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Introduction.

In commenting on the low sensitivity of U. K. employment to cyclical
downturns during the years 1955-66, Harrod argued! that the
expectation of long-term full employment conditions had become
structural in those years. The post-second-world-war growth phase
provides a good historical example of optimistic long-term expectations
quite unaffected by short-term disturbances. Cyclical recoveries could
readily trigger cyclical booms in the prevailing economic climate of
those years.

If we consider the recent phase of slow growth in the western
sconomies following the 1973 oil shock, we observe that cyclical
recoveries have not led to booms in the face of far less optimistic
long-term expectations. One wonders whether cyclica.l fluctuations are
convincingly explained by the mechanism of Harrodian instability
during such ©periods of relative stagnation. Indeed, economic
fluctuations during prosperity phases seem to differ from those
prevailing in phases 6f stagnation not only on quantitative but also on
qualitative grounds.

This remark seems to be at variance with standard trade-cycle theories
in the "Keynesian" tradition, for the main part of investment behaviour
is exclusively explained by current results in these theories. The main
aim of this paper is to show how the qualitative difference referreed to
above is better understood if the influence of long-term expectations
on investment is explicitly introduced in trade-cycle theory. We
suggest that this influence acts primarily through the effect of long-
term expectations on the sensitivity of investment decisions to current

results.

8, Rarrod, fowards a Wew Bconomic Policy, Hanchester University Press, 1967,




1. Investment decisions in the real models of the busineas cycle.

1.1.

The term real models of the business cycle is used here to indicate the
dynamic theories of output anticipated by M. Kalecki's Essay on the
Theory of the Business Cycle published in Polish in 1933; these
theories abounded after the publication of Keynes’s General Theory up
to the mid fiftiea. The coupling of some version of the consumption
multipier with the idea that investment expenditure ias positively
related to the current activity level and/or growth rate plays an
essential role in all such theories; age and simplicity notwithstanding,
they are still in the focus of modern economists engaged in
macrodynamic theory along Keynesian lines.

In the present paper this group of models will be examined from a
particular viewpoint. - We shall overlook the sharp and obvious
differences existing among them and concentrate on a single common
feature relating to their attitude towards investment decisions and the
consequences of this attitude. This is not to say, ofl course, that the
models concerned have similar investment functions: for example some
of them, such as Harrod’s and Hicks’s incorporate the acceleration
principle, while others do not.

The common feature stressed here is that investment activity is
divided into two parts that are governed by two different sets of
expectations. One set is relatively independent of current activity
levels and is either considered as exogenous, or as a slowly changing
function of time, which may be influenced by the past history of the
system. The other set of expectations is exclusively related to
currently observed results concerning profits and/or output, given
available capacity.

The above dichotomy, which is reflected by the distinction between
autonomous and induced investment, is open to objections, some of
which were clearly recognized at the time when the first conclusions
from the fast growing literature on the real trade cycle models were
being drawn. Harrod, in particular, was inclined to stress that the
distinction was more a matter of degree than of kind, in the sense that

investment expenditures, that could be safely deemed as independent of
current income, would not presumably be unaffected by a long
depression. He insisted that though "in a sufficiently short period all
investment is autonomous', no investment expenditure is independent
of output when the latter is measured over a sufficiently long time
interval3.

Harrod’s remarks, as well other remarks made in the same period,
aimed more at qualifying the notion of autonomous investment than at
casting doubts on the adequacy of the twin-notion of induced
investment; still, important doubts can be raised, and were raigsed e. g.
by Keynesd, on the ground that the high sensitivity of large
components of investment expenditure to current results is exaggerated
to the point of explaining such expenditures exclusively in terms of
these results. If we confine our attention to output expectations (which
are most relevant in the case of induced investments) the above
critique can be interpreted in the sense that attention is only payed to
expectations regarding the immediate future, as determined by current
results; output expectations regarding the more distant future are

completely ignored, presumably in view of their strong uncertaintys.

2, Narrod, "Notes on Trade Cycle Theory®, The Economic Jourmal, Jume 1351, p.267,
Wor ig the validity of Harrod's resark necessarily related to differences in durability, Congider
for exanple autonomoug investment typically related  technical progress; for any given flow of new
ideag, the flow of such investment expenditures must besr some relation to the size of the econony,
ag neasured particulaely by the size of its capital stock; snd capital stock ig affected by output
in the long-run, The point has inportant implications and will be taken up again.

4], W, Reynes, The Collected Writings of J. K. feynes, edited by D. B. Hoggridge and B. Johnson,
London, Macmillan, 1971 ff., vol.XIV, pp.182-1,

8[n so doing we abstract from price expectations (including the prices of inputs} and from
technological expectations (to be considered among the deterainants of aufonomous investaent}.

othe following quotation lends support to this interpretation, at least as far ag Harrod is
concerned.

"You think [ am wrong in making investment a function of curreat growth only. Granted. Suppose
only half were governed by current growth, the rest by long period planning. Hy theory is
substantially intsot, It remains true that the growth of consuaption cannot glow down without
producing & great recession; but in thig case the recession would only have o be such as to reduce
savings to half their usual level, Personaily I believe by far the greater part of investment rests
on an imaediste prospect of an incresse of demand. People do not build new factories for use some
years hence nor houses that will resain unwsnted, Why should they? They increase equipaent af the
last fessible moment to save interest. Morcover if you try looking more than a year or 5o ahead
everything becomes so violently uncertain.® B, Harred, letter to J. M. Heynes, in J. H. Heynes, fhe
Collected, op. cit., p.176-6. This paseage was brought to my attention by an unpublighed paper of
prof. lleinz Rurz, One may observe, in passing, that farrod's arguaent rests on the implicit
sesumption that autonomous investment bas & sufficient degree of persistence over time. B
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hould be noticed that if we introduce these expectations into the
It shou

lysis also the usual notion of autonomous investment must be
ana

modified. The
innovation expenditure) bearing little or no relation to

existence of components of investment expenditure

(typically,
urrent levels of activity and rates of capacity utilization, by no means

:mplies that such expenditures bear no relation with output
expectations in general.

For the above reasons the definitions of autonomous and induced
investment used in the present paper are more general than the usual
ones. The label autonomous investment is used here to indicate a flow
of expenditure which is independent of current rates of capacity
utilization; by contrast, induced investment is responsive to current

{output) results.

1.2.

