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1. Introduction*

Overlapping generations models have been recently analysed from a game
theoretical point of view. Specifically, the core of economies with an overlapping
generations structure has been studied by Hendricks et al. (11] , Kovenock
[13] , Esteban (6] and Chae [3] . Related concepts such as bounded core and
short-run core have been dealt with by Hendricks et al. {11 ], Chae ( 3] , Chae
and Esteban [4] and Esteban [7] . In this paper we shall examine the relation
between competitive equilibria and the core in overlapping generations economies
with many agents per generation.

The interest of using a cooperative approach in this type of models might
not be immediate. Indeed it is hard to imagine how agents living in unconnected
periods can meet and agree on forming a coalition. However, and in spite of
the fact that actual bargaining can take place only among agents of coexisting
generations, fully informed, rational consumers will behave as if such coalitions
could be formed. The sequential structure of the overlapping generations model
imposes that only those allocations acceptable for all unborn generations can
be acceptable for agents belonging to two coexisting generations. It is in this
sense that we can talk of coalitions.

The main purpose of this paper is to analyse whether the well known result
that for Arrow-Debreu economies all competitive equilibria belong to the core
holds true in overlapping generations economies. In an overlapping generations
economy, and in an unrestricted sense, competitive equilibria are not a subset
of the core. We define the walrasian set £ as the set of all those consumption

allocations that can be implemented as walrasian equilibria only, i.e. there
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o to the walrasian set every competitive equilibrium in this set belongs to the
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2 Introduction

For finite horizon Arrow-Debreu economies the relations between efficiency,
competitive equilibria and core have been established in a series of well-know
theorems, as in Arrow and Hahn [l] for instance. On the one hand, the Fun-
damental Welfare Theorems state that competitive equilibria are Pareto optimal
and that Pareto optimal allocations are implementable as.competitive equilibria.
On the other hand, we have the result that every consumption allocation im-
plementable as a competitive equilibrium belongs to the core of the economy
for all the endowments allocations for which it can be obtained as a competitive
equilibrium.

Samuelson [15] himself made it plain that the Fundamental Welfare Theor-
ems are not valid in overlapping generations economies. However, in an im-
portant paper Balasko and Shell [2] have demonstrated that an equivalence
between competitive and efficient allocations can be obtained by an appropriate
redefinition of efficiency. They introduce the notion of weak Pareto optimatily
and demonstrate that is satisfied by every competitive equilibrium. Likewise,
Chae's [3] work can be seen as an attempt at saving the relation between
competitive equilibria and core by redefining the notion of socially viable al-
locations. He proposes the use of the concept of the bounded core and shows
that the competitive equilibria of the economy belong to the bounded core.

The main contributions of this paper are two results establishing the relation
between the notions of Pareto optimality, competitive equilibria and core.
At variance with the works reported above, our approach does not consist in
redefining the concepts of dynamic efficiency and/or core. Instead, we shall
establish the relations between the standard concepts but restricted to the
walrasian set, £ . Specifically our results are the following: i) the walrasian
set is a subset of the set of Pareto optimal allocations; and ii) every competitive
equilibrium in the walrasian set belongs to the core. The fact that competitive
equilibria not in the walrasian set may not be Pareto optimal ot not to belong
to the core suggests that the fundamental singularity of overlapping generations

models lays in the possibility of the occurrence of competitive equilibria in

which there is an infinite sequence of consumers violating their budget in every
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period.

Let us now briefly discuss the relation between these results and the ex-
isting literature. For the case of exchange economies with one agent per ge-
neration, Hendricks et al. [ll] and Esteban [6] , have demonstrated that all
Pareto optimal walrasian equilibria belong to the core. We know that in over-
lapping generations economies walrasian equilibria might not be Pareto optimal
and thus cannot belong to the core. It can be tempting to conclude, as suggested
by Hendricks et al. [11] , that the only reason why walrasian equilibria may
not belong to the core is that they may fail being dynamically efficient. That
this is not the case for economies with many agents per generation has been
made plain by Kovenock [13] who has provided an example of a Pareto optimal
walrasian equilibrium which does not belong to the core and the core is empty.
On this respect, we give here another example of a Pareto optimal walrasian
allocation which does not belong to the core, while the core is not empty.
Our example is intructive from another point of view. It shows that consumption
allocations corresponding to equilibria with inside money might be blocked
by the coalition formed by the sequence of lenders. They can grant for them-
selves a consumption allocation which could be interpreted as a subeconomy
that substitutes fiat money for inside money. Further, we show that these ex-
amples are by no means pathological. We demonstrate in Proposition 4 that
for all competitive consumption allocations with price sequence such that Lim
inft — o lIp(t)il = € >0 one can construct distributions of initial endowments
for which that equilibrium consumption allocation is not in the core. Moreover,
we prove in Proposition 3 that Lim inft—»ochp(t)“ = 0 is a sufficient condition
for a competitive equilibrium to belong to the core of the economy, irrespective
of the distribution of endowments. This result is stronger than Chae's [3]
Theorem 4.1, where with a continuum of agents he finds that a sufficient con-
dition for an allocation to belong to the core is that the present value of the
total endowment be finite.

Besides the eventual interest of these results for general equilibrium theory,

the propositions presented in this paper have a special bearing on monetary
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theory. Specifically, monetary and [OU equilibria can never satisfy the suf-
ficiency condition on prices for a competitive equilibrium to belong to the
core. Moreover, by Proposition 4, we can always find examples of Pareto optimal
monetary and/or IOU equilibria not belonging to the core of the economy.
We devote one section of this paper to the analysis of the specific problems
posed by the relation between monetary equilibria and the core. There we show
that every monetary equilibrium becomes excluded from the core upon replic-
ation of the economy.

