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Abstract - Many real world transactions occur in a common agency environment in which an agent 
interacts with several principals having competing interests. The hold-up literature, however, has so 
far neglected to investigate common agency transactions. In this paper, we consider the hold-up 
problem that arises in a context where there are a monopolistic seller and multiple buyers on the one 
side and all the parties on the other are required to make specific self-investments. Our contribution 
is twofold. First, we show that absent initial contracts (i.e., preliminary agreements) between the 
parties, total efficiency increases when the buyers act competitively using implicit contractual 
coordination, i.e., contractual menus. Second, we show that introducing initial simple contracts 
allows parties to reach the first best only under cooperative common agency. Absent this 
machinery, competition among the principals emerges as a more efficient governance structure for 
common agency in incomplete transactions.  
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1 Introduction 1

Many real world transactions exhibit features of common agency, where several principals

contract at once and independently with a common agent. Common agency has been

explored in contexts of asymmetric information and complete contracting (Bernheim and

Whinston (1986), Chiesa and Denicolò (2009)). Surprisingly, however, no attention has so

far been paid to the implications of common agency in incomplete contract contexts. This

paper attempts to fill this significant gap.

Common agency in incomplete contracts involve multiple bilateral transactions in which

each contractual party makes specific investments, with the peculiarity that the common

agent makes the same specific investment in each transaction. In this respect, the common

agent can be generally described as the producer of an intermediate good which is suitable

for multiple firms, with each firm operating in the same or different market of the final prod-

uct. Alternatively, the common agent can be generally represented as the unique distributor

of several producers. These general representations fit several tangible situations. Private

equity funds, for example, typically provide transaction-specific capital to borrowers that

operate in a wide variety of industries. Many joint ventures or consortia share similar fea-

tures. Other cases include franchising arrangements or “dual distribution” contracts, which

fall within the category of firms that contract with a common agent while competing in the

market for the final product. Still another example of common agency is that resulting from

pro-market regulation or antitrust remedies that mandate access to the incumbent’s essential

facility in liberalized network industries. (On the one hand, regulatory vertical “disintegra-

tion” imposes on the incumbent a duty to simultaneously deal with multiple downstream

entrants. On the other, both sides of the contract have to make noncontractible specific

investments in interconnection and service quality level.) A different general representation

of the common agent is that of a buyer contracting with several suppliers that compete in

the market for the final product. This is the case, for example, of split-award procurement

in which a sponsor procures a good from several suppliers. Another case is given by the gro-

cery retail sector, where many suppliers face the ’buyer power’ of a retailer through specific

practices such as the use of slotting allowances or loss-leader pricing. Finally, examples of
1
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non-contractible specific investments on both sides include the expenses a seller may bear

to implement a technology designed to lower transportation costs or the resources a buyer

invest to build a storage in the nearby of the seller’s plant.

Our aim in analyzing common agency in incomplete contracts is twofold. First, we pur-

port to investigate how common agency affects the parties’ incentives to make specific invest-

ments relative to the standard case of bilateral monopoly (the Williamsonian ’fundamental

transformation’). Second, we attempt to understand to what extent different governance

arrangements can improve transactional efficiency.

The set of contracts that connect each worker with the firm’s manager is a common agency

example that has been previously analyzed under the lens of Transaction Cost Economics

(TCE) and which is useful to illustrate the intuitions behind our work. In this case, the

manager is the common agent representing all the firm’s units, whereas each worker’s contract

governs the relationship between the manager and the worker. For the purpose of this work,

assume that both contractual parties (the manager and each worker) are required to make

specific investments in human capital to maximize the value of their exchange. Our main

research question is which governance structure maximizes joint quasi rents under these

circumstances. In particular, we are interested in understanding the efficiency feature of

competitive common agency, where each worker individually negotiates with the monopolistic

manager, versus cooperative common agency, where the manager negotiates with a workers

union that coordinate the workers’ actions. Indeed, the latter governance arrangement can

be clearly likened to the Williamsonian bilateral monopoly.

Under TCE analysis, the use of a coordinator (the union) to bargain with the firm’s

manager serves an efficiency governance function, at least when “both the employer and

the employee” perform “tasks that involve the acquisition of significant transaction-specific

skills.” (Williamson (1985), p. 255). In this respect, cooperative common agency would

emerge as a superior governance structure. In other terms, for Williamson transforming a

multi-principal transactions into a bilateral monopoly transaction between two agents (the

manager and the union) is an effective way to enhance efficiency when transaction-specific

investments are required (“the incentive to organize production workers within a collective

governance structure increases with the degree of human asset specificity”, Williamson, 1985,

p. 256).
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This conclusion, however, fail to address several issues. First, according to TCE analy-

sis, common agency should be observed only as a temporary governance form, with vertical

integration being the ultimate efficient governance structure for transactions involving high

degree of asset specificity. This, however, is not the case for many real world transactions, in

which competitive, rather than cooperative, common agency is a stable governance structure.

Second, “transforming” competitive common agency into bilateral monopoly (i.e., coopera-

tive common agency) may increase the level of specific investment by the principals (i.e., the

workers in the example above), since collective bargaining may allow them to reduce quasi-

rent appropriation by the common agent. However, we show that this is precisely the reason

why the common agent may invest less under bilateral monopoly than she would under

competitive common agency. Third, and perhaps more fundamentally, bilateral monopoly

does not solve the hold-up problem per se, i.e., in the absence of vertical integration. On

the contrary, we show that the combination of competitive common agency and contractual

menus can solve one side of the hold-up problem. Indeed, because the common agent can

extract quasi-rents from uncoordinated principals, she has strong incentive to make first

best investments. From our research, bilateral monopoly (i.e., cooperative common agency)

emerges as a superior governance arrangement only when the parties are able to enforce an

optimal mechanism design which credibly deters ex-post renegotiation. As a consequence,

the Williamsonian prediction that competitive common agency is always dominated by bi-

lateral monopoly does not generally hold. In the absence of an optimal mechanism design,

we find that competitive common agency dominates bilateral monopoly. In other words,

the efficiency of coordination among the principals (such as unionization) depends on the

principals’ ability to converge towards a precise “contractual machinery”. Absent this ma-

chinery, competition among the principals emerges as a more efficient governance structure

for common agency in incomplete transactions.

2 Analytical Framework and Structure of the Paper

In our framework, a monopolistic seller—the common agent—trades with multiple buyers

who do not necessarily compete in the downstream market of the final good they produce.

All the parties, i.e., the seller and each of the buyers, make non-contractible specific self-
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investments. Since our main research question is whether, and to what extent, different

common agency’s governance arrangements influence the parties’ incentives to make specific

investments, in designing the investment game we consider the alternative cases of cooper-

ative and competitive common agency. Under cooperative common agency, the principals

(i.e., the buyers) act collectively by delegating authority over investment decisions to a co-

ordinator. This representation captures several real situations. In addition to the example

discussed above of labor unions, consider the following examples: an organization with multi-

ple units where a manager represents all the units vis-à-vis government agencies and industry

self-regulatory bodies; a coordination consortium whose goal is to reduce transaction costs

for member firms; and a representative of different categories of investors who has authority

to deal with the issuer on behalf of all the investors. Conversely, under competitive common

agency, each principal (i.e., buyer) engages in individual transactions with the agent (i.e.,

seller).

When the buyers act cooperatively through a coordinator, the hold-up problem that

emerges is equivalent to the one that arises in bilateral monopoly. Accordingly, we use co-

operative common agency as the benchmark against which comparing the results obtained

under the more interesting case of competitive common agency. In addition, in proceeding

backwardly to determine the equilibrium levels of investment, we focus on equilibrium al-

location in pure strategy. Indeed, when parties are not restricted to use simple contracts

but can exploit the more advanced contractual technology of menus, it is possible to charac-

terize equilibrium allocation in pure strategy (i.e., truthful equilibrium) in common agency

environments (Bernheim and Whinston (1986), Chiesa and Denicolò (2009)). This result is

significant for the purposes of our research since it allows us to focus on ex-ante efficiency,

which is at the core of the hold-up problem.

In the first part of the paper, we investigate the case where the parties do not sign a

preliminary contract. Under this circumstance, if the buyers’ act competitively, “bargaining

externalities” can arise. This occurs because the seller has the power to exclude one or more

buyers from trading. The buyers may attempt to reduce these “bargaining externalities”

through implicit contractual coordination, which they can implement by offering menus

of contracts to the seller. Contractual coordination, however, is costly, since each buyer

only receives his marginal surplus in equilibrium, which implies that rents must be left to
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the seller.2Hence, when the buyers act competitively (i.e., engage in individual transactions

with the seller), they always receive less than when they delegate allocation authority to

a coordinator.3 In spite of this distributional consequence, we find that in the absence

of a preliminary contract both ex-ante and overall efficiency increase when the buyers act

competitively through menus. On the one hand, since buyers negotiating individually with

the seller expect to receive the surplus “at the margin”, the buyers’ investment level is

unaffected by the governance of common agency (i.e., cooperation or competition). On the

other hand, since the seller expects to receive a higher stake of the surplus when the buyers

engage in individual transactions, she invests more under competitive common agency.

