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1. Introduction
\_&

Thie Natwral Rate of Unemployment with Rational Expecta
tions model - in 1ts various versions - implies that
- anticipated money supply changes (and anticipated changes
in other policy instruments) are reflected in price chan
ges only,having no effect on output and unemploymsnt;
= Unanticipated changes in economic policy instruments are
reflected more on output changes than on price changes.,

This approach cannot be properly tested by means of
standard least squares techniques because the price. expec
tations formation function is too similar in structure to
the original price or output equations which have to be es
timated.The authors who attempted such an estimation were
forced -in order to obtain significant results - to make
use of auxiliary approaches.(1)

More significant is the fact that - as we shall see -
standard least squares approaches cannot be used to esti
mate what Rational Expectations econometricians label "ob
servable reduced forms" of a model including Rational Ex
Pectations without a Preliminary asnalysis of the ARIMA
siructure of the series which enter in the formantion of
expectationa. The focus has been set on the estimation of
reduced forms more than on the estimation of the structur
al equations,It is evident however that, if the reduced

(1) There have been several attempts +to estimate Rational
Expectations relationships of tis kind in papers by R.
Barro (1977,1978),A.Meltzer (1975), P.Korteweg (1978), P,
Korteweg & A.Meltzer (1978),A.Fourcans (1978), M.Pratianni
(1978), T.Mc Callum (1976) and E.J.Bohmoff (1980),



forms do not allow to compute some coefficients, the corre
sponding structural equations will be underidentified, If
the reduced forms provide multiple estimates of some parg
meters,the corresponding structural equations will beAOVQ:

" identified.

il. An Outline of the Main Difficulties,

In a standard Rational Expectations model in which the
Natural Rate of Unemployment hypothesis is tested, the sys
tem of equations which has to be estimated is as followss

' 1p2 1 ]
(IT.1) P.=a'+ b P+ e X, + o X “1t’”N(°'°§1t)

- 7y s P : (o 2 (1)
(I1.2) V4= Tpgt X 4+ X 4 u,, u, VN (o,cruZt)

+ u

2t 1%

(II.2M)y= 3.+ D@, - P2

(Equation (II.2) has indeed little to do with the Rational
Expectations hypothesis,being a Plain reduced form rela
tionship when estimated as

W™ Tq) = 4%+ ATy r vy, where y = v, | by assump
tion.It will not be analysed in this form in thia paper).
P3- E [P 4 /Amount of Information Available at Time t-1].

The assumption is that Rationsal Expectations about prices
can be quantified as: S

(1) Py 18 the price level,y, is the level of output, P§ is
the expected price level ang ¢ (1 =1,2) are the exoge
nous variables (economic policy stimuli). Levels, rates of
growth or logarithms of the gseries ecan alternatively be
uged.

. I I 1002 (1)
(I1.3) Py =W+ BX, .+ Y YL Uy AN (o,o-u3t),

(1) Consider Wallis' general model (K.Wallis: "Econometric
Implications of the Rational Expectations Hypothesis", Eco
nometrica,1980), :

Let Byt+ Ay?t+ Cxta Uy, where B,A and C are matrices of dai
mension gxg,gxh,gxf respectively.Vectors yt,y:tgxt and ut

have g,h<g,k and g elements respectively. y?‘t represents
(unobservable) anticipations,formed im period ¢ - 1, about
values of h of the endogenous variables y1t.

V= [y1t,y2t]. Yp4= vector of end;genous variables about
which no anticipations are made. y1t is the expectation of

y1timplied by the model conditional on information € a

t-1
vailable at time t-1., The reduced form of the model 1is:
=1 a -1 =1
It can be partitioned and written as:
a
1) ¥ Tyt TIox, Vit

a
Vo™ Tia¥qg* TppXpt Voy o
Taking conditional expectations in the first matrix equa
tion gives:

By ¢/04q) = T1y By y/0y 4TI, B (x, /6, )+ E(v, /By qk

So we have:

a8 =1 -1 A
3) ¥y @-TT,,) 1B /ey )=(-rT, )7 %, .

Rational Expectations are given as linear combinations of
the predictions of the exogenous variables,and  the rele
vant informations on which to base them is the se< of wval
ues x »X «+s Substituting in the system above,we ob
t=-1""t=2 o)

tain: -1
4) ¥q4= II11(I-II11) IT

2)

A
12%¢% TLyoXe+ Voo
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(Suite of note (1) of page 3)
The estimation of the parameters of relationshipg analogous
to 1), 2) and 3)constitutes the subject of +this paper.
Multicollinearity problems render the computation of the
coefficients of equations with pPatterns similar to 1) and
2) difficult to perform. Relationships analogous to 1)
-~ where anticipations of the dependent variables are in
cluded among the predetermined (right .hand )variables - could
be rewritten as (assuming that x, = 2t+ at)s

=1

RIEZP I e - K Ti08s* Vig s

where 8,= Xy~ it is a random shock. In that case, if 2,

and xt are orthogonal (i.e.independent), multicollinearity

problems would be avoided.In order to be efficient, also
this approach requires a proper evaluation of the ARIMA
structure of the xt time series.The approach set forth be

low is more general and applies to relationships of bYoth
ratterns 1) and .2).
Nulticollinearity Problems would disappear if we were to

assume a priori that the coefficients of y?t are equal to

one in both equations 1) and 2).4t least at a theoretical
level,some Natural Rate of Unemployment with R.E. studies
proceed further and subtrect 3) from 1) to obtain the en
dogenous variables vector - Yy4~ 38 a function of the vec

tor of the Rational Expectations of these very variables
and of *"unanticipated=+ shocks.

a -1
€) ¥y4= TTip(x-2)+ yi o Vig= @I, )7, 204
+ II12(xt-xt)f V= a2t+ b(xt-tt)+ Vg
The output equation would be of the type:

7 To4™ a'zt+ b'(xt- 2t) + Vope
In practice however,moat empirical‘approaches, being wuna
ble to compute satisfactorily (x4~ 24), bave proxiea iT
with x¢.Moreover, the assumption of a one to one effect of
yft on yl; having been deemed not to be acceptable a pri

ori,relationships analogous to 4) and 5) have been esti
mated in mogt of the cases,

where f1tand 2tare moving averages over two or three time
reriods of I1tand th lagged one period (some times un
lagged).They are meant to represent anticipated values of
X1t and xat.

If the Natural Rate of Unemployment with Rational Expecta
tions hypothesis is correct,we must have ci'ﬁ cz'ﬁ 0 and
b1'2 1 (and a' © 0) in equation (IT.1).(%e assume unantiei
pated shocks have no effect on Prices and anticipated pri
ces have a one to one effect on current prices).