In the real trade cycle models we are concerned with induced
investment depends on current results and nothing, else. This gives
rise to a misleading alternative choice between dynamically stable or
unstable types of adjustment between output and capacity. The choice
for parameter values leading to dynamic instability, suitably
supplemented with the introduction of floors and ceilings and/or of
non-linearities, brings about what is here called the "automatic"
character of the trade cycle. As long as fixed capital assets are of
finite duration, and there are lower barriers to the fall of consumption
and investment during depression, a recovery phase will necessarily
follow a recession phase. ’

From this point of view, the difficulty lies not so much in explaining
the lower turning point as such, but, as R. Goodwin insists, in
explaining why the phase of depression is usually not as long as
implied by the above mechanism. The problem is all the more evident

with reference to long periode of sustained growth, when the troughs

sufficient degree of persistence we mean that the observed volatility in the flow of automomous
investaent erpenditure must be congistent with the idea that current realised resuits can be taken as
a reliable guide to tbe near future. If this were not the case, erpectations forsulated on the basis
of current regults would be systematically disappointed by the effects of volatile sutonomous
expenditure on demand levels over the near future.

of the cycle may become short intervals in which the process of
expansion loses momentum. The solution is to be found, in Goodwin’s
opinion, in the expendiditure for innovation in the guise of autonomous
inveatment. According to this view, long periods of sustained growth
tend to be associated with the upswings of technology-driven
Schumpeterian long waves.

Although this Keynes and Schumpeter "marriage" may have its
difficulties, some recently discussed by the present author?,
expenditure for innovation is probably an important part of ‘the answer
to the problem. Still, the fact that a positive level of innovation
expenditure is consistent with widespread excess capacity in the
existing lines of production should not be confused with the idea that
the level of innovation expenditure is independent of expected future
demand generally. Our definition of "autonomous" as "independent of
current output" rather than "independent of output", allows for an
influence of long-term output expectations on innovation expenditure.
This is consistent, in a framework in which long-term expectations are
assumed -as we shall do below- to be quite unresponsive to current
output results. ’

A second difffculty in the application of trade-cycle theory to the
analysis of long-period growth can be seen as symmetrical with respect
to the one just outlined. Consider a long-period of relative stagnation
in output and employment. Since stagnation is long-lasting, capacity
has time to adjust to the level of output in most branches of
production; the "automatic" character of the business cycle would then
lead us to conjecture that the economy will soon experience a cyclical
boom. Indeed, the automatic business cycle suggests that dynamic
behaviour does not undergo important qualitative modifications during
long-periods of fast growth as compared to long-periods of stagnation.
The former would be those in which, thanks to the stimulus of
autonomous investment, depressions are shorter and milder, while
booms are longer and stronger; the trade cycle however would be at
work in the latter as well as in the former.

The above feature seems to be at variance with economic "facts". One

may ask, for example, why there appears to be no convincing evidence

7f. . Caminati, "Technical Innovations, Life of Bquipment and Bffective Demand®, Political
Econoay, vol.2, n.2, 1988,




for prosperity phases that could be intepreted as trade-cycle booms
during the last fifteen years. Though we had instances of incipient
they did not lead to a proper take off; in other words, the

recoveries,
d downs of economic activity in the last two decades can hardly

::8 ::plained by the mechanism of Harrodian instability. If this
occurrence is not merely accidental, it would seem that the "automatic”
business cycle does not show up during long-period stagnations. In
the present paper it is suggested that the above difficulty can be
overcome by 8pecifying the state of long-term expectations which

determines the sensitivity of economic decisions to current results.
2. Endogenous cyclical growth with given long period expectations.

2.1.

As has been argued, the real models of the business cycle consider
the investment decisions influenced by current rex.alized results as
being completely independent of factors not liable to be reduced to
short term realized conditions. As Keynes observed, they come to
depend on current realized results and nothing else.

In what follows we shall reverse this perspective and assume that
long-term expectations are exogenously given. In so doing, we are
probably going too far since long-term expectations are more ;:ften
updated in the light of current experience. For this reason the above
assumption will be qualified in due course. Qur aim here is to
emphasize the following related pointa:

(a) The sensitivity of investment decisions to current results cannot be
convincingly specified without referring to a state of long-term
expectations.

(b) It follows from (a) that long-term expectations have a definite
influence on cyclical behaviour and long-run economic performance;
more generally, the existence of persistent cycles is conditional on
particular states of long-term expectations.

Statement (b) is proven here only in relation to a particular dynamic

model, which borrows most of its basic formal structure from Kaldor’s

1940 trade cycle model®. The following section deals with proposition
(a); section 2.3 presents the formal model exhibiting properties (b);
these properties and the methodological underpinnings of the model are
informally discussed in the final section of part 2.. Part 3. contains an

outline of the main mathematical proofs.

2.2.

The shape of the investment function proposed by Kaldor in his 1940
trade-cycle model was later interpreted by him in terms of volatility of
expectations triggered by current results®. A cyclical endogenous
dynamics for overall capital stock and output is obtained by Kaldor in
this model.
relatively constant long-term expectations may seem, at first sight,

rather dubious. In the attempt to clarify this point, it is probably best

That a cyclical dynamics can also be obtained for

to start with a few definitions and assumptions.
With the term "investment plan" we refer below to a time oriented
schedule of investment decisions made by a single firm. Each
investment plan i available to firm j generates a time path of total
returns Rij(t), which is in general unknown to the firm concerned. If
Sj is the set of all investment plans available to firm j, let Rj be the
set of all functiona'Rij(t), when i belongs to Sj.

With these definitions in mind, one can say that the influence of
current results on investment decisions must depend on the extent to
which they are allowed to influence the functions Rij(t), and thus the
ordering on each Sj.

It is generally agreed that the current states of capacity and output

8. Kaldor, "A Hodel of the Trade Cycle®, The Bconomic Journal, vol. L, 1940, pp.78-9Z. The basic
nathematical structare of Haldor's mode! has been quite thoroughly investigated in the literature;
ef. in particular §. Ichimura, "Toward a Gemera! Nonlinear Macrodynamic Theory of Bconoaic
Fluctustions", in £. §. Hurihara (ed.}, Post-feynesian Bconomics, London, Allen & Unwin, 1954; ¥. V.
Chang and D, J. Sayth, *The Bristence of Cyeles in a Non-linear Hodel: Kaldor's 1940 Hodel
Beeramined”, Beview of Bconomic Studies, vol. 38, 1971, pp. 37-44; H. B, Varian, "Catastrophe Theory
and the Business Cycle®, Bcomomic [nquiry, 1979, pp. 14-28; F. Cugmo and L. Hontrucchio, *Stability
and [nstability in a Two Dimensional Dynamical 9ystem: A Hathematical Approach to Ealdor's Theory of
the frade Cyele”, in G.P. Szego (ed.), New Quantitative Pechniques for Econoaic Analysis, New York,
Acadenic Press, 1982,

of, Haldor, 'The Belation of Bconomic Growth and Cyclical Fluctuations®, The Bconomic Journal,
vol. LIIV, n. 253, pp. §3-11L.
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o likely to affect the ordering on Sj, in a8 far as they are bound to
ar

affect at least the initial p
are time-consuming and are characterized by

art of some relevant Rij(t). Since most
economic activities
important elements of continuity, the observed rate of change of
economic variables tends to be constrained within relatively narrow
bounds. This implies that the current state of output must affect
investment decisions even if entrepreneurs do not take the present as
a guide to the distant future; the approach followed here separates the
influence of current results on expectatons regarding the immediate
future from the further influence they may exert on long-term
expectations in general.