All these results are rather negative concerning the suitability of over-
lapping generations models for the analysis of fiat money. In our discussion
at the end of the paper we suggest that our results can be interpreted as a
formal demonstration of Clower's [ 5] observation that, as quoted in de Vries
[17] y "money differs from other commodities in being universally acceptable
as an exchange intermediary by virtue not of individual choice but rather by
virtue of social contrivance" (pp. 14-14).

The paper is structured as follows. Section 2 contains the definitions and
assumptions. In section 3 we provide an example of a walrasian Pareto optimal
equilibrium which does not belong to the core, while the core is non empty.
Section 4 examines the notion of competitive equilibrium and introduces the
distinction between walrasian, IOU and monetary equilibria. Further, we define
the walrasian set. The relation between efficiency, competitive equilibria and
the core of the economy is the object of section 5. There we state our main
propositions but the proofs are relegated to section 8. In section 6 and 7 we
characterise the walrasian set and prove some auxiliary results which, in fact,
are of relevance for monetary theory. Section 9 focusses on monetary equilibria
and provides results which complement those obtained in sections 6 and 7.
The paper ends with a discussion of the implications of our propositions for
monetary theory. We examine the relation with the work of Douglas Gale
[ 8 ]on the trustworthiness of intertemporal allocations and the role of money.
We argue that our results provide a rationale for the lack of trust on the IOU

competitive equilibria.

Notation, Assumptions and Definitions

2. Notation, Assumptions and Definitions

We shall assume a pure exchange economy with n perishable commodities
available at every date. In every period t,t=1,2,..., @ number m of agents is
born(l) and live for two periods. At the beginning of this economy there exists
a generation previously born at time t=0. Let cj’t(i,t+s) be the consumption
of good i (i=l,2,...) at period t+s (s=0,1) (t=1,2,...) by consumer j (j=1,2,e..,m)
born at t (t=0,1,2,...), Iltes) € Rn+ be the consumption vector at period t+s
(s=0,1) by agent j born at t, e R2n+ the vector of consumptions corresponding
to the two periods that agent will be alive, ct(t+s)E Rn+ be the vector of con-

2 the vector of consumptions

+

0
of generation t. For generation t=0 we have that c0=co(1) and, of course, C'€
1

. . t
sumption by generation t at period t+s, and ¢ € R
2 .
R" . We shall use ¢ to denote the sequence ¢ = {C sC ,C yees } - Similarly, we
+ .
shall denote by w'l(i,t+s) the endowment of good i at t+s by agent born at
period t, Wj’t(t+s)€ Rn+ be the endowment vector at period t+s(s=0,1) of agent
j born at t, whte r% the vector of endowments corresponding to the two
+

periods that agent will be alive, witss) € R"+ be the vector of endowments

2n

of generation t at period t+s, and wte R , the vector of endowments of ge-

0_.0
neration t. Again, for generation t=0 we have that w =w (1) and, of course,

0.1
WOE Rn+. Finally, w shall denote by w the sequence w = {w W

,wz,... }. Let
W be the set of all sequences w which are uniformly bounded from above.

Let us denote by w(t) the aggregate endowments available at period t
and by w the sequence w = {w(l), W(2),... } . Since we W it is obvious that w
€W as well. Given a sequence of aggregate endowments w, we shall denote

by W(W) the set of sequences of individual initial endowments such that
t-1 Kt =t _t-s n _
wo (D+w (D=w, w () € RT , 520,1 and t=1,2,... .

Preferences of consumer j born at t can be represented by a utility function

jst. 52 js0gn
u’h:R n+ — R, for t=1,2,... and W7oR + =R, for t=0, and j=l,...,m.

Assumption 1 u*t has has strictly positive first order partial derivatives
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and is strictly quasi—concave.

Definition 1 A consumption allocation sequence ¢ is feasible if
clnrct)=ct = wt'l(t)+wt(t)=w(t) for t=1,2,... .

Definition 2 The feasible consumption allocation sequence c is Pareto

optimal if there is no ¢ such that: i) ¢ is feasible; and ii) uj’t(éj’t) = uj’t(cj’t)

for t=0,1,2,..., and j=1,...,m with at least one strict inequality.

Definition 3 The feasible consumption allocation sequence c is weakly
Pareto optimal if there is no ¢ such that i) ¢ is feasible; ii) éj’t:cj’t except
for a finite number of periods; and iii) uj’t(éj’t) z uj’t(cj’t) for t=0,1,2 and

SVylylyeeny

j=lyee.m, with at least one strict inequality.

Full information and perfect foresight is assumed throughout the paper.
Let p(i,t) denote the price of commodity i delivered at period t,i=l,...,n and
oo
t=1,2,..., p(t) the vect .
125eeey P vector (p(l,t),...p(n,t)) € R 4+ and p the price sequence p=
{p(1),p(2),eee } . We shall normalize by setting p(l,1)=1 and we shall denote by

P the set of such price sequences, i.e. P= {p/p(L,D)=1,p()e R" }
+

Definition 4 Let c be a consumption allocation sequence. We shall say
that the price sequence PEP supports ¢ if and only if, for some suitably chosen

endowment sequence weW, we have that

P(O.C7HD + ples . Hes ) S plh T 4 ples Dl e

and Pate jst = Joty st <yt e
nd u?(c”??) 2 u’HeE”Y) for all & satisfying the budget constraint, for j=lseesym

and t=1,2,..., and for t=0

p(1).c"01) < p(1).wh %)

0, ‘0 0 r _
and ul’ (cl'o) 2 MUY for all c”o satisfying the budget constraint, j=1,...m.