If this is the case,in the following output equation

_ a 2 (1)
(II.4) V= ppt PR ¢y X, .+ e X, + 0. u4f«1N(0,¢u4t)

we must find b &¥ 0 and c1,c2 different from zero since the
Natural Rate of Unemfioyment with Rational Expectations hy
potheses are assumed to be valid,

If im and iZt are significantly different from X, and
X, ;rthen the structural equations (II.1) and (II.2) can be
properly estimated.This will be the case if both X1t and
thare white noise processes,i.e., time series with no seri
al correlationja rather strong restriction,

If i1t and i2t are closely correlated with X1t and th
respectively, there will be collinearity between P:(which

depends upon X, . and X,,)and X, . and X,4-This will dimpair

(1) Indeed it is equivalent +to a test of an equation of
t+ In order to sim
plify the notation,ynt has been dropped from this equation

the form: Y= Tt S(Pt- P:) +JzP:* u

in the following sectlons,This is of no consequence for

our analysis,




the estimation of equations (II.1)and (I1.4) abvove.In that
case two stage least squares methods (2SLS) can no longer
be used.In order for the two stages least squares method
to be used,at least one of the Predetermined variables in
the model must be excluded from the structural equation we
want to estimate.(1)

The problem then becomes one of economic common sensemwe
must assume that expectations about prices are influenced
by more factors than output or prices in the structural
equations.But the Rational Expectations hypothesis stress
es that price expectations should depend upon the price
equation in structure and upon the whole model. This in
turn implies that their estimation should not include vari
ables which are not explicitly included in the model.

This renders the problem outlined above difficult to
solve,

4 possible solution would be to include more and more
lagged values of the éxogenous variables in the informa
tion set (i.e. enlarging the 'memory' of the public) in an

attempt to reduce somehow collinearity between i; and Xi

t t

(1) In order for an equation to be identified - in a si

mul taneous equations setting - a necessary condition is
that the number of predetermined wvariables excluded from
the equation must be greater than or equal to, the number
of included endogenous variables minus one.Eguations (II,1)
and (II.3),(II.4) and (IT.3) constitute two systems of ¢
quations.Equation (II,1) is identified.We have an endoge

nous variable included (P:) and two gxogenous variables
excluded -‘i1tand iét' if the latter differ from x1t and
X2t respectively.The same holds true for equation (II.4).

It can be shown that systems (II.1)-(II.3)and(II.4)-(II.3)
satisfy the rank conditions for identification as well,

(1 = 1,2). This approach is not very efficient. It will be
investigated in the next section.

A more appealing method is that of isolating the correla
tion elements between iit arnd Xit.This approach will be in
vestigated in detail in section IV of this paper.

Some additional difficulties arise with respect to the
economic interpretation of the estimation of equation(II.1),

The price level is regressed on an approximation of it
self,

The anticipated Price equation is estimated (by ordinary
least squares) as:

Pi: &+ pf1t+ )J_Izt= Pt- error,
and the structural equation (II.1) vecomes:

— ] ] =5 h . [} A E
,Rra +b(% emw0+c1agﬁxn+uw,
Correlation between E;t and Xit(i = 1,2) being usually

strong,we should not be surprised that most of the Predeter
mined variables in the structural price equation(II.1) have
coefficients not significantly different from zero(c1=02=®:
they have lost their explanatory power.

Thus the usual Rational Ixpectations finding that unanti
cipated changes in policy instrutents are refiected more on
output than on prices changes is disposed of,

The fact that a higher R2 statistic was found in the em
Pirical investigation of the price structural equation(IL1)
than in the investigation of the anticipated price eguation
(IT.3) is due to strong collinearity between Pt and Pi and
does not have much significance.

AS a consequence the standard laturel Zate of Unexrploy

ment with Rational Bxpectations finding of a one o on- e

[



fect of anticipated Prices on current prices can be easily
explained,

These results hold even if a correct proxy for unantiel
rated stimuli were to be introduced.

They reduce the significance of any Rational Expecta
tions application in whieh the endogenous variable includes
anong its determinants a Rational Expectation of itself.

000

IIT. Information Set and ;ulticollinearitx.

Consider an equation of the form

n
a 2 )
(I11.1) ¥t= OP *kz_kat,k* u, L¥au (o,u-ut) $=1,2.....T

In matrix terms:
(I11.2) Y= 1=%<+xp+ u,

where Y%'P and u, are Tx1 vectors,X is a Txk matrix, p is
kx1 and & is a scalar.The Rational Expectations hypothesis
implies that:

(111.3) P4= E[p/e, ] = P Mo

where M is a random vector that 1s uncorrelated with (ortho )

" gonal to) information avallable to and utilized by market

rarticipants in formlng expectations about P

To estimate Pt,uhe relevant available 1nformat10n - ac
cording to Rational Expectations hypotheses - is:
8, =
Past values of the variables actually involved in the PO

(xt—1'Xt-2""xt-k'.")’i'e° present (at time t-1) and

cess in question.

If the conditional expectation above is linear,we have:(1)

=171 t-272 -n"n

a
(11.4) E[p, /0, J =22, £+3x, 2.+ SR JOPNS S
The outcome is a two equations system: )

a
(I11.5) Yp= P+ XP+ u, u N (0,02 )

(II1.6) Po= X, £+ Xy ofoteadX

where Xt can be either yt or Pt’

t-nfn+ v

In the above mentioned approaches use has been made of
the two stages least squares technique,After a Preliminary
estimation of Pt by means of an ordinary least squares re
gression of Pt on a matrix Z of variables selected from
Ot 1"Xt is regressed on Paland other predetermined varia
bles by means of ordlnary least squares in equation (III.SH.

a

Pt =P =2(2'2)" Z'P

The estimators of(andfare:

(1) Sometimes Ot 1 is seen as ineluding also prast values of

Per 8y 4= Xy, i T pagre e Py )e

So E(Pt /et_1) = It 1f1+..+ X f + Pt 1h1+..+ Pt-nhn'

’.-.x

Using the relationship Pt’ +N=E (P/et_1) +M = Pt’ we cah
substitute for the lagged values of Pt and obtain

E(Pt /et_1) t 1f1+ X fé+..+ Xt nfn+ e, s (where e, is a

term involving realized wvalues ofalt_z,‘ylt_3,‘rlt_4...and also
incorporates some parameters of the extended expectations

function).In that way we are back to equation(III.6) above.
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(111.7) [%]= (Bx]* [B)" [Ba] 1y or

N A N -1 &

ane) [8]- 05 3] 2]
P ¥ B
What constitmbes an appropriate cholce for the 2 matrix? In
the two stages least squares case or and ﬁ will be true in
strumental variables estimators (i.e. consistent) only if
the 7 matrix used in computing P3= P, includes emough addi
tional variables for the reverse matrix to exist.(1) (Two
stages least squares estimators can be interpreted as in
strumental variables estimators,where 3;: P: is used as ip
strument)., Whereas MeCallum (1976)(22 in his example - esti
mates anticipated price changes within the context of a
model which uses & relatively small number of variables of
X (the matrix of all the exogenous variables vectors of the
model),it being thus easy for him to use a large number of
variables in X (and in Z) which are not in the equation ‘o
be examined,this is not the case in the models examined 2a

bove.
In the Natural Rate of Unemployment with Rational Ex

(1) If 2 were to include only those variables X1 of X which

are included in (III.5),the reverse matrix would not exist,
If Z were to include only lagged values of X1&e assume that

these variables are serially correlated),the reverse matrix
would be very small,providing unstable and unreliable esti
mates of the regression coefficients,

(2) B.TMcCallum: "Rational Expectations and the Natural
Rate Hypothesis : Some Consistent Estimates®, Econometrica,

1976.