To make this simple idea more precise, let us assume a world of rigid
prices, where monetary policy intervention holds the rate of interest
constant. The firm planning horizon [0,T] is divided into two parts, the
immediate future and the distant future. The two intervals are sao
defined that the following conditions!® hold true:

(i} The sensitivity of output expectations (expectations at time t=0
about output to be produced at any date in the interval) to changes in
current output and their total sensitivity to simultaneous changes in
other determinants of expectations are of comparablel ‘size only in so
far as the immediate future is concerned.

(ii) In addition, the ratio between the sensitivity of output expectations
concer_ning the distant future to changes in current output, and the
same sensitivity concerning expectations about the immediate future is,
by assumption, sufficiently small. This assumption reflects the idea that
when relinble exogenous information about the diastant future is
available, current output affects only very slowly, if at all, long-term
output expectations, so that these can be taken as given exogenously,
at least in a short-runi! analysisz,

' 10Tn  mathenatical terms, let qeyt) te(0,T) be the ontput firm j expects - i -

willing to produce over its plaaning horizon of length 1, p(1urrent Jout:ut t:;(oalt ﬁ::en(iwayt: ::
thought of 88 an argunent of each of the -assumedly differentiable- expectation functions
qe;(lf):'g‘(), with te(0,7). (Notice that the ge()'s needn’t have the game arguaents.) The two above
cond}twns can be erpressed ag follows. There erists ty)0 smeh that the abgolute value of the
pnrl.:ul'denvati_ve dge()/dqs(0} is of comparable size relative to the Ruclidiam nors of the total
derivative l?gg if 0Ct¢ty, There erists todty s.t., if to(t(T, then [dn[].-‘dq;[ﬂ”"ii-aufficiently
saall relative to JD(.] and also relative to ]d(c(l!dq;[[lll. where t(ts, The function qeyft)
telto,T] iz defined as the long-tera expectation hy firs j, :

Lere the term short run does mot refer to the Narshalliam short run, although, like the latter,

. _

Output expectations concerning the distant future (output one expects
to be willing to produce over the distant future in the absence of
capacity constraints) are defined here as ‘'long-term (output)
expectations". Our definition contrasts with Keynes’s notion of a state
of long-term expectation, which refers to the psychological expectation
about the determinants of the prospective yields over the whole life of
an investment project. To stress the difference, we remark how
Keynes’s notion refers to the arguments of an expectation function
whose image is in yield space; the label long-term expectation refers
here to the image of an expectation function in output space.

Still, the crucial claim has not yet been justified, namely that
investment decisions may be highly responsive to current results even
if these results are not allowed to alter long-term expectations. We
cannot Bimply resort to Harrod’s extreme argument that the distant
future is so viclently uncertain'®, for, in the absence of any further
relevant information, one cannot see how the influence of current
results on long-term expectations could be negligible, as asaumed
before. We shall therefore adopt a less extreem, hopefully more realistic
point of wview. Current results are highly relevant‘to form reliable
expectations about the immediate future,but "they are only slightly
relevant where long-term expectations are concerned. When other
gubjectively-more-relevant sources of information about the distant
future are available, the influence of current results on long-term
expectations becomes negligible. Nonetheless, expectations about the
immediate future are definitely more reliable than expectations about
the distant future. This implies that, quite independently of and in
addition to discounting, returns Rj(t) concerning the immediate future

have a relatively larger weight in the choice of the profitable

it can not be identified with a definite interval of calendar time. It is defined only in teras of
the relative reaction speed of the variables involved.

120onditions under which the separation of the short-run from the long-run dynanics does not lead
to serious mistakes can be rigorously expressed in the case of linear dynamic models. Cf. H. A, Simen
and A, Ando, "Aggregation of Variables in Dynamic Systems®, Bconometrics, vol. 29, April 1961, where
the bebaviour through time of nmearly-decomporable linear systems is [irst interpreted in terms of
ghort run and lomg run. The above separation is also fessible under conditions regarding the
parameter matrix that are less stringent than thoge indicated by Simon and Ando; see L. Boggio, “The
Stability of Production Prices in a Hodel of General [nterdependence®, where such conditions are used

for local stability analysis within a non-linear model.

135ee ghove, footnote 6.




investment plan S#(t) than returns concerning the more distant
future. Thus, with given long-term expectations, the chosen S%;(t)
shows a concentration of investment projects in the very early phase
of the planning period if current activity levels are high (in
accordance with the well known rule of harvesting till the sun shines),
and a i)ostponement of investment projects if current activity levels
are relatively low. In this way, the current rate of accumulation can be
well above or below the expected rate of long-term growth. Still, and
here is a crucial point, the expected rate of long-term growth (if used
as a proxy for long-term expectations) contributes to determine the
current rate of accumulation, and the divergence between the two
cannot grow indefinitely. The implication is that within the present
economic scenario the smensitivity of current investment decisions to
current results is conditional upon the given state of long-term
expectations. '

The approach followed is not 8o inaccurate whenever long-term
expectations are rooted in some confidently relied upon exogenous
knowledge or belief. This means here that individuals think they have
reliable information about the likely values of the variables that are
more relevant, in their view, to form long-term (output) ex_pectationa.
Current results (concerning output) are only slightly relevant in this
respect so that, although observable, they have in such conditions a
minor influence on long-term expectations.

The same approach runs into problems when economic agents become
lese confident in their exogenous knowledge or belief (in the sense
explained above), since in the presence of poor information about the
more relevant variablea, the less relevant ones, if known with
certainty, may come to play an important role. Long-term expectations
become more exposed to the influence of current results. It may be
worth it to add that such expectations would be barely reliable, even
to such an extent that they play little or even no role in investment
decigions. The less entrepreneurs trust their predictions about the
distant future, the more they must rely on myopic rules for decision
making, based on the expected returns over the early life of

investment projectsis. Eventually, as Harrod insisted with Keynes, they

10f. B. C. 0. Hatthews, The Trade Cyele, Disgwell Place, J.Nisbet, Cambridge, Canbridge
University Press, 1959, pp.i4-5.
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come to make their investment decisions in the light of reliable
expectations about the immediate future (based on current results) and
nothing else.

