. )
it (Bide + DAY\ )0 <o6) 18, 51<2/r() .8, N =0}

h

(3.12)
In fact on {(A; X)? < r(0)} we have |A;J| — |A; Y] < |A; X| < /r(d) and thus, for
small §, |A;J| < 24/7(9). Therefore for small §

k k
Z AiXTaxy<r@) = Z AiXI{(AiX)2§r(6),|AiJ\§2\/r(é)}'
i=1

i=1

12



Moreover

k
Zi:l ‘AiX|I{(A,iX)2§r(6),\AiJ\§2M,Aﬂv¢o} < \/@N
h

Plim N < T — 0.

Secondly let us show that in fact

L
Lica(Bid2 + BV 3025 0(5) 16 s1<2 /73, 20N =0)

h
which will imply that (3.12) coincides with

Plim

:O7

. N
2ima(Bil2 + BV 5 105 /i3y av=0)

Pli
m W

(3.13)

In fact we have
{(AiJ2)? < 4r(8), A;N =0, (A X)? > r(0)} C
{|Ai]a] < 2/r(8), 1AY |+ |AsJa| > \/r()} ©
{180 12| < 2¢/7(8), |AY] > v/7(8)/2} U{|AiJa] < 2¢/7(3), |Aia| > W/é}ﬁ)
and, passing to a subsequence, both sets are empty, a.s., uniformly in i, for small §
since on one hand {|A;Y| > /r(8)/2} = {\‘/Aéil?% > 5 \\//51_1 }and \>/5171 — oo by

<a+ M < .

|A:Y]
\/5111%
On the other hand {|A;Js| < 2/7(8), |AiTa] > /7(6)/2} C {(AiJ2)? > 4r(6)}.
However on {(A;J3)? > 4r(6)} we have that A, J, = ftt:,l f‘m|>2m xp(dt, dz) =
A; M + A;C, where

ti ti
A;M i/ / zi(dt,dx), AC= / zv(dt, dx),
ti—1 I:L">2\/’I‘(5) ti_1 |I|>2\/T(6)

{(Ai )% > 4r(0)} € {2(A;M)? + 2(A;C)% > 4r(8)} C

{(AM)? > r(0)} U{(AC)? > r(0)}.
Now, {(A;C)? > r(§)} = {0r(0)~% > 1} = () for sufficiently small §, uniformly in
i, since T(;)% = (T(‘%J 51-% 0.
Moreover {(A;M)? > r(§)} in probability coincides with {(M;)? > r(5)} which is
a subset of

|Ms| — «
{iléngf >r(0)} = {s p51/2 @)= 51/2 T(1—r(6) /2 /7}7

(3.15)
where we take v > 0 such that 1 — n — 2y > 0. Since by the Doob inequality

M, .
SUP<s 51/2*7(1|7'r(|6)1*0‘/2) —p 0, passing to a subsequence we have the a.s. conver-

| M, |
1—r(6)—2/2)

assumption, while

SO

gence to zero, and in particular sup,<; 5 =Tl < 1l as. for small §, so

(3.15) is subset of
{51/277(1 1 a/2 \/—} {51/2 'y,r, ) 1/2(1 77"((;)17&/2) > 1}
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which is empty for small 6.

Now we deal with (3.13), which like as before coincides with

i B
2ic1(Bida + DY) (A, 7,)2<ar(6))

Pli
m W

and also with . . B
Zi:l AY + Zi:l AiJQI{(Aij2)2§4r(6)}

Pli
m "

(3.16)

Now (3.16) can be written as

=1

h = Plm==—

Zf: AYY (1 + Sidee 4 Ai’%"") kALY
Plim—==" A A Plim iz A

where last equality holds since uniformly with respect to i we have on one hand,

] <E [%] which, by the Doob inequality is

foranye >0, E HA Ji;"

dominated by

ﬁ\/ﬁﬂsmmg”(‘“) _ o [T@)e
(1—¢)y/0In|né] ( In | In ]

] < 5f|m|€]2m11] zv(dz) o
= (1-£)y/sIn|Ing|

—0).