- 11 =

Pectations case the set of exogenous variables of the model
(i.e. of X) not entering the structural equations +o be es
timated is empty.Only lagged values of the very variables
appearing in the equations to be estimated can be used to
solve this multicollinearity problem . -

This is due to the fact that the structural equatims are
similar in pattern to the "observable reduced forms* of Ra
tional Expectations.

But - as will be shown in the next section - the addition
of lagged values of the eéxogenous variables is not a -very
efficient way of 80lving this Problem.lagged values of the
exogenous variables appearing in a structural equation are
not equivalent to different eéxogenous variables -in the con
text of this problem- unless they are white noise time ser
ies,

The idea is that the larger the lag,the smaller the cor
relation between the eéxogenous variables of the structural
equation (III.5) to be estimated and the additional determi

: in (ITI.6). If it is acceptable to assume that

nants of P
after n lags a variable xt-n of the matrix xt-n is indepeg
dent of its counterpart - xt- of Xt,so that - from our
point of view - inecluding xt-n in 2 would be equivalent to
includiqg_a new exogenous time .series, the effect of ‘xt—n
upon Pt is not kmown,

If xt_nhas.to.be:chosen with the lag - n - sufficiently
large to ensure its serial independence from xt, it 1is not
likely that it will have a statistically significant and re
liadble impact upon Pt.

As a consequence its inclusion in the information set



-12 -

will do little to reduce multicollinearity. (1) The problem
is then that of making a trade off between serial independ

ence (i.e. independence of x from xt),and the causal ef

t-n
fect of Pt' ‘ -

These difficulties show why it is inefficient (and wunre
liable) to use lagged values of the exogenous variables of
the structural equation (III.5) to solve the multicolling

arity problem outlined above. (2)

(1) Let the original relationship be: Y& P:d+ I p+ u g

a

P, is obtained from Pts_ X, (f,+ €, X, and X, , have seri
ally correlated elements. Assume taat to solve the multicol

linearity problem we add x t—nt° the determinants of P:,where
Xy n is serially independent from xt. !t.in reduced form,
can be written as: Y.= [xt_1f1}u +Xp+x B+ ou.

If x has little or no effect on Pt,h"O; xts [Xt_1f1]a

t-n
+ ti+ ut and mul ticollinearity is not eliminated.

(2) Multicollinearity problems of this kind would evidently
be reduced if we were to assume that individuals make sever
al periods ahead forecasts.In that case correlation- between
the information set -on the basis of which expectations are
made- and the exogenous variables of the structural equa
tion would be reduced, (In other words we must assume that
there is a 'black out' period in the information availabili
ty of the public). We could assume that individuals make
2-3 years ahead forecasts whenever the information is basged
on annual data,or 2-3 gquarters,one year ghead "forecasts
whenever thelr information is obtained on a quarterly

basis,

-13 -

IV. An Bstimation Proposal,

In this section we shall first show why estimation by
traditional methods of Rational Expectations models does
not give satisfactory results,We shall then suggest .an ap
proach for dealing with these difficulties and obtaining
congistent estimates of the parameters of these models.

b |

e ——

Let the structural equation be:

2y (1)
N u N(0,0'ut),

a .
where Pt is a linear least squares forecast (or extraction)

{Iv.1) xt a+ bI’t+ ex

based upon obgervations of an exogenous set of variables
x.t-1 .x,';_a,...,xt_n influencing Pt° We assume that P; ‘is
-following the Rational Expectations hypothesis - the antiel
prated value of Pt held a"t Period t-1,which must be equal to
the expected value(in a statistical sense )of Pt conditional
on all observations of the aystem avallable up to time t-1.

More specifically, P: is the projection of Pt on past xt.

(v.2) 5= nt_1[1=t] .

X, is an exogenous variable.There may be several of thembut

this would not - at this stage - alter the nature of this

analysis,

-{ut} is a normally distributed random variable, with mean

zero and variance Gu,orthogonal to the 1’2 and xt processes.
P: is the one period ahead mean square error forecast

based upon the following generating function:

(1) y,can be repl i
Xt e replaced either by y, or by Pt“
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(IV.3) P, = o+ Pr(x,) + €, EtNN(O’aét)’

where Et is orthogonal to xt.

a : _ - =
Fy = & [Pt]-’- 51 E"*,Pf(“,t)] = &+P.E, [f(xt)] a+px,
;t is some kind of expectation about the exogenous variable
xt at time t-1.

There are various ways of expressing x = t§1 [f(xt)].
A)Naive Expee‘ta‘t:ionsi;g1 [f(xt)] = X=X, oo

B)Extrapolation (unconstrained) of past values of Xy

n
51 [f(xt)]= Xy EﬁpiBixt" SN SLMPLITELY X .
A proper distributed lag specification might be determined
gmpirically.
C)Moving Average +E1 [?(xt)] = (xt_1+ Xy oteset X, )/n.
D)One period ahead minimum mean square forecast based
upon the (predetermined) knowledge of the structure of the
time series (of its covariance generating function). This
hypothesis implies that past information on the exogenous
variable is used optimally.
Nost analyses have used either approach C or approach D,
which shall be investigated in detail.Approaches A and B

are but special cases of C.

Under assumption C)>'Pi is evaluated as:

v.e) pi= B [P]= a+p /2(z,_+x, )

on the basis of:
(IV.4') Pt = d+p/2(xt_1+ xt—2) + Gt= o+ P1 .(xt-1+xt-2)+et'

where we write p1 = P/2 and assume anticipations are based

- 15 =

on a two periods moving average.Equations (IV.1) and (IVv.4')
constitute e system which has been estimated by means of
least aquares techniques.

Full Information Iaximum likelihood techniques should s
preferred from'a-theoretical point of viéw,because they al
low to dispose of crogs equation dependence of the error
terms.A simplified version,which corresponds to the estima

tion procedures used in bractice,is discussed here.(1)

(1) The Maximum Likelihood estimates can be obtained y mini
mizing I,where -

7 T
2 , 2
TR 1 o] [6 Oue
*- 2 2 |- 2
-2
VT B ey 1 /TR € S%u T¢

The minimization is carried over the parameters ,B,a and h
Eliminating the intercepts by measuring all variables in de
viations from their means,the log likelihood funection to be
maximized is:

DL =0 /@21 Y3 ox {_(1/2) [(a2)"
£y Yy vP5 - °xjg)2+ 2(6%)-1‘%.( (4= Y= ox,)

. 2\~ -2]

P - . 23 .