To sum up, current results, together with the exogenously given long-
term expectations induce an ordering on S; for all j, and determine the
choice of an optimal S%(t) for all j. We shall only be concerned with
the aggregate expression of the above relationships; moreover we are
not so much interested in specifying the desired aggregate investment
plan S%(t) over the whole planning period, but rather in current
aggregate investment (namely, S¥(0)). As a further simplification, the
expected average growth rate (x) over the distant future will be

assumed to synthesize the state of long-term expectations.

2.3.

The demand for investment goods comes from investment decisions A,
which are independent of current output, and from decisions induced
by the state of output and capacity. As we shall see, both decisions

also depend upon the state of long-term expectations x. Thus we have,
(1) I=I(Y, K, n)+A, with I'y>0, I'z<0, I'x>0.

As is well known, the influence of activity levels and of capital stocks
on the demand for investment is interpreted by Kaldor in terms of the
incentive to invest determined by current profits. The non linearity of
his investment function I=I{X,X), where activity levels are measured in
terms of employment (X) rather than income, is explained as follows.
When activity levels are low with respect to the capital stock a rise in
activity and hence in profits has a small impact on investment because
of undesired excess capacity. The same is true when activity levels are
very high, since increasing construction and borrowing costs imply
that profits do not rise in line with activity!s. The rising construction

costs are to be explained with the declining marginal productivity of

15fhe incressing difficulty met by entrepreeurs in obtaining credit.is also uen'tioneq by Knl.do;
in this context; this, however, seems to have more to do with realized investaent than with desire

{ex-ante) investaent.

11




labour in the face of short-run capacity constraints. The interpretation
of the upper non linearity of Ealdor’s investment function in terms of
construction costs seems to require one of the following assumptions
(or a mix of them)!s. Smooth substitutability between capital and labour
with constant commodity prices and wages; capacity constraints are
more stringent in the capital-goods industries, and a smooth relative
increase in the price of capital goods occurs as activity levels keep
rising beyond certain llevela (capacity constraints must -here curb
desired rather than realized investment).

Turning now to our measure of activity levels in terms of output, it is
eagy to see how an alternative interpretation of Kaldor’s investment
function can be given in terms of demand rather than profits, which
amounts to adopting a non-linear stock-adjustment principle. Although
we assumed constant prices, wages and a constant interest rate, we
can avoid placing great emphasis on smooth substitutability (between
capital and labour) in order to find solid grounds for the declining
influence of output on investment at high activity levels (for a given
capital stock). This is easily achieved if we consider the influence on
investment decisions of non-linear borrowing costs, associated with
Kalecki’s principle of increasing riski7. '

Aside from these amendments and additions, investment function (1)
differs from Kaldor’s in one essential respect: the existence of one
more independent variable, namely, . As long as we hold x fixed, we
can formalize the above properties assuming that I() is twice
continuously differentiable and that I’y first increases and then
decreases in Y, for a given K. Things get more complicated if we allow
for parametric changes in #, since our main point is that I'y depends
on xn; but, again, this relationship is non-linear, as is argued below.

Let us consider how I”yx changes with parametric increamses of n at
given levels of Y and K (see fig. 1). If the given Y ism sufficiently low
I”yx>0 no matter how high the level of x is. The idea here is that with

16the strese on increasing congtruction costs raises a further complication within Kaldor's
model; labour productivity and profits must increase (at given prices), as the capital stock
gradually increases when the systea iz in short-run stable effective-demsnd equilibrinm at high
levels of activity, Yaldor's implicit agsumption ig that the above positive effect of amccumulation on
investnent is not sufficient to counteract the negative effect due to productive capacity rising
faster than output and profits.

17, Halecki, "the Principle of Increasing Risk", Bcomomica, 1937,
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very unfavourable current results, the current rate of accumulation is
always below the level at which the upper constraints imposed by
capacity and increasing risk!® start to bite. This is related to the
postponement of investment projects alluded to in the previous section.
At higher levels of Y we still have, initially (i. e. for low =), I'’vx>0,
but for a sufficiently large x, investment demand is eventually pushed
up into theé region where the above-mentioned upper constaints
increasingly bite, so that I"yx<0. We now observe that the grounds for
the upper non-linearity of the function I(Y,K,x), for given K and =, are
quite different depending on the level of x. For a sufficiently high =«
the sensitivity of investment demand to increases in output (i, e. I'y)
is eventually curbed -as Y increases- only by borrowing and
construction costs. For lower levels of x (i. e. for less optimistic long-
term expectations), instead, I'y is eventually curbed by the increasing
divergence between the current rate of accumulation I/K and the
expected rate of long-term growth =. This constraint acts -at such
lower levels of n~ before the other upper constraints (borrowing and
construction costs) start to bite;' the lower x, the lower the level of Y
at which the divergence between current growth and expected long-
term growth is felt in its effects on I.

As suggested above, the distinction between fast and slow variables
allows us to carry out the analysis for an exogenously given level of

x; thus % is delt with, in what follows, as a parameter. In this case

expression (1) boils down to
(1.b) I=xI(Y, K)+A, with £I'v>0, xI'x<0;

to simplify our notation we shall often omit parameter =, unless it is
strictly necessary.

From the view-point of economic interpretation, the main difference
between (1.b) and Kaldor’s investment function is as follows. While the
demand for investment is postively affected by the level of output at a
given capacity, the non-linearity of this relationship is not necessarily
explained by rising excess cepacity (on the one hand) or by increasing

borrowing and construction costs (on the other). A further cause for

18Ye avoid reference to changes in the rate of interest, on the assuaption of an accomodating
sonetary policy.

13




the non-linearity of the investment function, which possibly acts before
the other one does, is that entrepreneurs must be reluctant to
undertake rates of accumulation I/K that happen to be more and more

at variance with the expected long~term growth =.

At the given and constant price structure, aggregate output Y results
from the production of investment goods I and from the production of
consumption goods Co; this yields the definition Y=Cotla.

By following a clear-cut Keynesian view of the relationship between
savings and investment, we assume here that investment decisions are
always realized, or, as Kaldor puts it, that ex post saving is adjusgted

to ex ante investment, this is formalized as

(2) Io=I

Assuming a constant rate of exponential depreciation § we obtain
(3) K=I-6K.

Kaldor’s savings function ie now introduced, where savings depend
positively on income levels, and negatively upon the level of capital
stock!9,

(4) S=S(Y, K) S’r»0 §5'x<0.

Desired savings are always strictly lower than income and increase
with the latter without (upper) bounds; taking also into account the
upper non-linearity of the investment function I(Y, K, x), for given K
and xn, we are led to formulate the following plausible Kaldorian

assumption.

(5) Whatever the level of autonomous investment, savings are lower

(higher) than investment if gross-output is sufficiently small2® (large).