In the second part of the paper, we investigate whether writing simple contracts can

restore the first-best level of investments (Aghion, Dewatripont, Rey (ADR) (1994)). As

in ADR, by the term simple contract we refer to an initial contract which the parties (i.e.,

each buyer and the seller) agree upon and which (i) specifies an initial allocation (i.e., a

noncontingent quantity-transfer pair) and (ii) gives one party the exclusive right to make a

take-it-or-leave-it offer in the renegotiation stage (i.e., after the realization of uncertainty).

Specifically, one party (i.e., the proposer) offers to the other (i.e., the receiver) an initial allo-

cation, which is chosen so that the receiver is always induced to invest optimally and which

can be enforced through a contractible default option (e.g., a specific performance remedy).

For simplicity, we assume that the proposer also retains exclusive ex-post authority over

the renegotiation stage. This makes the proposer the residual claimant of the renegotiation

surplus as long as she can guarantee the ex-post level of utility promised to the receiver

under the initial contract.

As pointed out by ADR, in a bilateral monopoly context this contractual mechanism

always leads to the first best. However, one of the fundamental assumptions for this mech-

anism to work is that the contracting parties be co-monotonic: that is, there must be gains

from renegotiation for whatever realization of the state of nature. This assumption, however,

does not always apply when there are multiple buyers, since the buyers may differ ex-post

due to different realizations of the state of nature. This implies that even in the presence
2
This is a classic result in common agency theory, under which the efficient allocation can be supported

as an equilibrium only when the principals are able to make the seller’s threat of excludability ineffective—in

the sense that the seller’s payoff is invariant regardless of whether she decides to exclude one buyer.
3
Indeed, the sum of the (share of the) marginal surplus the buyers receives when their investment decisions

are decentralized is always lower than the (share of the) surplus the buyers receive when their investment

decisions are centralized.
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of a buyer with an high realization, it could be efficient that the seller trades more with

other buyers who have relative higher realizations. Thus, in a common agency environment

the application of a simple-contract mechanism leads to different results depending on the

governance arrangement used in common agency. In the case of cooperative common agency,

it is apparent that the ADR result still holds. In the case of competitive common agency,

instead, ADR fails to lead to the first best. On the one hand, when the seller is the residual

claimant, she may have no incentive to offer the optimal quantity to all the buyers. Consider,

for example, the case of poorly correlated buyers. When the seller offers these buyers a fixed

quantity, it is like if she provided them with insurance. This may impose costs on the seller

that are higher than the expected benefits she receives when the buyers invest optimally. On

the other hand, when the buyers are the residual claimants, they anticipate that they may

be unable to extract the renegotiation surplus in every state of the world. Indeed, the seller

can always enforce the initial contract to maximize her profit, since she is not necessarily

co-monotonic with any individual buyer. Hence, both the seller and the buyers underinvest

in equilibrium.

Our findings provide important policy implications for the governance of incomplete

transactions with asset specificity. On the one hand, when simple contracts are costly to

write or unfeasible because of legal constraints (this might well be the case when parties

compete in the same industry), it is inefficient to constrain the common agent’s bargaining

power and/or encourage buyers’ coordination. Indeed, this could undermine the common

agent’s incentives to invest optimally, while leaving unaffected the principals’ incentives.

On the other hand, when simple contracts are feasible, it is, instead, optimal to encourage

principals’ coordination vis-à-vis the common agent, since this helps to restore first best

outcomes.

The paper is organized as follows. In Part 2, we briefly discuss the related literature. In

Part 3, we illustrate (i) the setting of the model; (ii) the contractual technology the parties

can use to implement the trading; and (iii) the characterization of the first-best that will

be the benchmark case for the rest of the paper. In Part 4, we attempt to characterize the

investment equilibrium when the parties to each transaction conclude a null initial contract.

In Part 5, we apply the ADR mechanism and attempt to analyze the investment equilibrium

results. In Part 6, we draw some preliminary conclusions.
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3 Related Literature

Our research relates to two major—and, yet, so far unrelated—strands of literature: the

hold-up literature and the literature on common agency.

As originally characterized in Klein, Crawford, and Alchian (1978) and Williamson

((1979), (1983)), the hold-up problem arises because of two basic reasons. First, contrac-

tual parties may be unable to specify the contractual performance prior to making specific

investments. Second, parties may be unable to bargain over specific investments once they

have been made, because these investments are unverifiable. As a result of the inadequacy

of the ex-ante contract, each party is exposed to the risk of ex-post opportunism (i.e., moral

hazard) by the other party. This, in turn, generates incentive for bilateral underinvest-

ment. Holmstrom (1982) has provided a formal analysis of this argument, recharacterizing

the hold-up problem as a form of moral hazard in teams. A more rigorous formulation of

these issues is pioneered by Grossman and Hart (1986) and, later, Hart and Moore (1990)

(together, GHM). In GHM, the hold-up problem is linked with the problem of ex-post oppor-

tunism by the owner of an asset. In this different framework, it is the lack of property rights

(i.e., residual control rights) that leads the non-owner to underinvest. As a result, GHM

support a welfare policy under which property rights over assets should be allocated to the

party who is required to make (more) specific investments. Within the classic treatment of

hold-up, Hart and Moore (1988) on incomplete contracts and renegotiation is probably the

more closely related to our research. As in our model, in Hart and Moore (1988) contracting

parties conclude an initial contract and are then required to make specific investments that

increase the surplus generated by the trading. However, the optimal level of trading can

only be determined ex post, after the state of nature reveals. As a result, the initial contract

can prove ex-post inadequate, which forces the parties to renegotiate. In the renegotiation

stage, opportunism can occur because both the parties’ specific investments and the state

of nature cannot be verified by a third party adjudicator. Hence, under this framework,

it is the difficulty of specifying enforceable contractual contingencies that leads to bilateral

underinvestment.

Our research also relates to the literature on hold-up and implementation mechanisms

which has variously addresed the underinvestment problem arising from unverifiability. As

was mentioned in the introduction, we apply the mechanism introduced by Aghion, Dewa-
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tripont, and Rey (ADR) (1994), which is also reproduced in a less formal way in Chung

(1991). Noldeke and Schmith (1995) have developed an alternative mechanism to address

these problems, proposing an option contract under which one party (i.e., the seller) receives

a penalty if trading does not take place. The same party receives, instead, a higher transfer

when trading occurs. The solution of Noldeke and Schmith, however, is based on two crucial

requirements. First, the buyer must be assigned exclusive bargaining power. Second, the

court must be able to verify whether trading occurred. Further our research relates to the

literature on hold-up and contractual remedies. In particular, Edlin and Reichelstein (1996)

have characterized the equilibrium investments arising in an hold-up context under two dif-

ferent remedies: specific performance and expectation damages. Consistent with ADR, they

found that only specific performance leads to optimality when investments are bilateral. Fi-

nally, within the hold-up literature, we also touch upon the literature on hybrid governance

arrangements: i.e., governance solutions that are located between the classical dichotomy of

hierarchy and spot market transactions (Williamson (1979), (1985)). This also links our re-

search ton the literature on to the the stability of plural forms over time (Bradach & Eccles,

1989; Bradach, 1997; Ménard, 2004; Bradach, 1997; Lafontaine & Shaw, 1999, 2005; Baker

& Dunt, 2008) and their compared efficiency relative to vertical integration.

The common agency literature is the additional main stream of research to which our work

relates. Unlike most studies on common agency—which investigate asymmetric information

under complete contracts—we consider the case of symmetric information under incomplete

contracts. To this extent, our framework closely relates to the work of Segal (1999) in

which an agent trades with several principals. In Segal’s model, however, there are direct

externalities, which arise because each principals’ utility function is affected by the trading

of the agent with other principals. Conversely, in our model, there are only contractual

(i.e., bargaining) externalities, which arise due to the agent’s right to exclude one or more

principals from trading. Moreover, in our model, we assume that both the agent and the

principal can make a take-it-or-leave-it offer with exogenous probability. Hence, we consider

both the offer game à la Segal and the bidding game à la Bernheim and Whinston (1986).

In particular, the trading game of our model is very close to the environment described by

Chiesa and Denicolò (2009) in which multiple buyers trade with a common agent (i.e., seller),

even though Chiesa and Denicolò consider the minimum rent equilibrium rather than the
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truthful equilibrium.4

4 The Model

4.1 Environment

We consider a trading game where there are a single seller (female) producing an homogenous

good and N identical buyers (males) indexed by i or j = 1, 2, ...N , with each buyer entering

into a bilateral negotiation with the seller.

Both the buyers and the seller are risk neutral. Each buyer trades a positive amount of

the good and pays a fixed transfer to the seller. The basic notation of the trading structure

is as follows. The quantity that is traded with buyer i is qi ∈ i ⊆ +. The vector of traded

quantities is denoted by q, and q−i ≡ (q1, q2, ..., qi−1, qi+1, ..., qN) is the vector of quantities

that are traded by the seller with all the buyers except buyer i. Similarly, the transfer the

seller receives from buyer i is denoted by Ti.