By Py gt 2 p) )r (07 Z¢ Pom Balxg gt %y 5) ) }
If we assume that the error terms are not correlated with

each other, 6 = § = 0, the -relationship above be
comes: €u ue T

2) L=/ (v )8 VB erp {.;1/(26;";)
Z, (Y- bPZ‘- cxt)a- 1/(2 n‘é) ‘z'%( L CRCSUPEEE S ™ }

Taking logari thms,we have: 1n K = 1n0‘2 + 1n 0‘2. Equation
2) can be written as (Iv.5), b €

In the examples of +his paper,insofar as we assume that the
error terms are normal,that the correlation between +the er
ror terms of the equations is nil and that the sample is
large,Maximum Likelihood approaches are equivalent, with
some minor discrepancies,to least Squares approaches,
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Assume that correlation between {‘t} and {ut} is nil.®he
log likelihood function becomes:

(IV.5) In L = [- (T/z)ln(zn)] $ [- (1/2)1n ri - 1/(21121)

2
¢ " 1/(20‘6)

a 2 2
N = - ina
Z(y, - 1% - ox,) ] + [ (1/2)
2] s
- = + tin L,+1n L
RO - Pyl vz ) ) SRR 1 2
Intercepts are suppressed (vy taking variables as -devig
tions from means) in order to 8implify computation.
Eliminating the unobservable variable,P:,by substituting
from (IV.4') into (IV.1), we obtain the folluwing recursive
set:
2
~
v.6) a) Yt = bP1 (x_';_1 + xt-2) +ox, +u, uy N(O,G‘;)
T lwme,- Prixoy + 3, 0) + e 60k

The corresponding log likelihood function is:
- ]
@v.n) [- (2/2) 1n(ern)] 4 [- (2/2) 162 - 1/(262)
< 2 2 _
Zs - By + xy ) - oxy)?] ; [-(v2naeg
- 1V (26}) @, - B, (x,_, + x, 5)°] = 1n 1.
Provided X, is a white noise time series,(”trea;t_

ing the +two terms of the 1likelihood function sepa
rately allows for consistent estimates of P1, _bP1, c,

(1) Indeed,insofar as x, is not correlated with
g1 ¥ X2
both equations are identified,

- 17 -

6 5 and 6‘:. ()

The parameter b ig unidentified in this approachbut from
the estimates of P1 from 1n L, and the a priori kmowledge
about the structure of Rational Expectations formation, b
can also be estimated as fp:/ 'E1. We obtain in that way g

(1) The eatimation procedure is analogous to a least
Squares one.It involves the maximiszation of 1nI.1,of (xv.7)

with respect to bP1,c,0'i and of 1n L2 with respect to p1

and 63. (The model is recursive,The Jacobian determinant of

the likelihood function is unity and hence nonlinearities

in the estimation of the Parameters are avoided). Indeed,

6. a) ) and of ( IV.6, b) ).

SlnI. /6bP 1/(:'2 E(y b (x, .+x, .)-eox Mx, +x_ ) =0
1/ ObP, u T (X gy o )-ex =174

bz e "0, Py =y _yoxy_p)moxy)x, = 0

bins, fo?

~(1/2) (1/00)-1/ (20%) =, (b, (x,_ +x
-cxt)z = 0
$101, B -(1/2) (1 /60)-1/ (2t) Z (2, -p, (xy_y+x, ) 2= 0

2
81n1,,/8p, e F (2, (4% ) Mxy g4z, ) = 0
Maximizing 1111.1 with respect to bp,',and ¢ amounts to mini

t-2)-

: miz’ing‘i_t"(xt-bp1 (xt_1+x’t_2)-cxt) with respect to these very

variables.Maximizing 1n:|'..2 with respect toﬁ,amounts to mini
mizing E_E(Pt-h (xt_1+ zt_z) ) with respect to it.Hence M.
L. estimators are -in this case- the same as the QLS esti
mators.This is not the case for k.L.estimators of 0‘121 and

2
0'6.
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(1)

consistent estimate of b, ’/These Parameters estimates are a
nalogous to those obtained when linear least squares estimas
tion of the system constituted by equations(IV,1)and(IV.4')
is performed.It should be noticed that b and P1 could be es
timated directly from(IV.6 a))by means of nonlinear estima
tion approaches.In that case the estimation of(IV.6 b)is no
longer needed,.These approaches are,however, computationally
expensive.lf instead of hypothesis'C)on Ratlonal Expecta
tions estimation,hypotheses A)or B)were to be adopted, the
result above would not be altered. ()

(1) In I.1 can be written as:

2 2 a 2
-(1/2)ln 0 -1/ (20°7) %(,t-th(P1)-cxt) .
We can use the estimate of @4obtained by maximizing Inly in
the estimation of 1n L1,ob'l;alning in that way Maximum Like
lihood estimates of the remaining parameters. .1n Ly can be
seen her§ as thebeoncentrated likelihood' function version
of (IV.'T .

(2) If there is more than one exogenous variable, 1in caases
A,C and B, i.e. if the anticipated price equation includes
more than one exogenous variable on the right hand: side, as
is usually the case in hypothesis B, the approach mentioned
above would bring about some problems since the ) ¢ structur
al equation is overidentified.If eas an example-' we were

to evaluate. . ..a :
pt from Pt= ot+F1 t S +P2x2t-1 +toon +pn:n:!”_1 +0.y

in finite aamplesﬁ,/pa, ,fﬁa/ﬁ'!,...,?pn/ﬁn would not be e

qual, so that this approach would lead to multiple consgist
ent estimates of b.Plugging estimates oi’p-|,p2,..., n Obtain
ed by maxizing 1n Ly in the maximization process of In L4
would allow to solve this problem. However, as haa been
stressed by M.N. Nerlove,D.M.&rether and J.L.Carvalho ("Ana
lysis of Economic Time Series",1979),some loss of eficiency
is connected with this estimation procedure,since none of
the information in in L4 relevant t¢ the determination of
Pi1Bose+++spy has been used.Nerlove,@rether and Carvalho sug
€est an iterative approach to improve ‘the effiéiency - of the
estimators,
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If we were to assume that the information set upon which
a

Pt is based included unlagged values of xt (and of any oher
eéxogenous variable) the approach above would 8till ©be
appropriate.“)

If xt is a white noise brocess Rational Expectations es
timate approach D),based on one Period ahead minimum mean
Square error forecasts,is not possible within the context
of this mod =

' model since: +E [xt] = 0,
(Expec¢ted prices would then be independent of the model),

Hypotheais A),where JP: is -obtained from
Pt = o+ P1xt_1 + et,does not bring about estimation prob
lems,

2

Some difficulties in cases 4), B),and C) arise if x,is

not a white noise process.

(1) The log-likelihood function becomes ( hypothesis C) )3
2 i
18 L= [-/20n 004/ (20 2) F(y, w0202, ) 2]+ ~(1/2)1n0°2-

2 2

-1/(25'6) %(Pt-p1xt-p1xt_1) ] + constant.By . direct éstima
tion fafter having made the usual substitution for the unob

. i a - . 2 2-
served variable Pt we get estimategof bp1, P1-' o"e, oy
(bﬂ1 +c). b and ¢ would be indirectly. approximated by noting
that the coefficient of xt_1,bﬂ1,divided by P1 ( obtained
from 1n L2) glves b.The coefficient of xt,(‘op1+c), minus the
coefficient of xt_1,bp1,provides an estimator for c. Once
more,if hypotheais B) about exXpectations of xt is adopted,
coefficient values_ obtained from 1n L2 have to be used for

the estimation of 1n L,".'
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Since most economic data exhibit substantial autocorrela
tion the efficacy of these methods is seriously curtailed.
The parameters estimated above either with linear or with
nonlinear approaches are not the best consistent estimators
of b, p1 and c.

This can be shown in the following way:assume xt follows
- to keep the algebra as simple as possible - a first or

der autoregressive Karkov process (an AR(1) process).