19The idea is that real wealth has a positive influence on consumption.
209ecall that, by definition, gross output cannot be lower than autonosous investament.
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If, following Cugno and Montrucchio?, we assume that I(Y,K) and
S(Y,K) are homogeneous in the first degree in Y and K, using (1) and
(4) we obtain I/K=xI(Y/K,1)+A/K, S/K=S(Y/K,1). For simplicity of notation
we define Co/K=x, A/K=z, Y/K=y, I(Y/K, 1)=1(y).

In the framework of the present paper the second Kaldorian assumption
on the savings and investment functions holds true if and only if
long-term expectations are sufficiently optimistic. Mathematically the

agsumption is expressed as follows.

(6) For each ndn* there exist unique real numbers y,y2, with 0<yi<y;
such that xI'y=S'y at y=y: and y=yz. Moreover I’y<S’y at y, if 0<y<y:
or y>y2, while the opposite holds true if yi<y<ya.

For given K and n the above assumption defines an intermediate region
of activity levels (Y) where the (marginal) propensity to invest is
higher than the (marginal) propensity to' save. If savings equal
investment at a point in this region, this equality can be preserved,
after a small increase in activity, only through a simultaneous fall in
autonomous investment. To make sure that this fall ?vill suffice to do

the job, we assume the following.

(7) Let y1 and yz be the output/capital ratios defined in (6) for a
given nd>nt. Then there exists 210 sufficiently small 8. t. S(y)>I(y)+z

for yi<y<y:, if 0<z<z.

Although the responsiveness of induced investment to current demand
depends on long-term expectations, an adequate level of current
demand is still a necessary condition to obtain positive induced
investment. Thus, whenever activity levels in the consumer-goods
industries are infinitely small with respect to the overall capital stock,
the existence of a positive flow of investment is conditional upon the

existence of a positive flow of autonomous investment. This is

formalized as

(8) If x=0, then I(y)+2>0 if and only if z>0.

210f, P, Cugno and L. Hontrucchio,®Stability..." op. cit..
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Using the definition of Y together with (2), and recalling that I'y<1, we

can define the investment/capital ratio as a function of x and z32:
(9) I/K=xi(x, z) =xi'x>0 «xi’s>0.

Likewise, also taking into account (9),

(10) S/K=S(xi(x, z)+x, 1),

which allows us to define the function xa8() as:

(11) S/K=x8(x, z) =800 x8’5>0.

When the demand for consumer goods C=Y-S differs from the
production Co, consumers claims are disappointed; this drives
producers to change the degree of capacity utilization, since they do
not adjust their capital stock as fast as they adjust their output.
Indeed, in accordance with the Marshallian distinctign between short
run and long run, changes in the output of consumer goods induced
by demand take place faster than the capital stock is allowed to
change as a result of current investment. Thus Co¢/K increases, remains
constant or decreases over time, depending on whether C is larger
than, equal to, or lower than Co. Following ‘Cugno and Montrucchio?’,

this is formalized as:
(12) (dCo/dt)/C - (dE/dt)/K = p(C/K - Co/K),
where 1 i8 a positive parameter.

So far nothing has been said about autonomous investment A. By

definition the level of A is not decided with reference to current

22)ging the definition of Y together with {2}, we can defime the functions g: B4-)R+ and bt
B3.-)R+ such that g(y)=y-I{y}sxtz=h{x,z). Since I'y(l the function g-1 exists, and the composite
function g=3h is such that g-th(x,z}zy. The induced-investment function e: B3+-)B+ is such that
e(x,g)=g~h(x,z)-b(x,e)=0(xtztc(x,z}). It follows that c¢’x=c’s on B24. We can eventually define:
I/Bzni(x,2)=nc(x,c}ts, where #i'x0,  wi’20., It is easy to see that i’yee’xy and
i,z:c’z*l:i’x”.

33Cf, F. Cugno and L. Montrucchio, "Jtability..

op. cit., p.267,
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output levels, or to current changes in output, in so far as it iz not
directly affected by the current state of demand. Nevertheless it would
be highly unrealistic to assume that autonomous expenditures do not
bear any relation to the size of the economy as emphasized by M.
Kalecki and by J. Steindl after him24. Consider for example how the
decision regarding plant capacity for the production of some new
information technology would be influenced by the number and size of
its potential users. The problem here seems to be to identify a
macroeconomic variable related to the size of the economy in some
long-run sense. On the basis of the empirical finding that capital stock
is much less exposed to cyclical fluctuations than output, it could be
claimed that capital stock is after all an aﬁpropriate candidate.
Findings like the above should however be explained rather than
simply taken for granted by a model of cyclical growth. Indeed, some
trade-cycle models, and Kaldor’s 1940 model is among them, do not
produce that result and have been criticized for this inconsistency
with stylized facts. In a model like ours, where production decisions
are determined by demand only, but where investment decisions also
depend on prior expectations about long-~term prospects, there seems to
be good reason for entrepreneurs to believe that fluctuations in capital
stock will be less pronounced than fluctuations in output; thus, the
influence of K on autonomous expenditure A has some rational
foundation within our model. Still, autonomous investment is partly
exogenous, in so far as it depends on technological and/or institutional
factors. For a constant rate of technical progreas there is a target
ratio A/K which entrepreneurs want, on the average, to attain and
which depends, inter alia, on the proportional destruction of capital
caused by the prevailing forms and speed of technical change.

Autonomous expenditure is also influenced by long-term output
expectations. To Bee why, suppose that the actual ratio A/K cincides, in
the given initial conditions, with the target ratio A/K, while the
expected long-term growth rate is =. Consistence between
entrepreneurs’ aims and expectations requires that they increase

autonomous investment at the (proportional) rate =.

a40f, M. Halecki, "Trend and Business Cycles Reconsidered”, Fhe Bcomoaic Journal, vol. LIIVIII,
n. 310, June 1968, pp. 263-76; J. Steindl, *Ideas and Concepts of Long Run Growth", Banca Nazionale
del Lavoro Quarterly Beview, vol. 34, March 1981, pp. 35-47.
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Thus, autonomous expenditure ia ruled by three factors: (i) the target
ratic A/E=2% 83 determined in particular by technological
expectations?; (ii) long-term (output) expectations; (iii) the gap
between actual A/K and target A/K and the adjustment rule followed by
entrepreneurs. (dA/dt)/A is pushed more and more above (below) x,
when the actual ratio A/K gets increasingly lower (higher) than the
target ratio A/K. When the two ratios are equal, the proportional rate
of change in autonomous expenditure will then reflect the state of
long-term expectations?® (fig. 2). The above assumption is formalized as

(13) (dA/dt)/A=f(z)4x, with £’<0; there exist z>0 s.t. f(z)=0.