Uncertainty is represented by a random variable θi ∈ Θi, whose realization affects the

future benefits arising from the single trading of buyer i with the seller. Higher realizations

of θi implies higher valuation of the good for buyer i, but do not necessarily imply an higher

level of trading with the seller. Indeed, the level of trading of each buyer also depends on

the realization of the random vector θ, whose elements are i.i.d. Uncertainty of the seller is

modeled as a linear combination of the individual uncertainty affecting the buyers. This is

reasonable if one considers that the seller is producing an intermediate good which is suitable

for different industries. However, it is important to note that the seller’s technology can also

be correlated to a specific industry. As a result, the seller can be completely uncorrelated with

one or more buyers. Accordingly, we define the uncertainty of the seller as θs =
�N

i=1 πi×θi,

where πi ∈ [0, 1] and
�N

i=1 πi = 1. Note that πi measures the level of correlation of the seller

with buyer i.

Throughout the paper, we assume that all agents have a common prior on the distribution

of the state of nature represented by F (θi). We further assume that everything in the game

is common knowledge.
4
In the minimum rent equilibrium the payoff of each principal exceeds his marginal contribution to social

welfare.
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As in any incomplete contract model, the benefits from trading are also affected by

the level of relationship-specific investment each contracting party makes. To make things

interesting, we assume that the parties have to make their specific investments before the

realization of uncertainty. This means that the specific investments are made before knowing

what the optimal level of trading of each contract is. Specifically, each buyer i chooses his

level of investment βi ∈ i. Making the investment βi is costly and this cost is represented

by the convex map ψi(βi). We denote the vector of the buyers’ specific investments as β,

and β−i ≡ (β1, β2, ..., βi−1, βi+1, ..., βN) as the vector of investments of all the buyers except

buyer i. The seller is also required to make a specific investment before the realization of

the state of nature: i.e., she must choose her level of investment σ ∈ Σ at the convex cost

φs(σ).

The gross monetary benefits for each buyer is the map vi : i × Θi × i → +, which

can be represented in functional form as vi(qi, θi, βi). Consistent with the risk neutrality

assumption, buyers have quasi-linear preferences with utility UBi : i × Ti × Θi × i → ,

which can be represented as:

UBi(qi, θi, βi) = vi(qi, θi, βi)− Ti − ψi(βi). (1)

As standard in the literature, the ex-ante specific investment each buyer makes increases

his gross monetary benefits.

Like in the buyers’ case, we define the gross monetary cost for the seller as the map

C :
�N

i=1 ( i × i) × θs × → +, which can be represented by the function C(Q, θs, σ).

Since the seller can trade with all the buyers, it is convenient to define the argument of her

cost function in aggregate terms. Therefore, Q =
�N

i=1 qi is the total traded quantity when

the seller trades with all the buyers, and Q−i =
�N

j �=i qj is the total traded quantity when the

seller trades with all the buyers except buyer i. The seller also has quasi-linear preferences

with utility US :
�N

i=1 ( i × Ti × i)× θs × → , which can be represented as:

US(T,Q, θs, σ) =
N�

i=1

Ti − C(Q, θs, σ)− φs(σ). (2)

As also standard in the literature, the seller’s ex-ante specific investment reduces her cost

of production.
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In addition, we assume that the utility functions of the agents are concave in all their

arguments.

Finally, the following further assumptions are made throughout the paper:

Assumption 1. vqβ > 0 and Cqσ < 0.

Assumption 2. (Specificity). vi(0, θi, βi) = C(0, θs, σ) = 0.

Assumption 3. (Inada). limqi→0
∂vi
∂qi

= ∞ and limqi→∞
∂vi
∂qi

= 0 for all i ∈ N , limQ→0
∂C
∂Q = 0

and limQ→∞
∂C
∂Q = ∞.

Assumption 4. (Excludability). The seller can exclude any buyer from trading.

Assumption 5. (Aggregate Co-monotonicity). For any θ ∈ Θ where θs =
�

i πi × θi and

for any θ
� ∈ Θ where θ

�
s =

�
i πi × θ

�
i we have that:

�

i

vi(q
∗
i , θi, βi) >

�

i

vi(q
∗
i , θ

�

i, βi) ⇐⇒ C(Q∗, θs, σ) < C(Q∗, θ
�

s, σ)

Assumption 1 means that the marginal gross benefits are increasing with the level of

specific investments.

Assumption 2 means that the benefit to the buyer of having zero units and the cost to

the seller to produce zero units do not depend on the realization of uncertainty and the level

of investments.

Assumption 3 means that at the optimum the solution is interior: that is, the seller must

trade a positive amount with all the buyers.

Assumption 4 means that each trade must be voluntary. This assumption characterizes

the common agency environment.

Assumption 5 means that the weighted realizations of the buyers varies co-monotonically

with the seller’s uncertainty. However, aggregate co-monotonicity does not imply individual

co-monotonicity. Indeed, the latter condition is more stringent than the former and implies

that for (i) any θi ∈ Θi where θs =
�

i πi × θi, and (ii) for any θ
�
i ∈ Θi where θ

�
s =

�
j �=i πj × θj + πi × θ

�
i, whenever θi > θ

�
i, the following condition must be satisfied:

vi(q
∗
i , θi, βi) > vi(q

∗
i , θ

�

i, βi) ⇐⇒ C(Q∗, θs, σ) < C(Q∗, θ
�

s, σ) ∀θj ∈ Θj ∀i ∈ N.
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4.2 Contractual Technology and Bargaining

In this part, we describe the contractual technology available to the parties. We assume that

at an early stage of the parties’ relationship (i.e., before the parties make specific-investment

decisions and uncertainty is resolved) either each buyer or the seller can propose an initial

contract with some exogenous probability. This contract specifies an initial allocation (i.e.,

a quantity-transfer pair) and assigns ex-post authority to make a take-it-or-leave-it offer in

the renegotiation stage to one contracting party.

We restrict the analysis to simple contracts mi = (Ti, qi), which we term allocations.

As in ADR, we assume that the parties can use costly collaterals (i.e., hostages) to specify

ex-post authority in the renegotiation stage. Also in line with ADR, we focus on extreme

allocations of authority, meaning that ex-post authority is exclusively allocated either to the

buyers or the seller. However, in contrast to ADR, we assume that the parties can conclude

null contracts taking the form (T 0
i , q

0
i ) = (0, 0). In this case, determining who has ex-

post authority is meaningless. It is also important to emphasize that when the parties sign

a null contract, the incomplete contract context is the typical hold-up problem à-la GHM,

where parties are required to take some unverifiable actions (i.e., specific investments) before

trading occurs.

Contractual parties are protected by specific performance. Under this remedy, the initial

contract is enforced by the court unless both parties agree to renegotiate it. Hence, granting

parties legal protection in the form of specific performance implies that in the renegotiation

stage each contracting party can unilaterally impose the initial allocation on the other party.

Restricting the analysis to simple contracts, however, does not limit the possibility that

parties can offer menus composed by multiple simple contracts. This reflects the delegated

common agency nature of the game. Indeed, in common agency games principals can implic-

itly coordinate themselves by proposing latent contracts in addition to the optimal allocation.

While a latent contract is never chosen in equilibrium, it serves as a threat against the other

principals if they do not choose the optimal allocation proposed in the menu.

The menu for each buyer is defined as Mi and is composed by several quantity-transfer

pairs. We denote as M0
i and M1

i the menus that are offered, respectively, in the initial stage

and the renegotiation stage. The set of contracts in the menu at the initial stage is Γ0 =

{M0 ⊂ 2
+|compact and(0, 0) ∈ M0}. The set of contracts in the menu in the renegotiation
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stage is Γ1 = {M1 ⊂ 2
+|compact and(T 0, q0) ∈ M1}. Note that under Assumption 4 the

contract (0, 0) must always be included in Γ0, while the initial contract must be included in

Γ1 by specific performance. In particular:

Definition 1. The cardinality of the set of each menu is denoted by n (Γ) = d, which

represents the number of contracts included in the menu.

We denote by M = (M1,M2, ...,MN) ∈ ΓN the vector of menus offered by all the buyers

and by M−i = (M1,M2, ...,Mi−1,Mi+1, ...,MN) ∈ ΓN−1 the vector of menus offered by all

the buyers except buyer i.

A strategy for the seller is a function m(M) : ΓN → (R2
+)

N and a profile of contracts

accepted by the seller is defined by m = (m1,m2, ...mN) such that she maximizes her utility.

Further, contractual possibilities are limited on two grounds:

(i) both the realization of uncertainty and the levels of specific of investments are ob-

servable by the contracting parties but not verifiable by a court. For this reason uncertainty

and investments are not contractible;

(ii) parties to a single transaction cannot condition the ex-post trading of that transaction

on the level of trading of other transactions.

Finally, the timing and actions of the game are represented as follows:

At t0, each buyer i and the seller agree upon an initial simple contract. The initial simple

contract can be the null contract.

At t1, parties are required to make their specific investments.

At t2, uncertainty is solved.