D

Notation, Assumptions and Definitions

Throughout the paper we shall make extensive use of Balasko and Shell's
(2)

[2] characterization of Pareto optimum allocations'“. Therefore, we shall

assume that the conditions given in their Theorem 5.3 are satisfied.

Assumption 2 (a) The Gaussian curvature of consumer (j,t)'s indifference
surface through ci’t, 0<dtc [ e(t),c(t+1)] is uniformly bounded from above
and from below away from zeros

(b) There exists a constant P, independent of t, such that
0< P =pli,t)/ lp(t) I, for i=l,e.,n and t=1,2,... .

(c) The sequence c is uniformly bounded from above and from below away
from zero by a strictly positive vector.

We shall borrow from Esteban [6] the definitions of coalition and core

of the economy and adapt them to the case of many consumers per generation.

Definition 5 A coalition is a non-empty connected subset S of the set

of all agents.

We shall denote by St the set of all agents born at period t which belong

to coalition S, so that, S.CS. Then, by the connectedness of S we mean that

if St#iﬁand S1.k” % then Sy #d, r=l,ek-1.
A coalition will thus be formed by a chain of generations, which might

not include all their members. We shall denote by f the first of such generations,

i.e. f=min {t/St;é;zs}.

Definition 6 An allocation ¢ is blocked by codlition § if there exists

another allocation ¢ such that:

i) ¢ is feasible for coalition S, i.e.

® -y 2t =z witliy + I w'H(1), for all S, € 5,(3)

j€5,, jeSy Jesy je s,
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NN S R it
i) WY = WHEY for all agents (j,t) € S, with at least one strict

inequality for some agent (j,t) St‘

Definition 7 The core of an economy is the set of all allocations that

are feasible and not blocked by any coalition.

3. Competitive Equilibria and the Core: an example
We shall start by giving an example of an economy in which a Pareto op-

timal non-monetary competitive equilibrium does not belong to the core of

the economy, while the set of core allocations in non-erhpty(#)

Consider a one-good economy with two agents a and b per period with

identical preferences u= [ct(t)ct(t+l) ] vz for t=1,2,... and u= [co(l)]u2 for agents

f ge eration t=0. Ag nts ha e end ents =\ 1./ 05) and = )
[e) nerat. -0 ent A" owm 1 w —(1 5 O w '(0-5,1-5
fo' t= 1’21"', and w —Oo5 and W —1-5 fOI t—o.

ST

cb't(t+ 1)

.
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The consumption allocation ca’t(t)=ca’t(t+1)=cb’t(t)=cb’t(t+l)=l is a walrasian
equilibrium with equilibrium price sequence p(t)=1, for t=l,2,.., and A %n-=0.5
and cb’o(1)=l.5. This walrasian allocation is Pareto optimal because the sum
of the inverse of prices diverges, thus satisfying Balasko and Shell's criterion.
This allocation however does not belong to the core because it would be blocked
by the coalition formed by agents (a,t) t=1,2,... with consumption allocation
Ea’l(1.5,1) and Ea’t=(1,1) for t=2,3,... . Note that the original consumption al-
location is a walrasian equilibrium with inside money with agents of type "a"
behaving as lenders and those of type "b" as borrowers. The blocking coalition
is formed by the sequence of lenders who find preferable substituting outside
money for inside money. .

The set of core allocations is not empty. Consider for instance the weakly
Pareto optimal allocation &%1)=0.5 and &%1)=1.5, &t(1.1,1.1) and &=
(0.9,0.9),t=1,2,... . This allocation has supporting prices p(t)=1 and is thus Pareto
optimal. It is a matter of routine to check that this allocation cannot be block-
ed. Any agent heading a blocking coalition needs a strictly positive compensation
in the subsequent period. But no matter the type of agent he tries to get into

the coalition, the sequence of compensations needed is strictly increasing and

eventually becomes unfeasible.

4. Competitive Equilibria with Many Agentss Walrasian, IOU and Monetary

It is obvious that whereas with one agent per generation we could have
two types of competitive equilibria, namely walrasian and monetary, with many
agents, the possibility of borrowing and lending between agents of the same
generation allows for a new type of competitive equilibrium. We shall call
IOU the competitive equilibria in which while fiat, outside money is not used
agents engage themselves in trades involving borrowing and lending. Let us

now introduce the formal definitions.

Definition 8 A competitive equilibrium is a sequence of strictly positive

commodity prices p, real number M and vector u = #1,--- ,um), u € rR™
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Z lu) -1Zp)) - |MI, an endowments allocation sequence w € W, and a con-

sumption allocation sequence c such thats
i) p(t).c]’t(t) + plt+ 1).cj’t(t+l).<. P(t).wj’t(t) + p(t+1).wj’t(t+l)

and WY z YUY for all &t satisfying the budget constraint, for t=1,2,...
and j=l,e..,m, and for t=0 p(l).ci’o(l) = p(l).wj’0(1)+ Mj and uj’o(cj’o) = uj,O(C.j,O)
for all &0 satisfying the budget constraint;

and
i) ¢l + el = whle) « wie) for t=1,2,e0 &

We shall call monetary equilibria those competitive equilibria such that
p(t+l).(ct(t+1)-wt(t+1))=M, t=0,1,2,... for some M #O. The competitive equilibria
with M=O can be either IOU or walrasian equilibria. There being many agents
per generation, we may have that p(t+1).(cj’t(t+1)-wj’t(t+1);éO for some j, while
M=0 for the generation as an aggregate. Indeed agents may not balance their
budgets in every period if there is borrowing and lending between agents of
the same generation. Further, along the sequence we can have generations
in which every agent balances his budget constraint in every period of his life,
followed by generations in which there is active borrowing and lending between
individuals of the same generation. Therefore, whilst in monetary equilibria
fiat money is necessarily purchased in every period along the full sequence,
in non-monetary equilibria IOUs may only be used in some periods. Since it
iIs inherent to overlapping generations economies the possibility of analysing
the long run behaviour of allocations, we shall call IOU equilibria those com-
petitive equilibria in which IOUs are used in the long run.