(Iv.8) Xy = th_1+};t |Q|<1,ﬂtNH(O,O‘)2;).

The Rational Expectations system above becores (intercepts

are suppressed)
2
Yo = PP 0 @y ot My g) + Xy p )+ e@xy o+
QMg M) Uy

Py= Pyl Qrppr My ) + x5 ) + €y
Coefficient estimators are flawed by a strong multicollinea

(I1V.9)

rity problem.Indeed,rearranging terms,we get:
2
xt- (bP1 (Q+ 1) +9 “e) Xy o= (bP1+chlt_1+c)at+ u,

Pom Ba(R+ 1)) xy o= €04 Bijt o

2
where we have: xt_1= th-2+)‘t—1’xt=e xt-2+f"t + e)‘t-i
The system to be estimated becomes: :

Yoo (0fy(g+ 1) +Q2c) x, = S,

P (B(R+ 1)) x =Gy,
where S u+ (bP1+Qc))Lt_1+ Cphy Go= €+ P1A_1.

-1 =1 .
i T = = )
Insofar as plim T xt-2)1t-1 0 plim T xt-z"t’ the esti

(IV.9*)

(Tv.9n)
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mators are consistent,but collinearity does not allow to con
pute b arnd ¢ separately.’e carnnot assert that{sts and {Gt}are
independent serially uncorrelated time series and that

cov(Gt,St)=cw(St,Gt)=O,if{(-t} and{ut}are as above assumed to
be normal serially uncorrelated series,not correlated with

each other, (1 )In other words, (IV.1)is underidentified.

(1) This identification problem can be analyzed in terms of

an ARINA process such that gpx(B)xt = GX(B)at. Assume x, is &

stationary time series which can be interpreted by means of
an A.R.N.A (p,q) model. Xgcan be written as an infinite
weidhted sum of previous values of Xt Plus a random .shock.

X, = v ) ) , .
t = A;]-‘l xt-.‘l+ a, = A(B)xt_,1+ a, =

={e,®7 (3, - 6_m) )) 37k s,

(;n case of an A.R.I.L.A. (p,d,q) model an aralogous expres
Sion can be obtained,with -

(}’x(B) = q;x(IB)V(1 replacing @X(B) ).

Xpoq= AB)xy o+ &y g *po= A(B)xt-3+ 8go°
Proceeding as in the model (IV.8) above we obtains

* o= [A(B)]3xt-3+ [A(B)]zat-z" [4@)]a; + e,

X 4= [A(B)]th_2+ [.A(B)] a; o+ at_1.Substituting into  the
system (IV.1)—(I¥.4'), after some manipulation,we obtain:
‘rt = (bP1 {[A(B,}J + A(B)} + e [%(B)]s)xt_3+j\x
2
P P1{[A(BJ] + A(B)?xt-f‘[\p’ vhere

T
AX P*:b( (0(B)s 1)at_2+a_t__])+c([A(B)Jz-at_2+A(B)at_1+a

Ap=p(C@a®+1)a ra ) €.

As seen above,it would be possible to compute B, from:
ticipated price equation,provided tne Aedeliaisi, 1stmcture z
Xt were Imown,.This is not sufficient,however,ts Irevia
wators for b and ¢ from the b’t equatione .

L}
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Only if it were possible to egtimate this system with the
techniques set forth above,could we say that the standard
linear least squares estimation approach of the Rational Ex
pectations literature provides an appropriate estimation of
the Natural Rate of Unemployment with Rational Expectations
reduced forms.

This is not the case.

Even if we were to meke the strong assumption that{§t}and
{Gt}are normal independeni serially uncorrelated processes
and that cov (St’Gt) = cov (Gt’st) = 0, the Maximum Likehood
methods mentioned above would not provide a proper estima
tion of the parameters of interest.Direct estimation of 1ln L
would provide estimators for (bP1 (Q+1)+ce2) and 91 (Q+1 )e
They cannot be disentangled,however,to obtain estimaters of
b,e1 and ¢,This is the case even if we wers to ass?Tg that
the value of the correlation coefficient is kmown.

In such a case we would have a proper estimation of P1

(from 1n Lz),but would still be unable to obtain a distinct
estimation of b and c¢.This is a standard problem of multicol

linearity.(z) The closerlelis to 1,the more serious such a

(1) This invalidates any iterative or "grid" method of ap
proximating the parameters' true value by performing sever
al estimations of the syster,corresponding to different val
ues of @ ,and choosing the value of -and the corresponding
parameter estimates— which minimize the covariance matrix
of the system.

(2) Nonlinear methods of estimation can be used to appproxi
mate the values of the parameters,provided the structure (1.
e. the order) of the xt time series is known. This glives
rise to a set of new problems,convergence,uniqueness,.....y
which lie outside the scope of this paper.
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(1)

Approach D) to expectations formation is connected with

problem is.

an attempt to solve this problem,
The time series xt is divided into two components ty ARIMA
techniques,Assuming the hypothetical A.R.M.A.(p,q) structure

of X, to be given by QX(B)xt= 8,(B)ay,we obtain as AR.M.A.
representation of the series Xy = gE%IIjxt
an independent white noise process,

-j+ at,where a, is

Once ascertained,the structure of the time series is used to
evaluate the one period ahead minimum mean square error fore

cast of the series:(z)

(1) Problems would arise too with respect to the identifica
tion of equation (IV.1), B

(2) Suppose xtis a linearly regular stochastic process with

covariagge generating function Rx(z) =0'2b(z)b(z-1), where
2 .

b(z) = gzbbjzj,d'.>(L Any linearly regular (linearly nonde

termigistic) stochastic process has a covariance generating
function that can be represented in that way.By the 'Wiener-
¥olmogorov formula ,the z transform of the projection o x

against X4,X4_q,...4i8 given by 1/b(zﬂ [z_vb(zﬂ+
i.e. E, [xt+v]= S(B)xt,where8(z)=j= sjzj=1/b.(z)[b(z)/zv}+.

1/b(z) is assumed to be analytic in a circle with | radius
greater than unity,so that the representation is invertible
(b(z) is invertible).The minimum mean square error forecast
for lead time 1 is the conditional expectation E[xt] of x

gt origin t-1,.The residuals a; which generate the process(bg
ing independent random variables or shocks )turn out to be the
one step ahead forecast errors:x4- E [xt] = &t It . follows
that for a minimum mean square errof1forecast, the one step
ahead forecast errors must be uncorrelated.

T+v
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Eo ) B Foal* 2 2T &[] -
-
= 35% I, xt-j'(1)

(Dea) If a model of the kind

a : 2
Yt bR+ CXy + Uy u (o,a'u)

(Iv.10)
P

+ th +€t etNN(O’O'f)

is evaluated, Xy = the minimim mean square error fore

cast - and x will be correlated since x

£ is not a

t

§1) The minimum mean Square error forecast is defined
in terms of +the conditional expectation

E x.I=

ey oJ= E[x,/ o1t Xpgrrees].

which theoreti?al}y requires Imowledge of the xs': atretch
ing tg 'tpe infinite past. However, the requirement of
1n;e§f?b111ty, which we have impnsed on the general
A-R.IN, 4, model, ensures that the IT wei

convercent series, la :
(In practice the I7 weights usually decay rather.quickly,
S0  that whatever form of the model is employed, only
a moderate lenght of series, '

4 Xiogo X;o°+X; o 1s needed +to calculate the fore
casts with sufficient accuracy),
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white noise process.(1)

t?1[xtJ = ;t = 5%; I, t§1 [xt-j] and some of the prob

lems examined above will have to be dealt with,
This difficulty is relevant because (IV.10) is the stand
ard Rational Expectations model,which includes the 'optimal?