At t3, each buyer i and the seller renegotiate the initial contract.

At t4, production and trading take place.

4.3 Analysis of the First Best

The level of investments determines ex-ante efficiency, while the trade profile determines ex-

post efficiency. However, since the optimal ex-post allocation also depends on the level of ex-

ante specific investments, social welfare is maximized only when investments and allocations

13



are both optimal. In this section, we attempt to illustrate first-best results and consider

them as a benchmark for the rest of the analysis.

Definition 2. The first-best outcome consists in an ex-ante efficient level of investments

(β∗, σ∗) and ex-post contingent allocations (q∗)θ∈Θ.

The first-best is determined backwardly. Hence, we first optimize the ex-post contin-

gent allocations. This delivers a parametric solution, which is both state-contingent and

investment-contingent. Given the parametrized solution, we solve for the optimal level of

investments. Consistently, we will refer to the first optimization problem as the allocation

game and to the second optimization problem as the investment game.

The efficient allocation is the vector q∗ ≡ (q∗1, q
∗
2, ..., q

∗
N) that maximizes the aggregate

gross monetary profits of all parties.

For a given (θ,β, σ) ∈ N+1
+ × ΘN

i , we can define the total welfare generated by the

exchanges as:

max
q

W (q,θ,β, σ) =
N�

i=1

vi(qi, θi, βi)− C(Q, θs, σ), (3)

The solution of this problem delivers, for each contract, the optimal state-contingent and

investment-contingent allocation q∗i (θ,β, σ) for i ∈ N5.

Given the ex-post efficient allocation, the efficient level of investments (β∗, σ∗) is then

obtained by solving the following maximization problem:

max
β,σ

�ˆ
Θ

[W (q∗,θ,β, σ)] dF −
N�

i=1

ψi(βi)− φs(σ)

�
, (4)

The solution of the problem is characterized by the following system of first-order condi-

tions:

Eθ

�
∂vi(q∗i , θi, β

∗
i )

∂βi

�
= ψ

�

i(β
∗
i ) ∀i ∈ N (5)

− Eθ

�
∂C(Q∗, θs, σ∗)

∂σ

�
= φ

�

s(σ
∗) (6)

Therefore, the investment decision (β∗, σ∗) is always made in expected terms.
5
The optimal state-contingent allocation is determined by the following system of equations:

∂vi(q
∗
i ,θi,βi)
∂qi

=

C
�
(Q∗, θs, σ) ∀i ∈ N.
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5 Contract (Ti, qi) = (0, 0)

In this section, we consider the case where the parties (i.e., each buyer and the seller) choose

the initial allocation (Ti, qi) = (0, 0). This case, which we have defined as the null contract, is

interesting for three reasons. First, it captures situations in which parties are not permitted

to write any contract, because the adjudicator is not able to verify and enforce the initial

allocation. This case become more tangible if one considers situations where parties have

to make some ex-post actions (rather than exchange quantities) and these actions are not

contractible or, similarly, situations where parties have to identify a quality profile rather

than a trading profile. To this extent, we can say that the initial contract (0, 0) generalizes

the moral hazard problem. Second, the null contract captures situations in which even if

the parties can contract on an initial allocation, the law does not permit or protect initial

contracts. This could be the case of, for example, antitrust rules that prevent parties from

writing any kind of preliminary agreements. Third, the null contract suggests that when

parties enter into any initial contract that is likely to be renegotiated, they determine the

relevant transfer by anticipating what could be the ex-post bargaining outcome without the

initial contract. In other terms, the utility parties expect to obtain under the ex-ante null

contract defines the parties’ participation constraint when they conclude an initial contract.

As outlined in the introduction, we apply the null contract case to two different scenarios.

First, we analyze the environment where the buyers’ investment decisions are made by a

representative on behalf of all the buyers. Second, we consider the more interesting case

where the buyers engage in individual transactions with the seller.

5.1 Coordinated Transactions

The representative of the buyers can take binding decisions for all the buyers. As noted

above, this makes the hold-up problem in common agency equivalent to the classical hold-up

problem where negotiation takes place in bilateral monopoly. In this game, once investment

decisions are taken and the state of nature materializes, parties enters into a bilateral bar-

gaining process over the total welfare that can be generated by the exchange of quantities.

The feasible bargaining set is, therefore, identified by the total welfare, W (q,θ,β, σ).

The bargaining solution concept we apply to this case, as well as in the rest of the paper,
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is the Nash bargaining solution. Under the Nash bargaining solution, ex-post welfare is

divided in accordance with the relevant bargaining power of the parties. We assume that

the relative bargaining power of the parties is exogenous. Then, we define α ∈ [0, 1] as the

bargaining power of each buyer, and 1 − α as the bargaining power of the seller when she

deals with each buyer. Accordingly, a simple way to represent the Nash bargaining solution

is to assume that the buyers can make a take-it-or-leave-it offer with probability α. By

complementarity, the seller makes a take-it-or-leave-it offer to each buyer with probability

(1− α).

Because the representative of the buyer can mandate transfer of wealth from one buyer

to the other, it is convenient to consider all the transfers in aggregate, i.e., T =
�N

i=1 Ti .

After nature realizes, parties enter into the allocation game. We define an offer as a

feasible allocation {T,Q}. In this context, any menu offered by the parties have active

cardinality equal to two, i.e., the null contract and the optimal contract. Whenever one

contracting party offers a menu with more than a contract, in fact, there is always a con-

tract that strictly dominates the other. In addition, offering a quantity that is not welfare

maximizing is never individually efficient. The following lemma, therefore, states that the

allocation problem in this case reduces to a bargaining over the transfers.

Lemma 1. For a given (θ,β, σ) ∈ N+1 × ΘN
i , any bargaining outcome implies that the

optimal aggregate quantity Q∗(θ,β, σ) is offered.

Proof. We prove that any party’s proposal lies on the Pareto frontier. Indeed, by the re-
source monotonicity property, each party’s share of the surplus is increasing with the welfare
generated by the transaction. For a given(θ,β, σ) ∈ N+1 × ΘN

i , we then define an offer
made by any party as the triplet {xS(Q), xB(Q), Q}, where xS(Q) ≥ 0 and xB(Q) ≥ 0 is the
partition of the surplus that is allocated, respectively, to the seller and the buyer. Let’s one
party propose {xS(Q̄), xB(Q̄), Q̄}, with Q̄ �= Q∗. We know from optimality that by offering
quantity Q∗, extra welfare equal to ∆W (Q∗, Q̄) = W (Q∗,θ,β, σ) −W (Q̄,θ,β, σ) > 0 can
be generated.

We also know that the parties’ bargaining set is bounded from above by the total welfare
attainable, which includes by optimality ∆W (Q∗, Q̄). Therefore, by trading Q∗, the new
partitions can be represented by, respectively, xS(Q∗) = xS(Q̄) + α × ∆W (Q∗, Q̄) and
xB(Q∗) = xB(Q̄) + (1 − α) × ∆W (Q∗, Q̄). Then, by non-satiation, xS(Q∗) �

S
xS(Q̄) and

xB(Q∗) �
B
xB(Q̄) hold.
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From lemma 1, when the buyers’ investment decisions are centralized, both the buyers

and the seller will reach ex-post efficiency. Specifically, the buyers and the seller will receive,

respectively: α×W (Q∗,θ,β, σ) and (1− α)×W (Q∗,θ,β, σ).

Ex-post efficiency, however, does not imply ex-ante efficiency. Indeed, anticipating that

they can only appropriate a portion of the welfare generated by the ex-post trading, the

parties underinvest.

The equilibrium levels of investments is determined by the following maximization prob-

lems:

max
β

�
α

ˆ
Θ

[W (Q∗,θ,β, σ)] dF −
N�

i=1

ψi(βi)

�
(7)

max
σ

�
(1− α)

ˆ
Θ

[W (Q∗,θ,β, σ)] dF − φs(σ)

�
, (8)

whose solutions are characterized by the following system of first-order conditions:

α× Eθ

�
∂vi(q∗i , θi, β

C
i )

∂βi

�
= ψ

�

i(β
C
i ) ∀i ∈ N (9)

− (1− α)× Eθ

�
∂C(Q∗, θs, σC)

∂σ

�
= φ

�

s(σ
C) (10)

As a result,
�
βC , σC

�
< (β∗, σ∗) holds. This is the classical hold-up problem under which

the existence of incomplete contracts leads to underinvestment.

5.2 Individual Transactions

Like in the case of coordinated transactions, we model bargaining in individual transactions

so that either the seller or the buyers can make an ex-post take-it-or-leave-it offer according

to their relevant bargaining power. In this case, however, the buyers cannot determine

their allocation cooperatively. Furthermore, the seller can exclude one or more buyers from

trading. If this happens, the seller may increase the level of trading with the non-excluded

buyers, who, in turn, may end up receiving a proportionally higher level of welfare. For this

simple reason, the existence of multiple buyers creates externalities: positive for the seller

and negative for the buyers. Indeed, the level of trading with any given buyer is affected by

the total amount the seller trades with the other buyers.
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As above, in order to determine the outcome of the investment game, we first consider

the allocation game. Parties try to mitigate the effect of the externalities by using menus. As

noted earlier, drawing on Bernheim and Whinston (1986) and Chiesa and Denicolò (2009),

we focus on pure strategy equilibria in the allocation game in order to determine backwardly

the equilibrium of the investment game.