In order to make this notion precise, let us define b”t(t) as,

bj’t(t)= max { p(t). [cj’t(t)-wj’t(t)] 50} j=lyeee,m and t=1,2,ec. ,

and b%t) and BY1) as

Competitive Equilibria with... 11

bt = £bl %) and BY) = max { b7 (1),ere,dl 51,0 ™ (D) }

The value b*Y(t) will denote the amount of borrowing engaged by each
individual borrower of the economy, bYt) the aggregate amount of internal
borrowing/lending underwritten by generation t and BYt) the maximum amount

of individual borrowing in generation t at period t.

Definition 9 Let we W and let ¢ be a competitive equilibrium consumption
allocation sequence with equilibrium prices p e P and M=0O. We shall say that
this competitive equilibrium is an IOU equilibrium when Lim inft " bt(t) =

B > 0 and a walrasian equilibrium otherwise.

Definition 10 Let we W be a sequence of aggregate endowment. We shall
say that the consumption allocation sequence c is weakly implementable as
a competitive equilibrium if there exist a price sequence pe€ P, a real number
M and vector u = Ml,...,u,m),y,e R™, | ,uil =1z y,j | = IMI, and some suitably
chosen endowment sequence w & W(w), for which ¢ is a competitive equilibrium

accordingly with Definition 8.

Balasko and Shell [2] have demonstrated that every weakly Pareto optimal
consumption allocation has supporting prices and can be implemented as a com-
petitive equilibrium. Further, these consumption allocations can always be im-
plemented as walrasian equilibria. For this we need only chosing wj’t=cj’t for
every j=l,..,m and t=0,1,2,... . From the existence of monetary and IOU equi-
libria it is obvious that at least some consumption allocations are weakly im-
plementable as monetary and/or IOU equilibria as well as walrasian equilibria.
But, as we shall see, there are consumption allocations which are weakly im-

plementable as walrasian equilibria only. We shall call the set of these allo-

cations the walrasian set .

Definition 11 We shall say that the weakly Pareto optimal consumption
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allocation c¢ belongs to the walrasian set, c € 2, when it is not weakly imple-

mentable as either a monetary or an IOU equilibrium.

Observe that for finite horizon Arrow-Debreu economies all competitive
equilibria are walrasian and therefore the walrasian set, as defined here, coin-

cides with the set of Pareto optimal allocations.

5. Efficiency, Core and Competitive Equilibria

In section 3 we have given an example of a Pareto optimal non-monetary
competitive equilibrium which does not belong to the core of the economy.
Since this consumption allocation can be implemented as an IOU equilibrium
it does not belong to the walrasian set. We shall now show that the property
of belonging to the walrasian set is a critical condition for a consumption al-
location to belong to the core of the economy for all endowments allocations
for which it is implementable as a competitive equilibrium.

We have already pointed out in the introduction that for Arrow-Debreu
economies the walrasian set coincides with the Pareto set. Thus the standard
results relating competitive equilibria, efficiency and core can be restated
in terms of the walrasian set. Specifically, we can say that in Arrow-Debreu
economies: i) all the allocations belonging to the walrasian set belong to the
Pareto set (in fact the two sets coincide) and ii) all the allocations belonging
to the walrasian set belong to the core for all the endowment allocations for
which they can be implemented as competitive equilibria.

We shall now show that these two propositions hold true for overlapping
generations economies. Thus the properties of overlapping generations economies
turn out not to be radically different from Arrow-Debreu economies once the

analysis is restricted to the walrasian set.

Proposition 1 Let Assumptions | and 2 be satisfied. Let ¢ be a consumption

allocation sequence belonging to the walrasian set, c € Q. Then c is Pareto

optimal.

A Characterization of the Walrasian Set 13

Proposition 2 Let Assumptions | and 2 be satisfied. Then the consumption
allocation sequence c belongs to the core for every w for which it is a compe-

titive equilibrium if and only if it belongs to the walrasian set, ceq.

The proofs of these Propositions are relegated to section 8. In the next
two sections we shall demonstrate a number of auxiliary results which are

of interest in their own right.

6. A Characterization of the Walrasian Set

We shall now characterize the cohsumption allocations sequences in the

walrasian set by means of their supporting prices.

Proposition 3 Let Assumptions | and 2 be satisfied. The consumption al-

location sequence c belongs to the walrasian set if and only if its sequence

of supporting prices satisfies that
Lim inf__ _lip(0)ll = O

Proof.- It is obvious that any weakly Pareto optimal consumption allocation
sequence is weakly implementable as a walrasian equilibrium by means of its
supporting prices and chosing w=c. The point that has to be proven is that
when the supporting price sequence satisfies the above condition it cannot
be implemented either as a monetary or an IOU equilibrium and that when
it is not satisfied it can.

In Esteban (6], Proposition 4, it has been shown that the supporting prices
to converge to zero is necessary and sufficient for a consumption allocation
be weakly implementable as a monetary equilibrium. Hence it only remains
to be proven that the same result holds true for IOU equilibria.

Let us start by supposing that the above condition on prices is satisfied
and that ¢ is an IOU equilibrium.

By Definition 9 we have that
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. o . t
Liminf, = b (=8 >o0.
By the definition of BYt) we have the following inequality,
m.8{0z b1 = £ bl

Let us denote by the superscript k the agent with the highest amount

of borrowing in each generation, i.e.
B (1)= p1). [ H0-win].
It is obvious that
IpO 1 1T D-w*o ol 2 plo). [ <o i )-wio ] = BYa).