In the above expression the target ratio A/K is implicitly defined £-1(0)
and is constrained to be strictly positive. It is important to observe
that, if the system state is not too far from equilibrium, the absoclute
value of f’ should be expected to be relatively small, for the simple
reason that autonomous investment is related to the size of the
economy only in a long-run sense. Indeed, for A/K greater (lower) than
A/K and thus (dA/dt)/A<x (>x), any further increase (decrease) of A/K
would be interpreted in the sense that K has tem;)orarily departed
from its expected long-term behaviour. Adjustments in the rate of
growth of autonomous expenditure would be, a8 a consequence,
relatively slow. This restriction imposed on the adjustment speed of
(dA/dt)/A i less significant when the flow of A becomes infinitely
small. With a zero initial level of autonomous expenditure, any positive
finite time rate of change A, however small, would lead to an infinite
growth rate (dA/dt)/A. These remarks suggest that the relationship
between (dA/dt)/A and z is strongly non-linear for z close to zero. In
particular, we are induced to formulate the following assumption.

(14) limg-e f(z)=e.

251t ghould be aeticed, inm pagsing, that technological erpectations may aise comtribute to ghape
long-tera expectations as defined above.

2% Ithough starting from Ealecki's idea that amtomomous expenditure is inflzemced by the size of
the econony, tie above picture departs ia szeme respects from Ialecki's view of ide matter. Cf. N.
Talecki, “The Tremd...”, op. cit..
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Reflecting the fact that the rate of growth of autonomous expenditure
also depends on long-term expectations, (dA/dt)/A=nr if A/K=A/K, and
the level of A increases through time if A/K<{f~!(-x). f-1(-x) indicates
the value of the ratio A/K such that autonomous expenditure is
constant through time if the expected long-term growth is x. It is
worth observing that if §<f-!(-x) a ratio A/K <6 cannot persist over
time; the existence of an upward drift in the long-run growth path
would already be explained by circumstances exclusively related to

autonomous expenditure. This is not generally the case if §>f-1(-x).

After simple algebraic manipulations we obtain the following differential

gystem:

(dx/dt)/x = plxi(x, z) - x8(x, z)]
(15)

(dz/dt)/z = £(z) - xi(x, z) + (6+n)
2.4.

The formal analysis of the above model is left to the final part of the
paper; here we present, in a very .atuitive way, its main properties,
with the aim of discussing some further issues of interpretation and

relevance.

a) On the assumption that system (15) has a unique and unstable
steady state position (%Xs, 2Ze), and provided suitable restrictions are
imposed on the spaeed of the adjustment of output to demand in the
consumer goods industries, the endogenous variables x and z follow a
path moving around (X, Ze), and converge to a so-called limit cycle.
Akin to Kaldor's model, the existence of persistent cyclical behaviour
(limit cycles) requires that -in equilibrium- the desired investiment
ratio I/K responds to a change ‘n the output of consumer goods, and
hence in Co/K, faster than the desired savings ratio S/K. In
mathematical terms we must have i’x-s8’x>0 at equilibrium (Xs, Ze).

For a given §, the condition is satisfied only if the value of x falls in
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an "appropriate” interval?’; indeed, the influence of x in this respect
is twofold, since x affects both the sensitivity of induced investment to
current results and the rate of growth of autonomous expenditure. In
the third part of the paper we show how the joint action of the two
influences is such that the steady state consumption ratio Co/E=xe
always increases with x (for a given §).

If, starting from an "appropriate” value (meeting the condition), =x
keeps increasing, the difference (xi’x - x8’y) at each point in state
space must also increase; still, the influence of the shift in steady
state equilibrium must eventually prevail and make the equilibrium
stable. The reason is that at sufficiently high consumption ratios x
(and therefore income ratios y, since y2x) i’x is constrained by
borrowing and constuction costs.

Likewise, if n keeps decreasing -starting fom the same "appropriate"
value- the steady state equilibrium eventually becomes stable. This can
be easily seen in the following steps. () The propensity to invest i’x is
lower than the propensity to save s’y if the activity ratio y declines
below a lower bound depening on x; (i) the equality between savings
and investment (which must obviously hold in steady state) can only
be obtained at low activity levels if the ‘consumption ratio x is
sufficiently low; (iii) the steady state consumption ratio x, declines
with a parametric fall in =x; (#iii) the lower bound stated in (0
increases with a parametric fall in n.

Indeed, if long-term expectations are sufficiently pessimistic and hence
n is sufficiently low, (xi'x-x8%%)<0 everywhere in the state space;
persistent trade cycles cannot occur, no matter what the gize of
parameters other than x is.

The above features of the model suggest that the endogenous dynamics
during long-period depressions may differ from the dynamics
characterizing long-period expansions on qualitative and not only on

quantitative grounds.

b) The steady state rate of growth g is here not necessarily equal to

zero, as in Kaldor’a 1940 article, nor is it exogenously determined

27n the context of a Ealdor aodel with exogemous growth rate, peraistent cycles occur only if
this rate falls in an appropriate interval (sore gemerally, in an appropriate set of intervals}, Cf.
F. Cogno and L. Montrucchio, op. cit., pp. 216-7.
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through the growth rate of autonomous expenditure as suggested by
Hicks, or as is the case for recent mathematical formulations of
Kaldor’s model. To emphasize this point we show that, with a (long-
run) target ratio A/K and parameter values for » and 6§ that would
make entrepreneurs happy with a flow of autonomous investment which
falls short of replacing the capacity destroyed by depreciation (this is
the case if f-1(-x)<8), a positive g may still be obtained as a result of

the endogenous dynamics.

¢c) A long-period theory of output has recenily been defined by
J.Eatwell to be one where long-term expectations are quite independent
of short-term realized conditions, but are more closely related to
economic and/or social fundamentals characterized by a relative degree
of persistence?®, Keynes, on the contrary, used the term long-period in
a notional sense; a long-period level of employment, a magnitude not
necessarily constant through time 2%, is one which would be brought

about if a state of expectation were

"to continue for a sufficient length of time for the effect on
employment to have worked itself out so comp]etel‘y that there Iis,
broadly speaking, no piece of employment going on which would not
have taken place if the new state of expectation had always

existed... P

It would seem that our model is compatible with both definitions, but a
close scrutiny reveals that this is not the case. For expectations to be
relatively independent of current results they must be rooted in some
exogenous items of knowledge which are believed by economic agents to
be sufficiently persistent. If I believe I know long-term prospects, I
must also believe that tomorrow I will hold the same belief. But if my
grounds for rational judgement are ever changing, I would then hold a

gystematically falsified belief; and when I come to realize that my

260f, [, Batwell, "The Long-Period Theory of Baployaent®, Cambridge Journal of Beononics, vol.T,
1983, pp.269-85,
9]0, EKeynes, fhe Ceneral Theory of Employment,[nterest and Homey, lLondon, Macmillan, 193§,

p.48, n.l, .
30fhjden, p.48.
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e) What has been argued in the previous pages hes an important
corollary which is worth stressing. The explanation of induced
investment in terms of current results, and of current results only, is
not fully consistent with the simultaneous imposition of an exogenous
path on autonomous investment. One can hardly see how present and
future levels of autonomous investment, be it directed towards
technical progress or the provision of infrastructures, can be
independent of any expectation regarding long-term growth. If this is
true, a given long-term path for autonomous investment implies a state
of expectation about long~term prospects which is bound to influence
the sensitivity of induced investment to current realized results. Thus,
pure-cycle models cannot be regarded as what is left after de-
trending, inasmuch as long-term growth prospects may have a crucial
influence on the prevailing form of endogenous dynamics. As has been
argued, pessimistic long-term prospects may imply that there 18 no

persistent regular cycle at all.