We denote the total surplus that is generated when the seller trades with all the buyers

as W (Q(βi,β−i)), and the total surplus that is generated when the seller trades with all

the buyers except buyer i as W−i(Q−i(β−i)). The difference between the two values is the

marginal surplus generated by the transaction with buyer i, which can be represented as:

∆Wi(Q) = W (Q(βi,β−i))−W−i(Q−i(β−i)) (11)

In determining the ex-post equilibrium allocation, we first consider the case where each

buyer makes a take-it-or-leave-it offer to the seller (i.e., the bidding game) and, then, the

opposite case where the seller makes a take-it-or-leave-it offer to the buyers (i.e., the offer

game). The two sub-games are played with exogenous probabilities: α and 1−α, respectively.

In the bidding game, we draw on the results of of Bernheim and Whinston (1986) and

Bergermann and Välimäki (2003) on the truthful equilibrium, where each principal (i.e.,

buyer) in equilibrium cannot earn more than the surplus generated by his individual trans-

action with the agent. This result is stated in the next proposition.

Proposition 5.1. When buyers make a take-it-or-leave-it offer, the equilibrium level of trad-

ing is ex-post efficient and the transfer is such that each buyer gets his marginal contribution

to the social welfare. This implies that TBi = vi(q∗i )−∆Wi(Q∗) .

The result is proven in Bernheim and Whinston (1986) and Bergermann and Välimäki

(2003) (see pp. 41-42 ). The proof’s basic intuition is based on the properties of individual

excludability and bilateral efficiency. Individual excludability implies that in any equilibrium

the seller can exclude any buyer and still earn her equilibrium payoff. Applied to the case

under consideration, this means that, since the buyers are ex-ante identical, each buyer can

only appropriate the marginal surplus generated by his transaction with the seller. This is

given by (11). Under bilateral efficiency, given the equilibrium menu of contracts offered

by the other buyers, for buyer i joint profit maximization with the seller is equivalent to
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the maximization of his own profit. As a result, each buyer will propose a contract in the

menu that specifies the optimal trading. The equilibrium of this game is then truthful in

the sense that each buyer trades the optimal quantity and earns his marginal contribution

to the surplus.

The efficient equilibrium, however, is supportable only as long as the buyers leave rents to

the seller. Since the seller can exclude buyer i and trade more quantity with buyers −i and

her cost function is convex, the surplus generated by the transaction between the seller and

buyer i is the lowest at the margin. Hence, in equilibrium the seller always enjoys positive

externalities (in the form of bargaining rents). This result represents the main difference

between the case where the buyers’ investment decisions are decentralized or centralized. In

the latter case, in fact, no rents are left to the seller, since exclusion of one buyer implies

zero level of trading.

As compared to the solution of the bidding game, the solution of the offer game is more

straightforward.

Proposition 5.2. When the seller makes a take-it-or-leave-it offer, the equilibrium level of

trading is ex-post efficient and the transfer is such that the seller receives the entire surplus.

It means that T S
i (q

∗
i ) = vi(q∗i ).

The proof is immediate since there are no externalities arising from the allocation game.

Hence, the menu the seller proposes to each buyer has active cardinality equal to two: the

efficient contract and the null contract. Indeed, all the other feasible contracts are strictly

dominated by the efficient contract.

As a result in both sub-games, ex-post efficiency is always achieved. Hence, the expected

transfer the seller obtains in equilibrium from each buyer can be represented as:

T ∗
i (q

∗
i ) = vi(q

∗
i )− α×∆Wi(Q

∗). (12)

We can now represent the parties’ expected payoffs which arise in equilibrium. For each

buyer and the seller they are, respectively:

ΠBi = α×∆Wi(Q
∗) ∀i ∈ N, (13)
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Πs =

�
1−

N�

i=1

α

�
W (Q∗) +

N�

i=1

α×W−i(Q
∗
−i) (14)

Note that, in contrast to the case where the buyers’ investment decisions are centralized,

in this case the seller always receives positive payoff. In addition the seller’s equilibrium

payoff when the buyers engage in individual transactions is always higher than her equilib-

rium payoff when the buyers’ investment decisions are centralized. This result is stated in

the following lemma.

Lemma 2. 1. In any efficient equilibrium, where α > 0, the seller always gets bargaining

rents equal to:

Rs =
�
N ×W−i(Q

∗
−i)− (N − 1)×W (Q∗)

�
. (15)

2. The bargaining rents are increasing in the number of buyers.

Proof. The total payoff of the seller is given by equation (14). By subtracting
�

i(1− α)×
∆Wi(Q∗) from equation (14), Rs is obtained. Due to the concavity of the welfare function, we
obtain that N

N−1 > W (Q∗)
W−i(Q∗

−i)
. This proves that bargaining rents are always positive. Proving

that bargaining rents increase in the number of buyers requires that the following condition
be true:

W−i(Q∗
−i) +N ×

�
W (Q∗)−W−i(Q∗

−i)
�
−W (Q∗)− (N − 1)×

�
W+i(Q∗

+i)−W (Q∗)
�
> 0

2(N − 1)×W (Q∗)− (N − 1)×W−i(Q∗
−i)− (N − 1)×W+i(Q∗

+i) > 0, where W+i(Q∗
+i) is

the total surplus generated by (N + 1) buyers.
The result is proven since the last equation reduces to:�
W (Q∗)−W−i(Q∗

−i)
�
−
�
W+i(Q∗

+i)−W (Q∗)
�
> 0, which is true by the concavity of the

welfare function.

Now we can analyze the specific investment decisions. In the game, parties make in-

vestment decisions anticipating the ex-post allocation equilibrium. Hence, the problem is to

understand whether and to what extent bargaining externalities affect the parties’ investment

decisions.

The following two propositions state the results of Part 4.

Proposition 5.3. When the buyers engage in individual transactions with the seller, each

buyer underinvests. However, the level of underinvestment is the same as in the case where

the buyers’ investment decisions are centralized.
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Proof. Each buyer chooses the level of specific investment to optimize his expected profit.
Then:

max
βi

�
α

ˆ
Θ

[∆Wi(Q
∗)]dF − ψi(βi)]

�
∀i ∈ N. (16)

The equilibrium level of specific investments is therefore characterized by the following
first order condition:

α× Eθ

�
∂vi(q∗i )

∂βi
+

N�

j=1

∂q∗j
∂βi

�
∂vj(q∗j )

∂q∗j
− ∂C(Q∗)

∂q∗j

��
= ψ

�

i(βi) ∀i ∈ N. (17)

By the envelope theorem the latter equation reduces to:

α× Eθ

�
∂vi(q∗i , θi, β

e
i )

∂βi

�
= ψ

�

i(β
e
i ) ∀i ∈ N. (18)

A different equilibrium investment is obtained under the seller’s program. In the program,

the seller makes her decision so to maximize her expected payoff, which depends on her

bargaining power and the level of bargaining rents she is able to extract in equilibrium.

Hence the existence of bargaining rents makes the seller to invest more than in the case

where the buyers’ investment decisions are centralized. Additionally, the wedge of the seller’s

extra-investment is increasing in the bargaining rents she is able to extract.

Proposition 5.4. The seller will underinvest. However,

1. her level of underinvestment is less severe than when the buyers’ investment decisions

are centralized; and

2. ∀α > 0, her level of investment is increasing in the number of buyers.

Proof. The proof is constructed in three parts.
First, we solve the equilibrium level of investment.
The seller choses the level of specific investment which maximize her expected profits.

This means that:

max
σ

�ˆ
Θ

��
1−

N�

i=1

α

�
W (Q∗) +

N�

i=1

α×W−i(Q
∗
−i)

�
dF − φs(σ)

�
. (19)
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The first order condition gives:

N�

i=1

α× Eθ




�

j �=i

∂q∗j−{i}

∂σ
×




∂vj

�
q∗j−{i}

�

∂q∗j−{i}
−

∂C(Q∗
−i)

∂q∗j−{i}



−
∂C(Q∗

−i)

∂σ





−
�

N�

i=1

α− 1

�
× Eθ

�
N�

i=1

∂q∗i
∂σ

×
�
∂vi(q∗i )

∂q∗i
− ∂C(Q∗)

∂q∗i

�
− ∂C(Q∗)

∂σ

�
= φ

�

s(σ),

where
�
q∗j−{i}

�
is the optimal amount allocated to any buyer j �= i when buyer i is

excluded from trading. By the envelope theorem the latter expression reduces to:

−
N�

i=1

α× Eθ

�
∂C(Q∗

−i, θs, σ
e)

∂σ

�
+

�
N�

i=1

α− 1

�
× Eθ

�
∂C(Q∗, θs, σe)

∂σ

�
= φ

�

s(σ
e). (20)

Second, we show that the seller’s investment is always higher ijn the case where the
buyers’ investment decisions are decentralized than where they are centralized.