By Assumption 2(c) the value of 1N D-w 1 s uniformly bounded

above by some k<+co. Thus we can write the following inequalities

m. lp(®)1 K 2 m. ) . I w1 2 mp(d). [oM)-whriD] = m.ake)
t
=b(t) =0.

Therefore when Lim inf, | |Ip(t)ll = 0 it must be that Lim inft_mbt(t)=0,

thus contradicting the hypothesis that ¢ is an IOU equilibrium. This prove neces-
sity.

For sufficiency one can just follow the same steps as in Proposition &
in Esteban [6 ]. At the individual level there is no essential difference between
inside and outside money since agents can borrow and lend in both cases, but
in IOU equilibria the net borrowing of every generation is nill. When the norm
of prices is uniformly bounded from below we can always find an individual

allocation of endowments for which the consumption allocation can be imple-

mented as an IOU equilibrium. Consider for instance the endowments allocation

sequence w and the sequence of real number b € R such that wltt=cht j=3,44ee,m

1,t T WZ,t

and t=0,1,2,... and w satisfying
o [cltwlin] btpt) [2UD-w? )] = pltel) [clHtsD-wlriee1)]

= plt+ 1) [P Hee D-w2HesD) ],

By Proposition 4 in Esteban [6] the sequence b exists and is uniformly
bounded below by 8 > 0. Further, the endowments allocation sequence thus con-
structed is such that we W and hence c is an IOU equilibrium QED.

As we have already pointed out, whereas in finite horizon Arrow-Debreu
economies the walrasian set coincides with the set of Pareto optimal allocations,
in overlapping generations economies this is not so. We know from the paper
by Balasko and Shell [2] that all the consumption allocations with supporting
prices p satisfying that Z 1/ lp(t)|l = + 0 are Pareto optimal. Thus there certainly

exist Pareto optimal allocations which do not belong to the walrasian set.

7. Competitive Equilibria and the Core

It is quite obvious that any autarkic Pareto optimal competitive equilibrium,
i.e. one in which c/*t=wl*t j=l4eeem and t=1,2,..., will belong to the core of the
economy. We shall study the relationship between non-autarkic competitive

equilibria and the core.

Proposition 4 Let Assumption | be satisfied. Let c be a consumption al-

location sequence and p its supporting price sequence. Then if Lim inft o
—

" p(t) " = 0 the consumption allocation c belongs to the core for every endow-

(5)

ments sequence w €W for which it is a competitive equilibrium

Proof.- First notice that a price sequence with Lim inft " p(t)”=0 cannot

— 0

correspond to a monetary equilibrium as shown, for instance, in Esteban[6].

Let us assume that c is blocked by coalition S with consumption allocation
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&. Without loss of generality we shall assume that u”’"@") >ulf(c)'Y) for some Combining (3) and (4) we obtain

(j,f) € Sf, For any agent (j,t) & St’ 5“, must not be disprefered to cj’t, so that,
(5 plteD). & [ I HeeD-whHesD)] 2 p0.2 [ S o-wht )] 2 . 2 plEsD).
(1 plo). [ <Yl + pee D). [ &7t DI e D] 20, €S, uS S m
£ [&f(ts)-whise)],

for all (j,t) € S. ‘ ie Sf
8] for t =f+l.
Since by assumption ¢ is strictly prefered to ¢ by some member of ge-
neration f, we have that condition (1) holds as a strict inequality for some We shall now show that
agent (j,f)e S;. From the individual budget constraints we have that
(5) pli+ ). E[& s n-whit+n] >o0.
je Sf

BBl M0 +p(ts 1).cI e+ D=p(0).wh (D) 4p(te ewd?H(2s 1)

for all (j,t). If £=0, this follows from the fact that &%) must be strictly prefered

to ’%(1) for some (j,0 €S, If £>0 the feasibility condition (4) imposes that

Substituting in (1) we obtain o
2 [ )-win)] =o.
(2 p(o). [N 0-wi D) +p(te D). [Nt D-wiH s ] 2 0, J€5;

for all (j,t) € S, with strict inequality for some (j,f) € Sf.

-i.f

Thus, from (3) and bearing in mind that & must be strictly prefered to

cj’f, it follows the above inequality.

Adding aver all (j,t)ESt, we have The terms of the sequence of inequalities in (5) can be bounded above

by

3 p.2 [ 0-w D] ep(teD).Z [ te D-wlr e )] 2 0
J€ S, je S, i | otes ) ) JE (& ee -wirHes DIlZ plesn). Z(Ehtee)-wilesn)] .
for t =z {, with strict inequality for t=f. ) I € st J€5¢

For economies with w € W

Consumption allocation ¢ must be feasible for the coalition members, that .
is, I (z Ei’t(t+l)-wj’t(t+l)]” is uniformly bounded above.
j€
t

(4) (@b ho] « 2@ 0wt ] = 0 fort = £ Hence, if Lim inf _ _[|p(t)] = 0 must be that

‘es .
) t-1 )eSt

im i Yt 1)-whi (e )] =0.
Lim mft p(t+1).j;2.£c (t+1)-wh " (t+
t
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Therefore, there does not exist a sequence ¢ satisfying (1) and (%) and
¢ cannot be bloqued. QED.
We shall now study the circumstances under which a competitive equilibrium

would not belong to the core of the economy.

Proposition 5 Let Assumptions 1 and 2 be satisfied and let w € W. Let
c be a competitive equilibrium consumption allocation and p the equilibrium
price sequence with Lim inf':_»oo " p(t) ||,>_ € > 0. Then there exists a distribution
w' € W for which ¢ is a competitive equilibrium with the same prices p and

does not belong to the core.