A7j c
On the other hand E H Ay

Now (3.11) is reduced to

S K (Ytih_z) (ALY + AiJ2)* Iy a, Juy2<ar(5)) _
i K ()

nh

Plim

Yy, —x

1« Yy, —w 2 n K="

R o K ( h ) (A:Y) Pli iz #ﬁiy)%{(mk)%ma)}

LY o LY
1 1

Ytifz
n (5

Xict — 5 (Bl Ta, g2 <ar0))
LY
1

= Plim

+Plim

Yy, —x
n K Y
Zi:l QA YA; J2I{(A J2)2<4r(6)}
LY

+2Plim

the first term tends to o%(z) by Florens-Zmirou (1993), while each one of the other
terms tends to zero in probability. The second one vanishes like as before. Define

Y, —=x
K,=K .
< h )

Then the numerator of the third term has Plim coinciding with

Pllm/—dJms—Plzm// z°u(dz
2 |<2\/—h M()
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whose expectation is Plim fol le|<2m Bs 220(dz) = 0.
Finally the numerator of the last term has Plim coinciding with

1
K =
2Plzm/ — d[Y, JQ,m]s = Oa
o h

since [Y, jg_,m]t =<Y*, jfm >+ ngt AYSALmyS =0. .

4 Conclusions

In this preliminary version paper, we introduce nonparametric estimation of the lo-
cal volatility in univariate processes with stochastic volatility and jumps in the case
of Lévy jump part, extending the preceding literature on nonparametric estimation
of continuous diffusions and of diffusions plus finite activity jump processes. We
build on the results of Mancini (2004a) who shows how to identify jump times and
sizes of a discretely observed process. Our results can be useful in the framework
of interest rate modelling and option pricing, and further research on this topic is
under development.

5 Appendix

Lemma 5.1 (Lemma 3.5 in Cont and Mancini (2005)) Ifr(0) —s 0sup;—;_,, |an:|0(r(5))
then

Plzmz |am\f{(A1X)2§T(%)} = Plzmz ‘a””f'I{(A,jz)2§4r(5),A,N:O}

(2

Lemma 5.2 Let K%) be a uniformly bounded sequence of semimartingales, that is | K t(é) | <

K a.s. for each & and t. Let Kt(‘s) converge, as 6 — 0, to a semimartingale K, a.s. for every
t.
a) If Z is a semimartingale then

n T
STED (8i2)? —p / K,d[Z),.
i=1 0

b) If Z\9) is a sequence of semimartingales for which E[(A;Z))?] = dus with us — 0
then

STED (8:29) — 0.

i=1

Proof. a) Note that " | Ky, , (A Z)* —p fOT Kd[Z)s.
Following now the lines in Metivier (1982), p.177, we have

" ) " ) - )
STEYD K )(08:2)2 =Y (KD ~Ki )A(2%) -2 (KD~ Ky )2, N Z =

i=1 i= =1

=1
T T
= [ oDaz2) -2 / W04z,
0 0

15



where ¢{0) = > (K™ —Ki, ), _, +,(s) is adapted and left continuous, bounded

ti—1

by 2K and tends to 0 a.s. for each t; analogously P = Z?:l(Kt(fgl_Ktifl)Ztifl‘[]ti—lﬂh](s)

is adapted and left continuous bounded a.s. by 2K Supyepo, 7] 1Zt| < oo and tends
to 0 a.s. for each ¢. Therefore, by the “dominated convergence” theorem (theorem
24.2 in Metivier (1982)) the integrals above converge in probability, as § — 0, to 0.

b)
B K (8292 < KnE[(A;29)?) = 2Kndus — 0.

i—1
i=1

References

Ait-Sahalia, Y. (2004). Disentangling diffusion from jumps. Journal of Financial
Economics 74, 487-528.

Ait-Sahalia, Y. and J. Jacod (2005). Discretely sampled levy processes: estimation.
Working Paper.

Andersen, T., L. Benzoni, and J. Lund (2002). Towards an empirical foundation for
continous-time equity return models. Journal of Finance 57, 1239-1284.

Andersen, T., T. Bollerslev, F. Diebold, and P. Labys (2003). Modeling and forecast-
ing realized volatility. Econometrica 71, 579-625.