Note that by convexity of φs(·), the level of specific investment is higher than where the
buyers’ investment decisions are centralized as long as the LHS of equation (20) is higher
than the LHS of equation (10).

This means that:

−
�

i

α×
∂C(Q∗

−i)

∂σ
+

�
�

i

α− 1

�
× ∂C(Q∗)

∂σ
> − (1− α)× ∂C(Q∗)

∂σ

−N ×
∂C(Q∗

−i)

∂σ
+ (N − 1)× ∂C(Q∗)

∂σ
> 0.

The last condition can also be rewritten in integral form as:
ˆ (N−1)×Q∗

N×Q∗
−i

Cqσ(x)dx > 0.

Since Cqσ < 0 holds by Assumption 1 and N × Q∗
−i > (N − 1) × Q∗ holds by concavity

of the welfare function, the result is proven.
Third, we show that the level of specific investments is increasing with the number of

buyers.
We have to show that, ∀α, the LHS of equation (20) is increasing in N . This means

that:

−
∂C(Q∗

−i)

∂σ
−N ×

�
∂C(Q∗)

∂σ
−

∂C(Q∗
−i)

∂σ

�
+

∂C(Q∗)

∂σ
+ (N − 1)×

�
∂C(Q∗

+i)

∂σ
− ∂C(Q∗)

∂σ

�
> 0

−2× ∂C(Q∗)

∂σ
+

∂C(Q∗
−i)

∂σ
+

∂C(Q∗
+i)

∂σ
> 0.

The last condition can be also written as:
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ˆ Q∗
+i

Q∗
Cqσ(x)dx >

ˆ Q∗

Q∗
−i

Cqσ(x)dx.

Since Cqσ < 0 holds by Assumption 1 and 0 < Q∗
+i −Q∗ < Q∗ −Q∗

−i holds by concavity
of the welfare function, the last condition holds.

Remark 5.1. It is apparent that when the buyers’ bargaining power is such that α = 0 ∀i ∈

N , the seller’s level of specific investment is the first best. Additionally, when the buyers

engage in individual transactions with the seller, ∀α > 0 and for N approaching to infinity

the seller’s bargaining rents approximate to the whole surplus. This implies that the seller’s

level of specific investment approximates to the first-best also in this case.

Remark 5.2. When the buyers have linear utilities, there is no pure strategy equilibrium

in the investment game. Since the buyers are ex-ante equal, their expected marginal surplus

is zero. This follows from Assumption 4 and linearity. In particular, excludability suggests

that buyer i will have positive payoff only when his value function is the highest. The payoff

buyer i receives is equal to his valuation and the valuation of the second most efficient buyer.

However, if the two most efficient buyers have the same valuation of the good, their marginal

surplus is zero. Hence, because payoffs are discontinuous, there is no pure strategy in the

investment game.

From the above analysis, our result is that absent initial contracts, the total equilibrium

level of investments is higher when buyers engage in individual transactions with the seller,

although it still remains under the first best. What is the value of coordination, then? Our

suggestion is that coordination is relevant only from a distributive perspective, but it does

not imply an higher level of action from the coordinated parties. This casts a doubt on the

alleged efficiency of coordination consortium. While consortium are typically defended as a

means to reduce member firms’ transaction costs and, therefore, increase allocative efficiency,

the preliminary results obtained in our research would suggest that coordination consortium

can only improve distributive efficiency. In the next stage of this work, we purport to further

investigate this and other practical applications of the theoretical results we have obtained.

In the next section, we will consider the case where parties are able to make contractual

commitments before the realization of nature so as to verify wether the first-best level of

investments can be restored by contractual mechanisms.
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6 Contracts (T 0
i , q

0
i ) �= (0, 0)

In this part, we consider the case where parties conclude bilateral initial contracts à la

ADR at t0. We let each party (i.e., the buyers or the seller) propose (i) menu(s) of simple

contracts and (ii) an allocation of ex-post authority to the other party. In Part 4, we

showed that without initial contracts and under certain conditions, efficient allocations are

implementable. However, ex-ante efficiency is not achieved since parties are only partial

residual claimants of the surplus. Following the same logic as above, we first construct

the equilibrium investment when the buyers’ investment decisions are centralized and, then,

when they engage in individual transactions with the seller.

6.1 Coordinated Transactions

In this case, we assume that at t0 one contracting party (i.e., either the seller or the repre-

sentative of the buyers) can make a take-it-or-leave-it offer of an initial contract to the other

party, with probability that reflects the parties’ exogenous bargaining power. Without loss

of generality, we assume that the proposer at t0 is also the contracting party who will have

ex-post authority in the renegotiation stage. Therefore, the representative of the buyers will

be both the proposer of the initial contract and have ex-post authority over the renegotiation

stage with probability α.

As in Part 4, we first consider the ex-post allocation game and, then, the ex-ante invest-

ment game. Since the buyers’ decisions are centralized, we deal with aggregate quantities

and transfers. We closely follow the ADR implementation mechanism, in which the parties

renegotiate the initial contract and trade the optimal quantity. Indeed, for a given level of

specific investment (β, σ) ∈ (N+1), the realization of uncertainty θ ∈ Θ uniquely deter-

mines the ex-post efficient level of trading Q∗(θ,β, σ). From Assumption 5, renegotiation of

the initial allocation always leads to ex-post efficiency. The ex-ante investment problem is

then solved by selecting the quantity that induces the receiver (or fixed claimant) to invest

optimally.

This result is summarized in the following proposition.

Proposition 6.1. The ex-ante efficient level of investment is achieved when the proposer

offers the initial allocation (T̂ 0, Q̂0), where Q̂0 is the aggregate quantity which induces the
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receiver to invest optimally and T̂ 0 is the expected aggregate transfer that gives the buyers

their reservation utility.

Proof. This proof has the same structure as in ADR. We consider the case where the seller
is the proposer.

For a given initial allocation (T 0, Q0), the buyers’ level of investment is determined by
the following maximization problem:

max
β

ˆ
Θ

�
V (Q0,θ,β)− T 0

�
dF (θ)−

N�

i=1

ψi(βi), (21)

where V (Q0,θ,β) is the aggregate value function of the buyers.
It is possible to define an application βe(Q0) which maps the initial quantity in the

equilibrium level of investments. We define the two arguments of the application that cor-
responds to the optimal investment when uncertainty realizes, respectively, as the upper
bound and the lower bound of the former application. By the intermediate value theorem,
there exists an initial allocation Q̂0 such that βe(Q̂0) = β∗.

The expected transfer T̂ 0 is chosen such that the buyers are indifferent between partici-
pating or not to the initial contract:

ˆ
Θ

�
V (Q̂0,θ,β∗)− T̂ 0

�
dF (θ)−

N�

i=1

ψi(β
∗
i ) = Eθ

�
ŪB

�
. (22)

where Eθ

�
ŪB

�
is the reservation utility of the buyers.

Finally, the seller’s problem reduces to the choice of the level of investment that in
expectation maximizes her renegotiation surplus. Since she is full residual claimant, she
chooses σe = σ∗.

Remark 6.1. The expected initial transfer specified in the initial contract depends on the

exogenous bargaining power of the fixed claimant. When the buyers’ investment decisions are

centralized, their reservation utility is determined as the expected utility they would receive

by choosing the null contract. Therefore:

Eθ

�
ŪB

�
= α× Eθ

�
W (Q∗,θ, βC , σC)

�
−
�

i

ψi(β
C
i ). (23)

By substituting (23) into (22), we obtain:

T̂ 0(α) = Eθ

�
V (Q̂0,θ,β∗)− α×

�
V (Q∗,θ,βC)− C

�
Q∗, θs, σ

C
���

−
N�

i=1

�
ψ(β∗

i )− ψ(βC
i )

�
.

(24)
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Hence, T̂ 0(α) identifies the equilibrium transfer of the initial contract.6

6.2 Individual Transactions

As in Part 4, since the seller and the buyers can make a take-it-or-leave-it offer with some

exogenous probability, we consider two different games: the offer game (i.e., when the seller

is offering) and the bidding game (i.e., when the buyers are offering).

In contrast with the case where the buyers’ investment decisions are centralized, here

each buyer and the seller individually (i) conclude an initial contract that can be unilaterally

enforced; and (ii) renegotiate the initial contract after the realization of nature. As in ADR,

we consider the investment decision of the fixed claimant(s) to be a function of the trade

profile specified in the initial contract(s). Conversely, the investment decision of the residual

claimant depends on the level of ex-post renegotiation surplus she is able to extract.

6.2.1 Offer Game

At t0, the seller proposes a menu of initial allocations M0
i to buyer i and retain the ex-post

right to make a take-it-or-leave-it-offer. Buyer i accepts the initial allocation if in expectation

he obtains the same level of utility that he would obtain without the initial commitment.

Therefore, any initial allocation composed by a transfer and an amount of trade m0 = (T 0, q0)

needs to satisfy the following participation constraint:

ˆ
Θ

�
vi(q

0
i , θi, βi)− T 0

i

�
dF (θ)− ψi(βi) = θ[ŪBi ] i ∈ N. (25)

Similarly to the case of the null contract, also at the initial stage the seller will propose

two contracts. The following lemma defines the menus of initial contracts.