Proof.- Let us start by pointing out that for any endowments sequence we

W such that
6  wht)=c¥®) and wi(t+1) = cY(t+1), t=0,1,2,..., and

@ p. [IHW) - W] + perl). (I - wilteD)] = 0,

j=lye.m and t=0,1,2,...,

consumption allocation ¢ will be a competitive equilibrium.

In order to prove the proposition we need providing an example of real-
location of initial endowments for which the equilibrium consumption allocation
under consideration does not belong to the core. We shall consider in the first
place the one-commodity case, i.e. n=l. Moreover, we shall restrict to real-
locations of endowrirants such that wj’t=cj’t for j=3,4,...m and t=1,2,..., so that
the problem is reduced to finding an appropriate distribution of endowments
among two agents in each generation, agents | and 2.

A clear case of endowment allocation for which ¢ is not in the core is

the one satisfying

(9 o< b)) - whiee D < wht e, t=1,2,...
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In that case the coalition formed by the sequence of agents (1,t), t=1,2,... would
block c.
We need now showing that there exists an endowments allocations sequence

satisfying (8) as well as (6) and (7). Using (7), (8) can be rewritten as
@ o< e D-whi e ) < Yt e bt 2w Lt e 2).
Let us construct the endowment sequence w satisfying (9) such that

(10 whireD=cl e l) - lw b < pt ta1,2,...
and with wi'l(1) - ¢l'l(g) > 0.

For every value of wl’l(l) > Cl’l( 1) and by the use of (10) we can generate
2,t

I,t

a full sequence w (i.e. w and w", t=1,2,...) satisfying the equilibrium con-
ditions (6) and (7).

It remains only to verify whether at least one of such sequences of endow-
ments satisfies that w € W. By assumption 2(c) the sequence ¢ is uniformly boun-
ded from below by some A>0. It is easy to check that for any sequence of

endowments obtained from (10), (6) and (7) such that
(11 [wl’l(l)-cl'l(l)] /pt<i. for t=1,2,...

the consumption allocation c¢ is a Walrasian equilibrium, but does not belong
to the core by construction. It is now immediate that whenever Lim inft__,
 Ip(0llze>0 there exists some w7l satistying (11) such that wl*i(1)>clr(D).
This completes the proof for n=I.

The extension to the many commodities case is quite straighforward.

From Assumption 2b) we have that whenever Lim inf I pv) |z >0

[« 2]

we have that Lim inft_’ p(i,t) =2 P.€ >0, i=zl,...,n. Therefore we can chose

o0
whitcht for j=3y44eeesm and t=1,2,... and wr’t(i,t+s)=cr’t(i,t+s) for r=1,2, s=1,2,

i=2,3,...,n, and t=1,2,... . Then our result for n=1 applies. QED.
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Proposition 4 gives a sufficient condition for a competitive equilibrium
to belong to the core of the economy. The interest of this result lies in the
fact proven in Proposition 5 that competitive equilibria do not necessarily belong
to the core. Moreover, the sufficiency condition given in Proposition 4 turns
out to be critical. As proven by Proposition 5 when this condition is not met
one can always find reallocations of initial endowments across individuals of
the same generation for which that consumption allocation still is a competitive
equilibrium with the same equilibrium prices, but does not belong to the core.

From another point of view, Proposition 5 can be seen as a source of ex-
amples of Pareto optimum competitive equilibria that do not belong to the
core of the economy. The example provided in Section 3 of a Pareto optimal

competitive equilibria not in the core is not exceptional.
8. Proofs of Propositions 1 and 2

Proof of Proposition 1

It follows immediately from our Proposition 3 and taking into account
Balasko and Shell's [ 2] proposition that if the supporting prices of a weakly
Pareto optimal consumption allocation satisfy that Lim inf _ [ p(t)|| =0 then

that consumption allocation is Pareto optimal. QED.

Proof of Proposition 2

Proposition 3 establishes that the supporting prices of a consumption al-
location sequence satisfy Lim inf Ip(oll =0 if and only if c belongs to the
walrasian set. Thus, Propositions 3 and & together imply the sufficiency part
of Proposition 2, that is, if a consumption allocation belongs to the walrasian
set it belongs to the core for all endowment sequences for which it is a com-
petitive equilibrium. Further, Propositions 3 and 5 together imply the necessity
part of Proposition 2. Taken together, they say that if a consumption allocation

does not belong to the Pareto set there exists an endowments allocation for

which that consumption allocation does not belong to the core while still being
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a competitive equilibrium. QED.

9. Some Additional Results on Monetary Equilibria and the Core

We have already pointed out that overlapping generations models have
been considered as the most appropriate framework for the analysis of fiat
money. It is thus natural paying special attention to the relationship between
monetary equilibria and core allocations. Besides the obvious relevance of our
previous results to monetary equilibria we shall now introduce to additional
result specifically refering to monetary allocations. We start by demonstrating
that monetary equilibria with too much money will not belong to the core.
But the main result of this section is that as we enlarge to economy by re-
plication every monetary equilibrium becomes eventually excluded from the
core.

With many consumers per generation we may have IOU equilibria, monetary
equilibria, and a mixture of the two, i.e. simultaneously using IOUs and fiat
monetary. The following result refers to economies in which in the long run
all intertemporal purchases tend to be made for fiat money. This is an extreme
case of a competitive equilibria in which not only fiat money is the only means
of transferring purchasing power from present to the future, but money is
present in all transactions. We show that these equilibria do not belong to the

core.
Proposition 8 Let Assumption | be satisfied. Let ¢ be a competitive equi-
librium consumption allocation sequence and p the sequence of equilibrium
prices. Then if
L t t
(120 Liminf__o(tsD). | c/(trD-w ()| /M = 1, M>0,

the consumption allocation ¢ does not belong to the core.