(1) Assume x has an A.R.M.A. (p,q) structure.

T I NP prxt-p = Ox0% Ox184-1 Oxply ot

oot Bty g 8 (B)x, = 8, (Blay, where § (B)=14§ B +

2 1 D, _ 2 ]

+ § B bepB 0, (B) =6 +6 B+ OxoB *enet 0, B

Assume Ox(B) is invertible.The optimal one step ahead fore
cast is: tE1[kt}= Xy (It is assumed that 8, = 1),

X,= -§x1xt-1-""prxt-p+ex1at-1+'"+exqat_q=
=j§|Aj-1xt-j=.A(B)xt-1’we can rewrite these expressions as:

Xt A={Gx(B)-1 (Gx(B) 3 ex(B) )} B-1xt-1+ &4

x, ={ex(}3)'1 @, (® - e_(5) )} B-1xt_1.
Substituting in (IV.10) above we get: 1
Yim PR+ oxpr wp= (vprc)fe. (B)T(R (2)-g B))} BT, +ca

+u= (bp+ ¢)A(B)X, .+ ca.+ u
- Op »

t t
2= Bx,)+E=ple, ()7, (3)-_(8) }57'x, € puB)x s

Ef
Assume the A.R.K.A. structure of xi is estimated.Direct eva
luation of (IV.10) above provides the estimators of

pa®) = pfo, (87§ (®)-6_8) 1), anc of

(bp +c)({ex(13)‘1 (@x(B)-ex(B) } B™') =(W+c)a(B),

From the price equation we could then comoute ﬁ.But this would
not be suffiecient to solve the identification probdiems of
the structural x% equation.
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forecast behaviour of the individuals.
lodel (IV.10) is analogous in structure to the 'odb
servable reduced forms' of any model in which expacta

tions are assumed to be rational,

(D.b) If a model of the kind:

a 2
th + ca, +u u, v N(O,G'u)

Yt t 7 %
Iv.11)
= fBx o2
is evaluated, where a is a whitec uoise random shocl,

t
regidual of +the above mentioned AJR.E.A.  one period

ahead xt forecast (xt = t:E.1 [xt] = at),

a consistent estimation o7 the Parameters can be rer

formed wusing the approaches mentioned above,
If - however - ( ex(B) / QX(B) ) 8,

does not capture all systematic components of +the x

t
time series, the a, s might keep some of +the sys
tematic strueture of +the x % time series . and the

multicollinearity problems examined above would remain

- 27 -
ungolved, (1
=
A proper estimation of the system set forth above re

quires a preliminary manipulation of the time series,

(1) Provided x4 is the one Period ahead minimum megn square
error forecast of xt.the estimation procedure above is cor
rect.

Let 8y = X~ t§1 [xt] .
In L = const, +[-fT/2)ln °'§“/(-_2’5)’%(&“’9;{".(‘:‘;@), )21+
. 2 2\ .2 =\ 2 ) )
+ [~(24 )1n 0-1/(20 ) %£(r - px,)?] .
Let x be an ARIMA (1,0,0) proceas:
xp= fx, .+ Ao I <1,3,= = E.1= th_1.3ubstitutingm:1hL

The system becomes:

we get: 1In L = const., + [—(EE/2 )1110'5—1/(2 d’i) %(rt-bpttxt_.l-v
—ep,)?] [-(T/2)MG§—1/(2€§)%(Pt—F§xt_1)2'

which allows for a consistent estimation of the parameters o
interest, Assume X¢ls an A.R.M.A. (p,q) process,where ﬁx (B),
ex(B) are the autoregressive and moving average operators
respectively,as above,Assume further that 8xo= 1.Written in
inverted form the A.R.M.A. representation of x4 is

-1 7 -1
x= {o,®7§_(8) =08 )} 5'x,_+a- A(B)x,_+ a,.
The one period ahead mean Square error forecast can W written
as:s -1 -1
E = = {o, 7 ¢, 30 () )} 57k, - A, .
Substituting in (IV.10) we get: ;

Y= bP:+°(xt—;t)+ut= bPA(B)xt_1+c(A(B)xt_1+at-A(B)xt_1)+ut=
= bPA(B)xt-f““t*uf‘ bﬂex(s)'1 (Q.xf(B)-ex‘(B))}B-"xt_‘l+cat¢ut-,
Pt= PA(B)Xt_1+-6t= P{ox(B)_1 (QX(B)FOX(B) )} B-1xt_1+ Gt.

A consistent estimation of the parameters of interest is ,than
Possible,
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Assume that x, is a time series which can be given an.A.R.
I-.:.A.representation,gxx(B)xf ex(B)aé!zthere Qx(B) and Ox(B)are
defined as above, The noving average operator is assumed ® be
invertible. Nultiplying both sides by ex(n)“we obtain
(@x(B)/ex(B) )xt= a,.In that way a higly autocorrelated time
series has been transformed into a sequence of umcorrelated
random variables, a,« A possible solution to the multicol
linearity problem which hinders the computation of coef
ficients b and ¢ is the following:consider model (IV.6)under
hypothesis C) about expectations formation
(1V.6) { Yo PPyrex suy u AN (0,0)

P= P1 (x - 1+xt_2)¥ €, €N (0,0‘3,)8ubst1tuting for
ch_fmd xt_z;l.n terms of their A.R.M.A.representation we obtain

(IV.1 2){3) =PPy [ex (B)/éx(gihtﬂ +at..2)+° [ex(B)/Qx(B] 8t

D)Py= By (xy_i+x, o) + €,4{IV.12.a) can be.written as
(IV.12.a) rt= bp1 E’x(nﬂ(a‘b-1+at-2) * c[\yx(bﬂ 8yt Uy Whers
b, (BY, (B) = e, (B). (Iv.12,a) -reduced - yields:

-1
(1v.12.a')[¢x(3)/ex(3ﬂ xt-[‘i’,fs) ]rt=bp1 (ay_1*ay_p)+ca V..
= [§, 06, @] v [¥,®Tu,).
Since Qx(B)/Qx(B) is a rational lag operator,i.e.contains
an autoregressive component,the error term ut,which is seri
ally uncorrelated,will generate a serially correlated error

(1)The analysis assumes that any trend and/or any mean compo
nent -i.e. any non indeterministic component- of the time
series has been eliminated.Otherwise the ARINA represenation
of the series would be given by a

¢x(3)xt = V QX(B)xt.-. ex(B)at, where

¥x(B) is the generalized autoregressive operator used for
the representation of nonstationary time series,such that d
of the roots of (y(B)= 0 are unity and the remainder liyout
side the unit cirele.
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tem%-f?,(m/‘*x(m]“t and equation(I%12e')will be dynamiec.
A three etep approach could be uged to eatimate the model:
1) eatimate the structure of the x, time series(often this is
performed by means of nonlinear methods)and estimate the
weights of ¥ (B) from QI(B)VX(B)a 6, (B) . .
@x(B)xtz 6, (B)a, a .~ K(0, T
2) estimate the anticipated Price equation coefficients from
_ 2, Q1)
3) substitute from 1) and 2) and estimate (Iv.12.a'),

(»IV.12.-9;')[*1"X(B)-1] Yi~ Py (e, + o, ) ca = [Yxm"’]ut.‘z’

It can be written aa:ﬁ— hF1 (at_1+ at_z) - ca.= Vt, where

=

= == ~ [ -1]
vy [Qx(B)/ex(B)]l\_,ut ‘t’:o')"t'“t—’t' _x:- Yx(B) Yi »and can
be estimated with linear least squares,using the standard
approaches for dealing with serial correlation of residuals,

a o .
’t— BB, (at_1+at_2)- cay = V, could alternatively be esti
mated directly by means of nonlinear least squares.