Lemma 3. The menu of initial allocations offered by the seller has active cardinality n (Γ0) =

2.

6
The reservation utility of the buyers depends on the equilibrium outcome that arises when the receiver

(i.e., the representative of the buyers) selects the null contract. Also note that, when α = 0, the equilibrium

transfer is equal to T̂ (0) = Eθ

�
V (Q̂0,θ,β∗)

�
−

�N
i=1

�
ψi(β∗

i )− ψi(βC
i )

�
. This means that in expectation

the buyers only receive the cost of specific investments.
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Proof. The menu of initial contracts is composed by the null contract (T 0
i , q

0
i ) = (0, 0) and

by the contract maximizing the expected utility of the seller. Denoting the latter contract
as m̂0

i , we have m̂0 = argmax θ(Us). Assume that the seller increases the cardinality of
the menu offered to buyer i, i.e., n (Γ0

i ) = 3. Under this menu, then, the seller proposes a
new allocation m̃0

i and keeps the cardinality of all the other menus n
�
Γ0
j

�
= 2 for j �= i.

However, if buyer i choses m̃0
i , the seller is worse-off since (m̃0

i , m̂
0
−i) �= argmax θ(Us).

When the buyers’ investment decisions are centralized, we have seen that it is optimal

for the seller to offer an initial contract where ∀i ∈ N the amount of initial trade is set

to q̂0i such that βe
i (q̂

0
i ) = β∗

i . Indeed, under Assumption 5, an increase in the valuation of

the good for the buyers implies a lower cost of production for the seller. Therefore, there

always exists a Pareto improvement in increasing the level of trading. Conversely, when the

buyers’ investment decisions are decentralized, the agreement on the terms of renegotiation

occurs at the individual level. Therefore, aggregate co-monotonicity does not assure that

each buyer’s incentive will be aligned with the incentive of the seller in the renegotiation

stage. This reduces the renegotiation surplus for the seller. In particular, this problem may

arise when the valuation of buyer i increases since θi ≥ (θi), but ex-post efficiency mandates

the seller to trade a quantity lower than q0i . In this circumstance, to implement the optimal

trade profile the seller must leave part of the renegotiation surplus to buyer i. Then we can

introduce the following proposition.

Proposition 6.2. For the seller is not always individually efficient to offer the initial trade

profile that induces all the buyers to invest optimally.

Proof. The proof is by construction and it is developed in three steps. First, we characterize
the cardinality of the menus offered in the renegotiation stage; second, we characterize the
situation where the seller loses some of the renegotiation surplus in order to implement the
optimal trade profile; third, we construct and solve the seller’s program.

Following the same argument of lemma 3, the cardinality of the menus offered in the
renegotiation stage is n (Γ1

i ) = 2. Hence, the menus are represented by the initial allocation
and the allocation which implements the optimal ex-post trading. Precisely, the ex-post
allocation is such that, for a given (β, σ) ∈ (N+1)

+ and θ ∈ Θ, q∗ = argmaxW (q,θ,β, σ))
and T ∗

i = vi (q∗i , θi, βi)− vi (q0i , θi, βi) + T 0
i . The transfer is set so that all the buyers receive

the same utility they would obtain under the initial allocation.
We define by Θ ⊂ Θ the set of contingencies where buyer i has a high valuation of the

good and wants to trade more than the initial allocation, but efficiency requires to trade
less:

Θ := {θi ≥ (θi) : q
∗
i < q0i }. (26)

In this set of contingencies the renegotiation surplus the seller can extract from buyer i
is reduced by the following amount:
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ζi
�
βi(q

0
i )
�
= vi

�
q∗i (βi(q

0
i )), θi, βi(q

0
i )
�
− vi

�
q0i , θi, βi(q

0
i )
�
< 0. (27)

The problem of the seller is to choose the vector of initial allocations q0 that maximizes
her expected utility subject to the ex-post participation constraint for each buyer. Therefore,
the seller program is:

max
q0

θ

�
�

i

T ∗
i (q

0
i )− C(

�

i

q∗i (q
0
i ))

�
− φ(σ), (28)

subject to

T ∗
i (q

0
i ) = vi

�
q∗i (βi(q

0
i )), θi, βi(q

0
i )
�
− vi

�
q0i , θi, βi(q

0
i )
�
+ T 0

i ∀i ∈ N. (29)

Then, in setting the initial trade profile, the seller takes into account the opportunity cost
of implementing the optimal trade profile in the renegotiation stage. Indeed, this opportunity
cost is incurred by the seller with a non-zero probability. Therefore, the initial trade profile
is determined by7:

∂βi

∂q0i
× θ

�
∂vi(q∗i )

∂βi
+

∂ζi (βi(q0))

∂βi

�
= ψ

�
(βi)×

∂βi

∂q0i
∀i ∈ N. (30)

Condition (30) describes the trade-off that the seller faces when increasing the initial
trade profile. On the one hand, an increase in the initial trade is beneficial as it fosters
the buyers’ investments, which, in turn, makes the buyers’ valuation of the good higher.
This effect is represented by ∂vi(q∗i )

∂βi
. On the other hand, since individual co-monotonicity

fails, increasing the initial allocation may hurt the seller in situations where implementing
the optimal allocation requires her to give up some renegotiation surplus. This effect is
represented by ∂ζi(βi(q0i )

∂βi
, which is negative in Θ. Therefore, as long as Θ �= ∅, the seller may

set the initial trade profile such that buyer i does not invest optimally (i.e., q0 < q̂0 and
βe
i (q

0
i ) < β∗

i ). 8

Remark 6.2. Note that in this case the seller will invest optimally σe = σ∗. Indeed, once the

seller sets the initial amount of trade to maximize her expected utility, she is a constrained

residual claimant over the renegotiation surplus.
7
When buyer i chooses the optimal allocation and such a choice does not reduce the seller’s renegotiation

surplus, the optimal initial trade for buyer i is determined by the following condition:

θ

�
∂βi

∂q0i
× ∂q∗i

∂βi
×
�
∂vi(q∗i )

∂q∗i
− ∂C(Q∗)

∂q∗i

�
+

∂βi

∂q0i
× ∂vi(q∗i )

∂βi
− ∂vi(q0i )

∂βi
× ∂βi

∂q0i
− ∂vi(q0i )

∂q0i
+

∂T 0
i

∂q0i

�
.

By applying the envelope theorem and because
∂T 0

i

∂q0i
= ∂vi(q

0
i )

∂βi
× ∂βi

∂q0i
+ ∂vi(q

0
i )

∂q0i
− ψ

�
(βi)× ∂βi

∂q0i
, the previous

condition reduces to:
∂βi

∂q0i
× θ

�
∂vi(q

∗
i )

∂βi

�
= ψ

�
(βi)× ∂βi

∂q0i
∀i ∈ N.

8
Conversely, when Θ = ∅, the seller proposes the initial allocation so to induce the optimal level of

investment: q0i = q̂0i such that βe
i (q̂

0
i ) = β∗

i .
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Remark 6.3. The measure of Θ reduces in πi. When the level of uncertainty of the seller

and buyer i is highly correlated, the probability that buyer i has high valuation of the good and

the seller has high cost of production is low. Therefore, high realization of buyer i followed

by a reduction of trade is not likely to happen. Indeed, when individual co-monotonicity

increases, the probability in Θ has a lower mass. As a result, the initial trade profile the

seller offers to buyer i is an increasing function of the level of correlation q0i (πi). In the

extreme case, where there is only one buyer, the set Θ has zero mass. Indeed, in this case,

there always exists mutual agreement on the ex-post level of trading.9

Remark 6.4. Observe that there always is a minimum positive investment undertaken by

the buyers. When (T 0
i , q

0
i ) = (0, 0) holds, we have seen that the buyers undertake a positive

level of investment βe
i > 0. However, it might still be beneficial for the seller to offer an

initial allocation inducing βe
i (q

0
i ) < βe

i . The reason for this is that the existence of an initial

contract serves as an insurance for the seller, since she obtains ex-post authority to make a

take-it-or-leave-it offer.

6.2.2 Bidding Game

Here we consider the case where buyers make a take-it-or-leave-it offer to the seller. In order

to determine the equilibrium of investments, we proceed again by backward induction. We

first characterize the menus of contracts that the buyers offer in the renegotiation stage,

assuming that buyer i proposes the initial allocation m0
i = (T 0

i , q
0
i ). Given the profile of

menus M1 = (M1
1 ,M

1
2 , ...,M

1
N) ∈ ΓN that the buyers offer in the renegotiation stage, a

strategy for the seller is a function m(M1) : ΓN → (R2
+)

N and a profile of contracts accepted

by the seller is defined by m = (m1,m2, ...,mN).

Like in the previous case, since individual co-monotonicity at the individual level is not

assured, there are circumstances under which some buyers have different trading preferences

than the seller. Hence, it is not possible for the buyers to extract all the renegotiation surplus

in the renegotiation stage. This, in turns, leads the buyers to underinvest. The result is given

by the following proposition.