3. Equilibrium and stability analysis of the model.

3.1.

In order to solve (15), we specify the domain of definition of the
functions i(), s() and f() and impose the standard --smoothness
conditions. To this purpose we introduce the open intervals Ex and Es
representing the set of admissible long-term expectations and rates of

depreciation, respectively. Es is a subset of Rs.

(16) For each n€Ex zi(x,z) and «8(x,2) are defined and
continuous on R3, and twice continuously differentiable on Rz,

they depend smoothly on =n. f(z) is defined and continuous on R: and

twice continuously differentiable on Ru.

Recalling that i(x,z)=I(i(x,z)+x)+z and 8(x,z)=S(i(x,2)+x) we obtain



i’'y=T’ye (i’x+1) and 8'5=S'ye (i"x+1). Thus {i’x=s’x at (x,z) if I'y=S’y at
y=i(x,z)+x. Assumptions (5), (6), (7) and (8) can therefore be expressed

as follows:

(17) For each neEx and each zeR: we can find a number N>0 s.t. for
any couple {(x1,z) for which xUON the following condition x8(x1,z)-
xi(x1,2)>0 holds true. For each x€Ex and each zeR. we can find a

number x2>0 s.t. 18(xX,z)<ai(x,z) for any Osxsx:3? .

(18) For each x>n* there exist unique real numbers yi, ¥z with
0<¢y1<yz such that xi’x=x8’x at (x,z) if (x,2) belongs to the union of the
two separated sets {(x,z)€R% g.t. xi(xz)+x=y1}, {(X,Z)ER%s s.t.
wi(x,z)¥+x=y1).

Assumption (18) tells us that the set of points (x,z) in R%n s.t. i'x=8’y
is the sum of two separated sets; each of them can be seen as the
graph of a decreasing linear function, namely, qi{x) and qz(x) (see fig.
3). Linearity is shown as follows. graph qj(x)={(x,z)€R?+ s.t.
i(x,z)+x=y3;} j=1,2. Thus graph qj(x) i=s a one dimensional submanifold of
Ree and (i’xdx + i'adz + dx) = 0 on graph qy(x) j=1‘,2. Recalling that
i*.=i’x+1 we obtain (dqj(x)/dx)=-(i’x+1)/i’2=-1 j=1,2. These graphs
identify on R« the three separated open regions Q*, Qs:* and Qa*
Qi*={(x,2)€R3+ g.t. x<qi}(z)}, Qa*=((x,z)€R%. 8.t. qi-i(z)<x<qa-(z)},
Qa*={(x,z)eR%+ 8.t. q(z)<x}. We also define the sets Q1, Q2 and Qa
by rep]acing R?, for R in the definitions of Qi*, Qz* and Q"
respectively. Assumptions (1) and (8) are now expressed as follows.
(19) Let y: and y; be the- output/capital ratios defined in (18) for a
given x>x%. There exists z1>0 sufficiently small s. t. for each 2z€[0,z1]

a(x,z)>i(x,z) if qi~(z)<x<qz-*(z).
{20) 1i(0,2z)>0 if and only if 2>0.

Since 8'.= S'-i';, as long as the marginal propensity to save is

positive and lower than one we can impose:

a2ef, F, Cugno and L. Montrucchio, op. cit., p.268.
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(21) «xi’z > x8’x everywhere on R2., for all n€Eq,

In R2. we define the following sets:

{{x,z)eR2, &.t. i(x,z)=8)
{(x,z)eR2: =m.t. i(x,2)-6=f(z)+xn}

= {(x,2)eR% s&.t. i(x,z)=8(x,2)}

D
B
P

D is the set of points in R% where the capital stock is constant, since
gross investment equals depreciation. It is the graph of the strictly
decreasing function d(x), twice continuously differentiable on the
interior of its connected domain, as a consequence of (16). Assumption
(20) assures us that d(x) is defined and strictly positive at x=0. As
shown in fig.4, set D divides R? into two half-regions: Di={(x,z)eR2:
8.t. 2z>d(x)}, where the capital stock increases, Di={(x,z)eR2, s.t.
z<d(x)}, where the capital stock decreases over time.

B is the set of points where A/K is constant. It is the graph of the
strictly decreasing function b(x), twice continuously differentiable on
the interior of its connected domain as a consequence of (16). A/K
increases on set Bi={(x,z)eR2, s.t. 2z>b(x)} and decreases on set
B:=({(x,z)€R3: s8.t. z<b(x)}. Since f'<0, as assumed In (13), it follows that
b’(x)>d’(x), wherever they are both defined (see fig. 4).

With a view to make the present anaiysis more significant, it is useful
to consider the case where the level of z sustaining a constant flow of
autonomous expenditure at given x, i. e. z=f-(-x), is lower than the
level of z sustaining, at x=0, a gross investment to capital ratio i()
equal to the rate of depreciation §; this amounts to assuming that the
existence of a positive rate of long-term growth is not merely explained
by conditions affecting autonomous expenditure. When the above holds
true d(0)>b(0) and {BnND} is the point (x=d-i(f-i(-x)), z=f-1(-n)) (=ee
fig. 4). As n keeps increasing, we eventually obtain d(0)<b(0), while
{BND} becomes empty.

P is the set of points in R2 where Co/K is constant; it is the graph of
the function p(x). Before we chn say something more about set P,
further restrictions must be imposed on functions i(), s() and on the

differential system (15).
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a>n* there exists (Xa,Za)€Q2* 8.t.

(22) For each x€Ex 8.t.

i(xhzﬂ)z.s(xmzn)-

(23) For each n > n* let z(x) be Sup. {z € Rn s.t. 8(x,2) > i(x,z) when

ar(z)<x<qa1(z)}; let also Z=Nx>xs[0,z(x)]. There exists 2z:€Z s.t.

[(8'5+i"s)— (i 8%2) "« (i'r8"1) DO

Cartesian product of the sets {xeR%.l,

for each neEx and each (x,z) in the

{z€ERw  s.L. z>Za}.