(1) The price anticipations equation could be estimated as:
2

But +this would imply the introduction of some unnecessary
computationg and reduce the accuracy of the findings insofar

as YX(B) = [ex(B)/Qx(B)] is only an approximation,
(2) Consider the case ir which x.has an ARMLAL D 1) m AeRJ(1)
structure.The procedure becomes
- = : 2,
1) Evaluate { = &x.x, .,/ i?:xt—*.'
2) Evaluate P1w1th OLS procedures from P~ ,91 (xt-fxt-z):et;
3) Use these estimators to evalucte

) @h-r By Oy tfy o) - op= ugr fu .
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The filteriig approach expounded here is valid whether we

assure x is a single time series or instead a vector of

time seri:s. Indeed in the Natural Rate of Unemploymert
with Rational Expectations model more than one exogenous pol
icy variable is usually included.

Time series analysis allows for the development and esti
mation of the A.R.I.N.A. structure of a vector of time
seriasc,

Within the context of this approach however, this method
would reduce the accuracy of the cowmputations since differ
ent exogenous variables will have differing A.R.I.L.A. struec
tures.

The common structure of anyone of the tirme series will
Probably be less accurate than that obtained in isolation,
as it has to be averaged with those of the other time series
of the vector.

As a consequence the larger the number of exogenous
variables entering the model, +the greater the loss
in accuracyf1)

This procedure however is still valid whatever hypothesis

(1) This can be seen intuitively by noting that if 4in the
example above we were to have more than one exogernous time
series - x1t’x2t""xjt"" each with its own ARILA struc

ture - the whitening of the first exogenous variable would
introduce autocorrelation and moving average elements in the
others. On the other hand  the whitening of +the . second
would iintroduce nonwhite noise in the first exogenous varia
ble. B
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(1)
is made about E (xt),whether hypotheses 4,B,C or D.
$-1
Alternatively,a second approach can be developed.

. '!l.' -1 . . d
x( ?

mul i

estimated -directly..

(1V.12) Y= bp1{['\r‘x(3)]at_1+[\{x(3)] at_2}+ c[‘l’x(B)] a U,

2
u, v N(0,0‘u).

t
Once more step two could be avoided if nonlinear

methods of estimation were to be intrg

(1) ¥hen hypothesis D) is made,the estimation procedure
requires first that minimum meen square forecasts of Xy be
expressed in inverted autoregressive form:

1

- =1 } i
%, = a@)x,_={e, ®7 (§ (B -6 (3) )} 37x_,.
The approach set forth above is then introduced:

= bP;t+ CX + U j
Yi= bPA(B)[Ox(B)/ @x(Bj]at_1+ c[ex(B)/ Qx(Bﬂ aut Wj

mul tiplying both sides by QX(B)/ SX(B),we obtain:

Q*(B)/ ex(B)Xt= bPA(B)at_1+ ca+ [QX(B)/ ex(Bﬂ u, .

We can then proceed to the estimation as in the case of

(IV.11.a) above.An alternative is as follows:

a@) [o, @)/, ®) = {§,® ¢, ®) - e () )5
bp{Qx(B)”( QX(B) - 8_(3) )} B_1at_1+ c[ex(B)/@x@)] a U,
which can be reduced as:

Qx@)rf bP {( Q‘x(B) = ex(B) )}B-1at-1+ cex(B)at+ Q'x(E)ut

and computed as above.
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duced.(1)Here too,a certain loss of accuracy occurs if

(1) Analogous problems,involving the iterative estimation of
a8 general rational lag structure of the exogenous variables,
have been investigated by P.J.Dhrymes ("Distributed LagaProb
lems of Estimation amd Pormulation",1971,chapters 9 and 10),
and by K.Steiglitz & L.E. McBride ("Iterative Methods fr Sys
tems Identification",1966).These approaches have been set
forth in order to estimate the parameters of General Ration
al Lag models of the types

v= ( A(B)/C(B) )zt+ u,, where X, is.a set Of nonetochastic

variables, ut is identically independently distributed, such
that

- 03B 202 a(E) o ST oL _?h -
E(u,) = 0;E(u;) =07 ;A(B) = I=o 2,5 3C(B) = 4= e Be = 1.
They can be used to estimate the model:

Dy A @), [z®A4 )] a0 v, 2N (0,02)
2) P [§(B)/§x(3)] di gt €, €N (op‘ij'

Ag1™ Bp_q* By o0

% N (50'11"°"?m)' = (P1exo’Fhex1’°"'P1ezm)"

ol (FO’F1""’Fm). . (bP1exo'bP1ex1""’bP‘le;un)"

Z = (cexo'cex1,...,cem)' and

§x= (§x1’§xa""’§xn)' are the coefficients of the

rational lags derived from the A.R.M.A. structure of X4e An
iterative maximum likelihood approach can be developeds which,
if convergent,provides cmsistent estimates of z,ﬁ,?,@x.

('Y;c = (14,8 )Y, 4= ( 1/§,(8) Jay, o = (14, (®) )ay
a5 = (F@)/§,(8) )aj, af= (2(8)_(3) )a, are computea

and the M.L. function,expressed in terms of these derived va
riables,is maximized with respect to the parameters of inter
est.New values of the variables are computed,with respect to
the new parameters,the M.L, function is once more maximized
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additional exogenous variables enter the plcture, due
to +the differences Dbetween the A.R.I.M.A. structures
of different wseries and the corresponding aiffi
culty in deriving- a common AR I A, strue

Suite of note (1) of page 32)
éith respect to the parameters of interest and so on until

convergence is achieved ), . .
As a consequence,we have consistent estimators of

ﬁ(B) = p,6_(B) from equation 2)
1'x

and consistent estimators of

F(B)/i bB.05(B) and of Z(B) = c6_(B) from equation 1).

b = F(8)/ §(B) can be obtained.

However,unless we estimate Ox(B), we cannot obtain an estima

tor of c¢. This reduces somewhat the validity of ?his ap
proach, A possible solution would be that of evaluating the
A.R.M.A. structure of the X, series,obtaining in that way

©_(B) and Q (B). {Alternatively a nonlinear approximation
x x

could be introduced at each stage, which would allow us to
avoid the computation of egquation 2). Such an approach would
be computionally very expensive )

This iterative approach requires initial yalues of

F, 6, and §_.