Bakshi, G., C. Cao, and Z. Chen (1997). Empirical performance of alternative option
pricing models. Journal of Finance 52, 2003-2049.

Bandi, F. and T. Nguyen (2003). On the functional estimation of jump-diffusion
models. Journal of Econometrics 116, 293-328.

Bandi, F. and P. Phillips (2003). Fully nonparametric estimation of scalar diffusion
models. Econometrica 71(1), 241-283.

Barndorff-Nielsen, O. E. and N. Shephard (2004a). Econometrics of testing for
jumps in financial economics using bipower variation. Journal of Financial Econo-
metrics. Forthcoming.

Barndorff-Nielsen, O. E. and N. Shephard (2004b). Power and bipower variation
with stochastic volatility and jumps. Journal of Financial Econometrics 2, 1-48.

Bates, D. (2000). Post-"87 crash fears in the S&P 500 futures option market. Journal
of Econometrics 94, 181-238.

Carr, P, H. Geman, D. Madan, and M. Yor (2002). The fine structure of asset re-
turns: an empirical investigation. Journal of Business 75(2).

Cont, R. and C. Mancini (2005). Detecting the presence of a diffusion and the nature
of jumps in asset prices. Working paper.

Cont, R. and P. Tankov (2004). Financial Modelling with Jump Processes. Chapman &
Hall - CRC.

Das, S. (2002). The surprise element: Jumps in interest rates. Journal of Economet-
rics 106, 27-65.

16



Eberlein, E. and S. Raible (1999). Term structure models driven by general Lévy
processes. Mathematical Finance 9, 31-53.

Eraker, B., M. Johannes, and N. Polson (2002). The impact of jumps in volatility
and returns. Journal of Finance. Forthcoming.

Florens-Zmirou, D. (1993). On estimating the diffusion coefficient from discrete
observations. Journal of Applied Probability 30, 790-804.

Ikeda, N. and S. Watanabe (1981). Stochastic differential equations and diffusion pro-
cesses. North Holland.

Jiang, G. and J. Knight (1997). A nonparametric approach to the estimation of dif-
fusion processes, with an application to a short-term interest rate model. Econo-
metric Theory 13, 615-645.

Jiang, G. and R. Oomen (2004). Estimating latent variables and jump diffusion
models using high frequency data. Working Paper.

Johannes, M. (2004). The statistical and economic role of jumps in continuous-time
interest rate models. Journal of Finance 59, 227-260.

Karatzas, I. and E. Shreve (1988). Brownian Motion and Stochastic Calculus. Springer-
Verlag.

Madan, D. (1999). Purely discontinuous asset price processes. Working Paper.

Mancini, C. (2004a). Estimating the integrated volatility in stochastic volatility
models with Lévy type jumps. Working Paper, Universita di Firenze.

Mancini, C. (2004b). Estimation of the parameters of jump of a general Poisson-
diffusion model. Scandinavian Actuarial Journal 1, 42-52.

Metivier, M. (1982). Semimartingales: a course on stochastic processes. De Gruyter.

Pan, J. (2002). The jump-risk premia implicit in options: Evidence from an inte-
grated time series study. Journal of Financial Economics 63, 3-50.

Piazzesi, M. (2005). Bond yields and the federal reserve. Journal of Political Econ-
omy 113(2).

Protter, P. (1990). Stochastic Integration and Differential Equations. Springer-Verlag.

Reno, R. (2004). Nonparametric estimation of the diffusion coefficient via Fourier
analysis, with an application to short interest rates. Working Paper, Universita
di Siena.

Revuz, D. and M. Yor (1998). Continuous Martingales and Brownian Motion.
Springer-Verlag.

Scott, D. (1992). Multivariate Density Estimation. John Wiley & Sons.

Stanton, R. (1997). A nonparametric model of term structure dynamics and the
market price of interest rate risk. Journal of Finance 52, 1973-2002.

Woerner, J. (2003). Estimation of integrated volatility in stochastic volatility mod-
els. Applied Stochastic Models in Business and Industry. Forthcoming.

17