Proposition 6.3. Given the profile of menus M1 offered in the renegotiation stage, the
9
This is, indeed, the co-monotonicity condition in ADR where: θ ≥ (θ) =⇒ q∗ ≥ q0 and θ < (θ) =⇒

q∗ < q0 .
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buyers are not always full residual claimants. Therefore, buyers underinvest.

Proof. The proof is by construction and it is developed in two stages. First, we identify the
set of contingencies where buyer i obtains zero renegotiation surplus and the renegotiation
surplus of the other buyers is reduced. Second, we set the buyers’ problem and determine
the equilibrium level of investments.

We define as Θ̃ ⊂ Θ the set of contingencies where buyer i is left with zero renegotiation
surplus:

Θ̃ ≡ {m = (m0
i ,m

∗
j)} ∀j �= i. (31)

Note that Θ̃ �= ∅ holds as long as there exists a profile of contracts m = (m0
i ,m

∗
j)

accepted by the seller. This occurs, for example, when the valuation of buyer i increases since
θi ≥ (θi), but ex-post efficiency mandates the seller to trade a quantity lower than q0i . In this
case, buyer i may be unable to propose an acceptable transfer to the seller, given the transfers
that are proposed to the seller by the other buyers. Therefore, in Θ̃ there is no optimal
contract offered by buyer i that is accepted by the seller, since the seller obtains higher payoff
by selecting the initial allocation: T 0

i +
�

j �=i T
∗
j −C(q0i +q∗

j) >
�

i T
∗
i −C(q∗). Anticipating

that the seller enforces the initial allocation proposed by buyer i, buyer j would propose
an allocation which is optimal given the enforcement of allocation m0

i : mj(m0
i ) = (T ∗∗

j , q∗∗j ).
Under these allocations, the seller gets T 0

i +
�

j �=i T
∗∗
j −C(q0i +q∗∗

j ) = T 0
i +

�
j �=i T

∗
j −C(q0i +q∗

j)
and buyer j obtains vj(q∗∗j , θj, βj)−T ∗∗

j > vj(q∗j , θj, βj)−T ∗
j . Since the seller is fixed claimant,

she obtains the same payoffs by choosing m = (m0
i ,m

∗
j) or m = (m0

i ,m
∗∗
j ), while buyer j

obtains a better payoff. Note, however, that buyer j would obtain a higher payoff if the seller
accepted the optimal allocations from all the buyers (i.e m = (m∗

i ,m
∗
j)), since by optimality:

vj(q∗∗j , θj, βj)− T ∗∗
j < vj(q∗j , θj, βj)− T ∗

j .
In what follows, we characterize the optimization problem for buyer i to determine his

level of investments.
The expected payoff of buyer i can be represented as:

max
βi

θ

�
vi(q

0
i (βi), θi, βi)− T 0

i +RS
�
− ψ(βi), (32)

where the renegotiation surplus RS = max {0, vi(q∗i (βi), θi, βi)− T ∗
i − vi(q0i (βi), θi, βi) + T 0

i }.
Note that RS is equal to zero whenever the seller prefers to enforce the initial allocation.
Conversely, whenever the seller accepts the renegotiated contract m∗

i = (T ∗
i , q

∗
i ) ∈ M1

i , buyer
i extracts renegotiation surplus. Therefore, we can define the ex-post loss in the renegotiation
surplus as:

τ(βi) = vi(q
0
i (βi), θi, βi)− T 0

i − vi(q
∗
i (βi), θi, βi) + T ∗

i < 0. (33)

The optimal investment level of buyer i is, then, determined by optimizing the buyer’s
expected payoff. Since buyer i gets zero renegotiation surplus in Θ̃, the following condition
determines his equilibrium level of investment:

θ

�
∂τ(βi)

∂βi
+

∂vi(q∗i )

∂βi

�
= ψ

�

i(βi)∀i ∈ N. (34)

Note that
�
∂τ(βi)
∂βi

�
is negative and occurs only in Θ̃. Therefore, buyer i is induced to

underinvest, since he is not full residual claimant. Note also that when the seller enforces
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the initial allocation proposed by buyer i, she creates an externality to the other buyers
as the renegotiation surplus attainable by each buyer is reduced. Such reduction can be
represented by τ(βj) = vj(q∗∗j (βj), θj, βj)−T ∗∗

j −vj(q∗j (βj), θj, βj)+T ∗
j < 0. As a result, since

also buyer j cannot appropriate all the renegotiation surplus, she is induced to underinvest:
βe
j < β∗.

Given proposition 5.3. above, we can attempt to analyze the seller’s level of investment.

To this end, we must characterize the menu of contracts that each buyer offers to the seller

at t0.

We have seen that in the renegotiation stage the equilibrium allocations may not be

truthful as the efficient level of trade is not implemented under all possible contingencies.

Since the buyers are not full residual claimants, they may not have the incentives to set the

initial level of trading so as to induce the seller to invest optimally. As a result, it may be the

case that, in the menus of initial allocations, the truthful trade profile (i.e the one leading

the seller to invest optimally) is not always included.

We will outline the reasoning underpinning the previous statement by characterizing the

initial allocation proposed by buyer i when he is full residual claimant. This determines an

upper bound of the initial trade profile. In particular, when buyer i is full residual claimant,

his problem is maxq0i θ [vi(q∗i (σ(Q
0), βi), θi, βi)− T ∗

i ] − ψ(βi) as long as the seller accepts

(i) the allocation proposed in the renegotiation stage
�

i T
∗
i − C(Q∗) =

�
i T

0
i − C(Q0),

and (ii) the initial contract θ [
�

i T
0
i − C(Q0)] − φ(σ) = θ[Ūs]. Since the investment of

the seller is a function of the aggregate initial trade profile σ(Q0), the first order condition

gives: θ

�
∂q∗i
∂σ × ∂σ

∂q0i
×

�
∂vi(q∗i )
∂q∗i

− ∂C(Q∗)
∂q∗i

�
− ∂C(Q∗)

∂σ × ∂σ
∂q0i

�
−ψ

�
(σ)× ∂σ

∂q0i
= 0. By the envelope

theorem it reduces to− θ

�
∂σ
∂q0i

× ∂C(Q∗)
∂σ

�
= ψ

�
(σ) × ∂σ

∂q0i
. When buyer i is not full residual

claimant, his problem, instead, is:maxq0i θ [vi(q0(βi), θi, βi)− T 0
i +RS]− ψ(βi).

Then, the first order condition of the problem gives: ∂vi(q0i )

∂q0i
− ∂C(Q0)

∂q0i
− ψ

�
(σ) × ∂σ

∂q0i
= 0.

Therefore, the initial trade profile is determined by:

θ

��
∂vi(q0i )

∂q0i
− ∂C(Q0)

∂q0i

�
1{RS=0} −

�
∂σ

∂q0i
× ∂C(Q∗)

∂σ

�
1{RS>0}

�
= ψ

�
(σ)× ∂σ

∂q0i

.

Since the first term in brackets is always lower than the second, also the seller is induced

to underinvest (i.e σe < σ∗).
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7 Preliminary Conclusions

In this work, we have made a first attempt at studying the hold-up problem in a common-

agency context with a monopolistic seller and multiple buyers. This framework captures

many real-world transactions that do not fall within the traditional bilateral monopoly

framework traditionally used to characterize hold-up in incomplete contracts.

We have considered four scenarios: no initial contract with and without buyers’ coordi-

nation, and simple contracts (à la ADR) with and without buyers’ coordination. We have

shown that when parties are not able to agree upon an initial commitment, underinvest-

ment arises in equilibrium. However, underinvestment is more severe when the buyers act

cooperatively through a coordinator. This is so because while cooperation among the buy-

ers does not increase the buyers’ investments, it dramatically reduces the common agent’s

investment.

This result suggests that when the negotiation of ex-ante contractual commitments is

costly, the rents that the common agent may extract in competitive common agency (i.e.,

when the buyers engage in individual negotiations with the common agent) are “beneficial”

since they enhance the common agent’s incentives to invest, other things being equal. As a

consequence, under this circumstance, any countervailing contractual, regulatory or judicial

measure aimed at contrasting the common agent bargaining power vis-à-vis the principals

will worsen total welfare, reducing the total level of specific investments. In other words,

when the buyers act competitively , underinvestment is mitigated because the rents the seller

can extract induces her to invest more. The optimal level of investment can be approximated

only in the ideal case in which the bargaining power is entirely allocated to the buyers and

the number of buyers is large enough.

Only when simple contracts à la ADR are feasible and cooperation among the buyers is

possible at negligible costs, these contracts can achieve the first best. That is, cooperative

common agency is preferable over competitive common agency when the negotiation of ex-

ante contractual commitments is feasible. Hence, in common agency contexts the relevance

of the hold up problem depends on the principals’ ability to coordinate and on the feasibility

of simple contracts. When coordination is costly and/or simple contracts are difficult to

establish, then it is optimal not to constrain the common agent bargaining power.
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