Taken together, assumptions (17), (18), (19) and (22) imply that the
equality i(x,z)=s(x,z) holds at one point in Qini(x,z)eR?, s.t. 2=0} and
at no other point (x,z) 8.t. z=0. This implies that p-1(0) is well defined
and p(x)>0 if x>p-1(0); moreover, p-1(0)>0 as a consequence of (17).
With the addition of assumption (23) we can rule out the possibility
that an equillbrium for the differential system (15) is a saddle point.
More generally, the slope of b(x) is lower than the slope of p(x)
wherever they are both defined, or, in other words, set B can only
intersect set P from above (see fig. 4).

This observation completes the preliminaries neceasary to state the
relevant properties of the function p(x) and of its graph P (see fig. 3
and 4). p(x) is defined and continuous on {x2p-1(0)>0} and (twice)
p(x) increases at x if

(x,p(x))€Qe*; for any

continuously differentiable on ({x>p-1(0)}.
(x,p(x))eQ1*UQs* and dscreases at x if
arbitrarily-large real number M there exists xu s.t. p(x)>M if x>xu (as

a consequence of assumption (17)). The following proposition can now

be easily proved:

(24) If assumptions (13), (14) and (16) to (23) hold true, there exists

(Xo0sZe)ER%s  8.t. Ze=p(Xe)=b(Xe). P and B have no other intersection on

R3,.

To make sure that the equilibrium point (Xe,ze) can be unstable for

appropiate parameter values we assume the following:

(25) Let moeEx and 60€Es; at the unique equilibrium point

(%0,2Z0)=(xXe (70,60) +1Ze{70,60) ) 1'x(x0,20) > 8’x(X0,Z0).

By considering the linear part of (15) at (xXe,ze) the following
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proposition is obtained:

(26) The equilibrium point (xe,ze) of (15) is unstable if and only if
pe(i'—8'x)%ed (i's~£’)Ze Bt (XepZe).

It is easy to see that the inequality in (26) is satisfied, for a
sufficiently high p, if (25) holds true. In such conditions, application
of the Poincaré-Bendixon theorem yields the existence of a limit cycle

in the phase space of (15).

3.2.

System (15) can be shown to be structurally stable in the sense that if
the functions i(), s() and f£() meet assumptions (13), (14), (16) to (23)
and (25) for parameter values mo and 6o, then functions i), s(), f()
sufficiently close to i(), s(), f() in the appropriate perturbation space,
will also meet the same assumptions for parameter ,values x and 4
sufficiently close to ne and §0 in the parameter space ExxEs.®

The study of the set of parameter values where the system becomes
structurally unstable has direct economic implications. For the sake of
simplicity such a study is carried out here for a given value of the
parameter p and in particular for po=+eo. Using the instability condition
in (26), it is easy to see that, as long as =n>n?%, the equilibrium point
{%eyze) in the phase space, corresponding to the critical point (x,5,u0)

in the parameter space E=ExxEsx{je}, must belong to the set {graph
xqi(x) U graph xqa(x)} defined in (18). Indeed, it can be easily shown
that the set of critical points S(qi)={(x,6,u)€E 8.t. x>n*, p=po and
(x(,8,110),2(m,8,40)) €
manifold. The smooth one-dimensional manifold S(qz)

graph xaqi(x)} is a smooth one-dimensional
can be defined
analogously. We want to give a qualitative description of the non-
contiguous sets S{qi) and S(qz) (see fig. 5).

At the equilibrium point (xe,ze) corresponding to the point (x,8,u0) in

parameter space the following conditions hold true:

3_3The nain .difficulty concerng the proo'f of stability of assuaptions (23) and (25}. It can be
obtained following the hints given by F. Cugno and L. Hontrucchio, op. eit., pp. 273-275.
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(27) i(XesZe) = 8(Xeyza) = f(ze) + x + §;

By differentiating (27), we can express dx and dz as functions of dx

and d§ as follows:

dx = {[(i"—8")+8" i x~i"s8" 1" ('x—8'x)]dx  + (i'r8’)d5}-

[1/ (s’!.i.l-i’xﬁ':)+f’ (i’rs’x) 1

dz = —{[(I’'r8")(1-i"=)H'x(i’"x—8"x)]dx  + (i'rs8'x)dB]}-

*[1/(8’xi's—i’x8":) +1' (i'—8"x) ]

If we define the coefficients multiplying dx and df in the expression
for dx (dz) as a (o) and B (8) respectively, we can write:

(28) dx = adx + Bds, a0, B>0; dz = odx + 0d6, 0<0 if i'x28’,
sign(8)=sign(i'rs's).

The restrictions for B and 8 are direct consequences of assumptions
(21) and(23); to derive the restrictions for a and o we need some
supplementary algebraic remarks. First recall that xs(x,z)=S(xi(x,z)+x,
1); hence, after defining xi(x,z)+x=Y/K=y, we obtain:

(29) B'xzs’y (i’x"’l) E’z=S'yi,: B,x=s,yi’g.

Substitution of the right-hand sides for the left-hand sides of (29) in
the expressions defining a and o completes the proof.

It may be worth it to stress that dx/d8, for a given x, is positive;
that is, the x coordinate of equilibrium point (xe,z.) increases in § for

given x and p.
If (x,8,0) € S(q1)US(qz2) the following condition must also hold at the

corresponding equilibrium point.

(30) i’z = g%

At this point dz/d6=0. Differentiating (30) and substituting for dx and
dz from expressions (28) -suitably simplified by taking into account

28

(30)- and finally substituting from (29) we can express the following

differential condition holding on {S(qi)US(qz)}.

(31) i’x(l_sl’)g[ilti”x: =y i,li"n]dx + (i’ln_slln)adx + (i!!n_slln)ﬁ d5
=0

The economic interpretation of function i() suggested in sections 2.2.
and 2.3. of the present paper allows us to impose the following

restriction on its first and second partial derivatives:

(32) 1'21""xx-1'xi""xa>0 at the equilibrium point (Xe,ze) corresponding to
each (x,6,i0)€S(q1); the reverse holds true for (x,8,0)€S(qz),

provided = is sufficiently large.
Recalling that (i”x-s8"x)>0 (<0) at each point (x,z) in graph xqi(x)

(graph =xqa(x)), we are eventually in a position to give a qualitative

description of the bifurcation diagram (see fig. 5).
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Fig. 1

Graphs of the investmeat functioas xwI(Y)=I{7,E,x) traced oot for a given and constant K and for

slternative, fixed levels of 1, mi{12<ms.
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§ & §*

Fig. §
The shaded regions describe configurations for the set of points in parameter space BxxBs such that

the equilibrium point {z,z} of (10} is unstable if p=tw; 8(qa}U8{qz) is the set of eritical points.
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