Proof.- From Definition 4 we know that p(t+l). [ct(t+l)-wt(t+l)] =M, t=0,1,2,...
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Therefore, if (12) is satisfied we have that

ct(t+l)-wt(t+l)' /p(t+1). [Ct(t+1)-wt(t+l)] =1

Lim inft—»oop(t+l)'

Thus it must be that

Lim it _ [V e D-wh e )] =

Zzz> 0, j=1yeeeym,

Lim inf _ eV e D-whYea )

where z € RnH_ and 2(i) = min {zl(i),...,zj(i),...,zj(i),...,zm(i)} y i=lyeeeyne

Hence there exist T and A , 0< A s z such that [cj’t(t+1)-wj’t(t+l)]=). for
j=lyecesm and t=T,T+1,T+2,... .

Consider now coalition S formed by agents (j,t), j=l,...m and t=T+1,T+2,...

with the consumption allocation € such that

Elvt=cj’t

for all (j,t) € St’ t=T+2,T+3,... and
T (DT d, ST 1], el

Allocation ¢ is feasible for coalition S, is as good as ¢ for all members of
S and is strictly prefered by all members of ST+1'
Therefore, consumption allocation ¢ does not belong to the core. QED.

This result seems to substantiate the interpretation given in Esteban [6]
as to the effect that it is the acting as a means of exchange rather than a
store of value what confers social acceptability to fiat money. We have a case
in which in the long run all the exchanges are intertemporal and made by the
means of money. Thus, the proposition that no such equilibrium belongs to
the core reinforces that view in a many agents economy.

Let us now give a general proposition refered to monetary equilibria. As

shows the following Proposition, when the economy is enlarged by replication

of the original economy no monetary equilibrium belongs to the core.
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. . ich

Proposition 7 Let E be an economy with m agents and n goods in whic

N =

Assumptions 1 and 2(a) are satisfied. Let c be a monetary equilibrium consump
ilibri i . Then

tion allocation of the economy § and p the equilibrium price sequence ’

there exists K such that for the K-th replica of the economy £(K), the consump-

tion allocation c(K) does not belong to the core.

iti d
Proof.- Consider the k+1 replica of the economy and let S be a coalition forme

by all agents (j,t), j=1, m, t=1,2,e in & (k+l) and all agents (j,0), j=l,.c.,m,

1 1
in &(K). Since c is a monetary equilibrium we have that p(1). [wih= (1]
. jh! n t p(1).
=M > 0. Therefore, there exist at least one vector X (1)e R . such tha p(-
1 t
j’1(1)-<:}’1(1)] > 0, j=lyeee,m, and xl(l)—wl(l)SO. Consider now the consumption

J[x v o '
—j,t_ =
allocation © for the members of coalition S such that ©t=cht for all (j,t)

S 120.2.3.... and D" = [ M Dkl (ke 1), 1D for all GO €S .
t’ g It B Aad

¢J-la, )
\‘.
N\
B
S w o oW
e
\ ~xJ 1)
i1
v Figure 2 & &1
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, L il
Observe that C is obtained as a linear convex combination of vectors c

1

: . . il .
and El’l= [x]’l(l),c”l(Z)] and that as k becomes large ©'' — ¢)**. Thus, we

have that
oD D) + p2F 42 2 (0. + p(2.cI XD, jel,emeym.

Moreover, it is easy to check that consumption allocation ¢ is feasible.

By Assumptions 1 and 2(a) there exists a finite K such that
ul'! [ kel ke 1), ST > W [, i), 1y,

See Figure 2. Since Trtch? for the rest of members of S, S will block con-
sumption allocation c. QED.

The intuition behind this result is the following. In Esteban (6] it has been
demonstrated, Proposition I, that with one agent per generation monetary equi-
libria can belong to the core provided they do not use too much money. The
bounds are given by the value implicitly attributed by individuals to intraperiod
exchange. Thus monetary equilibria are not blocked when these intraperiod
gains from trading always exceed the intertemporal gain of creating a new
currency. It is obvious that, as the number of consumers in each generation
increases, the loss associated with not trading with the previous generation
in the first period of their lives becomes smaller. Thus, in the limit the intra-
period costs become nill for each generation and no monetary equilibrium can
belong to the core of the economy.

This proposition can be interpreted as a formal proof of the observation
by Clower that money is not held as the result of individual voluntary choice

but by social contrivance, as pointed out in the Introduction.

10. Final Remarks on Some Topics in Monetary Theory

In this section of final remarks we wish to discuss with some detail the

implications of our results for some of the current topics in modern general
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equilibrium monetary theory. We shall focuss on two areas: monetary theory
in overlapping generations models, as developed in Grandmont (10], Kareken
and Watlace [12], and Sargent [l6], among others, and the role of money in
glving trustworthiness to intertemporal allocations, as studied by Douglas Gale
[8]and [9].

Monetary equilibria as studjed in Esteban [6] pose a specific type of pro-
blems. Even with one agent per generation, Pareto optimal monetary equilibria
may not belong to the core. Moreover, if we stick at the standard one-good
mode! in which fiat money is analised, no monetary equilibrium belongs to
the core. This result can be interpreted as accounting for the fact that, in
the absence of other forms of trade, every generation has an incentive to reject
the money carried over by the former generation creating its own money instead.
With many goods, dynamically efficient monetary equilibria can be in the core
if accompanied by a sufficient amount of intergenerational barter, i.e. if the
utility gains derived from barter with the former generation fully compensate
from the loss incurred in accepting its money. All this is proved in Esteban
{6]. But we have just seen that these results are no longer true for economies
with many agents per generation. With many agents, refusing the money held
by the previous generation does not necessarily entail foregoing any form of
Intra-period exchange. Agents heading a blocking coalition can always reallocate
goods with members of their own generation. The utility loss from not trading
with the previous generation is made smaller by enlarging the number of agents
In each generation. Hence, as generations become large, the utility losses as-
sociated with blocking become small and are ultimately outweighed by the
utility gains derived from repudiating the existing money. Indeed we demonstrate
that as the economy is enlarged by replication monetary equilibria cease to
belong to the core and in the limit all become excluded.

All these results appear to be negative with respect to the important lj-
terature on fiat money in overlapping generations economies. However, our
results can be interpreted in a more positive spirit as providing a rigorous

demonstration of the claim made by Clower [5] that the social acceptance
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of money is not voluntary and based on its virtue of being a store of value.
As a matter of fact, there is nothing terrible or new with this view on money.
Douglas Gale [ 8] and [9] when examining the role of money in the social ac-
ceptance of allocations, points out that "it is not the invention of paper money
which restores trustworthiness. The Walras allocations are trustworthy in the
monetary economy only because there is, in the background, a government
which can enforce, evidently at no cost, the payment of money taxes. Thus,
we have introduced not just a new commodity (money) but a new social in-
stitution" (p. 465). From this point of view it is obvious that fiat money has
been introduced in overlapping generations models as a commodity and not
as a social institution. On this respect, de Vries [17] has recently examined
the case in which the acceptance of fiat money is made compulsory, i.e. money
is given the status of "legal tender".

Let us be more specific in comparing our results with Douglas Gale {8
work. As we have already pointed out, he has shown that the introduction
of money help in making socially acceptable allocations which would have been
blocked without its help. In Gale's model there is a finite number of period
and, being an Arrow-Debreu economy in every respect, competitive equilibria
belong to the core of the economy. However, he argues that in "those equilibria
in which there is net borrowing and lending, lenders have good reasons not
to trust borrowers. It is in their interest breaking the futures contracts in later
periods of their lifes. Gale thus defines the concept of sequential core, i.e.
those allocations which belong to the core both in the first and in the subsequent
periods, and shows that an allocation is trustworthy if and only if it belongs
to the sequential core.

From this point of view, our results can be interpreted in the following
way. It seems natural to reconsider his problem in an overlapping generations
economy in which one does not need the device of the money tax in order
to make money valuable. Then, our findings as to that Pareto optimal monetary

competitive equilibria might not belong to the core and that when the economy

becomes large by replication no monetary allocation belongs to the core seem
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to confirm Gale's assertion that what makes allocations socially stable in his
model is not the introduction of fiat money, but making money taxes compulsory.

We can go deeper in comparing our mode! with Douglas Gale's. We have
already pointed out that in order to show that equilibrium allocations involving
net borrowing or lending might not be trustworthy he needs assuming that
agents can break their futures contracts in later dates. As we shall now argue
our results can be seen as providing a rationale for Gale's assumption on agents
not honouring their contracts.

Let us start by nothing that an IOU equilibrium in an overlapping gener-
ations model can be understood as a sequence of overlapping finite horizon
Gale's competitive equilibria. Let us develop this point and focus on IOU com-
petitive equilibria. While there is borrowing and lending, in the IOU equilibrium
there is no income transfer across generations. Further, observe that in those
equilibria contracts in the futures markets are signed on the two sides by con-
sumers belonging to the same generation. Therefore, as far as the futures mar-
kets are concerned, IOU equilibria can be seen as a sequence of isolated gener-
ations, i.e. as a sequence of overlapping two-period Gale's equilibria. Altern-
atively, Gale's model can be considered as isolating one single generation of
an IOU equilibrium sequence from an overlapping generations model in order
to examine their behaviour in the futures market.

In spite of their similarity, the two models seem to yield different results.
While in Gale's model all competitive equilibria belong to the core, in our
model their equivalent, i.e. our 10U equilibria, do not. Thus, the fact of placing
a collection of selfcontained economies one after the other breaks the relation
between competitive equilibria and core. In other words, from a game theoretical
point of view it makes a substantial difference considering an isolated finite
chain of periods or the full infinite sequence. As we have seen in Proposition
5 only those walrasian equilibria in which there is no borrowing and lending
in the long run are always in the core. Hence, the core of an overlapping gener-
ations economy formed by changing a sequence of Gale's two period economies

would not contain the allocations that do not belong to the sequential core
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in Gale's model. Therefore, one needs not supposing that agents do not honour
their contracts to claim that equilibria which involve borrowing might not
be viable. The mere fact that agents live in an endless chain of generations
can make [OU equilibria untrustworthy. Our results can thus be considered
as a rationale for using the concept of sequential core when one analyses the

viability of allocations in finite horizon economies.

Notes

(1) The model can be trivially generalized to a variable number of agents per

generation m(t) uniformly bounded above by a finite number m.

(2) As proven by Millan (14], Balasko and Shell's [2] characterization of Pareto
optimal allocations can be extended to economies with many agents.

(3) Note that S, .= # and hence for the first generation the feasibility condition

i-1
reads

® o = Dwik).
j €S, jESE
(4) Kovenock 13 has produced another example of a Pareto optimum walrasian
equilibrium not in the core and the set of core allocations is empty. In his
example the two agents of any generation have preferences defined on different

goods. Only the two members of generation t=0 share their preferences for

one common good.

(5) Observe that our result is stronger than Chae's [3] Theorem 4.1, where

with a continuum of agents he finds that a sufficient condition for an allocation

to belong to the core is that the present value of the total endowment be finite.
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