They can be obtained - as suggested by Dhrymes,pag.250 = by
means of principal componernts techniques., .

If +the error terms in +the first equation above are

not serially independent, more sophisticated appr9aches
have to be used, connected with spectral analysis.

(For more details, see Dhrymes,p. 239-250).
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ture. M rpege difficultios are dus to the fact that ir x 1g
a vector of time series,i.e, represents more than one'tn: se
ries,the structural Xt equation ig overidentified,The me thod
seen above can be assimilated to the estimation of the fp1
lowing three equationsg (recursive) systems: E

1) Yt - bP: -ex, = u, u N(O,_O'E)

2

(@v.1d2) p, - P (gt %, 5) = €, €, N 0,07 )
3 [§:(8)/0 )] x, = a, 8, ~ 50,6 2),

(1) Assume the model includes two time series, x1t and x
with A.R.I.L.A, structures
[‘91 (B)/¢1 (B)Ja1t=-‘-'€<3>a1-t = [92(3)42 (Bﬂ 22t~ Y (Be,,

respectively.
(IV.12) can be written as:

Y=, Y, (B) (a, t-1721520*0BE, (B) (e, *app o) +

+c1Yq(B)a1t+c£Y2(B)a2t+ut, which is likely to lead

t0o more than one estimator of b(the structural K}equation is
overidentified).1f e, (5)/{, (B)=¥, (B)=4(B)/}, (B)=Y, (B)=e, (8)/4, ()
Qﬂ:tn).ve would haves:
=Y, @ (P, (o, a4 (ay *aet-z))”'r‘ﬁ“a‘z’t} N
which provides g single consigtent estimator of b, (Since -in

practice- it ig ag if We had a gingle éxogenous variable, so
that the equation is éxactly identified.Or we can- assume .

2!

identification of the ¥t structural equation),

If the A.R.I LA, structures of X4 and of x_.are different,
(IV.12) can be written as: 2t

Y=Y B) (v, (s t-13150)%0 800 +

+Y;(B)(bpz(azt_1+a2t_2)+c2a2t)+ut, which is. likely.
to lead to two different consistent values of b,
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With respect to models of type(D.a),in which expectations
of x, are bagsed on the A.R.I.M.A. structure of this very ser
ies,in which no equation is therefore missing,the problem is
one of improper use of this information.As a consequence mod
els which are potentially identified remain unidentified be
cause of the mmlticollinearity problems mentioned above,

000
V. Some Final Re _rka:

This paper has allowed to clarify two main points,

Case (D.b) ondx(p.26),where anticipations about the exogenous
variables,upon which price anticipations are based, are mean
square error forecasts based on the A,R.I.N.A. structure of
the series and where unanticipated shocks are provided by one
period ahead forecast errors of these very series leads to g
correct empirical evaluation.

Once the ARINA structure of the series of interest has
been evaluated,the model (IV.11) can be estimated by means
of a standard two stages least squares approach.

The weakness of this method is that the ARINA stricture of
a series can at best be approximated,This reduces both the
accuracy and the validity of such an estimation.

The remaining versions of the Rational Expectations model
cannot be properly egtimated by means of linear least/

sduares techniques unless some very restrictive asgsumptions

" are made about the ARIMA'strudtﬁre of the exogenous varia

bles. (This holds true also for nonlinear methods of estima
tion),

=~ The ‘'observable reduced form' of any model involving
Rational Expectations cannot be evaluated by ieans of least

Squares techniques (linear or nonlinear),



The filtering methods expounded above have to be introduced
in which account is taken of the ARTMA structure of the ex
ogenous variables,

"If nonlinear techniques are used however,it could theoret
ically be sufficient,to estimate the standard model of this
Paper,to set forth the order of the ARIMA strueture of .the
exogenous variables (provided appropriate normalization re
strictions are made about it,to allow for identification of
the parameters) without having to estimate it in advance.

This approach reduces the accuracy of the analysis.

The difficulties we have tried +o solve in this paper are
due to the fact that standard evaluation approaches of the
Rational Expectations models examined gbove have attempted
to estimate a three equations system (the third equation pro
viding the ARIMA structure of the exogenous time series) by
estimating two equations only.%e have a model misspecifica
tion,

Case (D.b) above leads to a correct estimation because it
includes the investigation of this very equation: the ARIMA
structure of the eXogenous time series.

The computational cost of adding the ARINKA structures'ana
lysis of the exogenous time series may be relevant if several
exogenous variatles are included in the 'observable reduced
forms',and the increase in éccuracy may be relatively small.,

A possible suggestion is that whenever a 'reduced form'®
model has to be estimated involving this kind of mul ticollin
earlity problems, "Quasi Rational Expectations"be substituted
to Rational Expectations of the unobserved variable. (The
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former are obtained as one period ahead mean square error
forecast based upon the ARILA structure of the series to be
anticipated).In that case the analysis would involve +two
steps:

identification,estimation and verification of the struc
ture of the Pt time series;

estlmation of the structural equation:

a
Yt = a + th + cxt + u here

% ?
P: 18 a more or less sophisticated function of its own past
values,If u, is serially correlated,consistency Problenms

would arise in the estimation of the equation above if we

000
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APPENDIX

The case of Some liore Complex Reduced Forms.

The Natural Rate of Unemployment with Rational Expecta

tions model does not include,usuvally,lagged exogenous varia

bles in the relevant equations.

The ‘'observable reduced forms' of a Rational Expectations
model may include lagged exogenous variables, which in tumm
appear in the relationship on the basis of which 'Rational
Expectations' of the unobservable variable are computed,

If the following model has to be estimated,

a) Pt= Coxt+ c1xt_1
(a.1)

b) y= d oKyt d1xt greee+ d Xt + dPt+ ViV nvn(o 6'2)

a . 2
teeet C X+ DPL4 U utAVL(O,U'u)

a Co = c [¢]
P= o 1 X +.¢e+~—nx

1
w.1—e re " 3 _b xt _b =1 g 4-n"®

It can be shown that the difficulties expounded above (multi
collinearity between P: - i.e., its determinants - and the
exogenous variables) introduce identification problems also
in this context.

An intuitive proof,to keep the algebra as simple as possi
ble,is the following: '

a 2
= T
a) Pt C Xyt CoXy , + th +u U, N(O,U'u)
(4.1IT) a 5
d v \
b) Y= dgxe+ 4, goqt P+ v, Vi V(0,0 %)

Assume x. has an ARINA (p,0,U) = AR(p) structure.
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a,~N(0 ,ai) .

We have to evaluate:

a) P .= &= CoXyt CqX

d-
_h

. Cox. 4+ ©1 . AN 2
_q+B__oX_+ "1 X, 1)+u $G VN (0,0'u)

(A.I1T) ot 1-b - 1 b
A
= %o x S«
b) P — —_E xt+ m -ﬁt_.]"' e,t etNN (0 id-i)-

Assume expectations are made 'optimally',on the basis of the
ARILA structure of the X, time series.The system satisfies
the rank conditions for identification.(1)

be
f;) Pi= o X+ ( —9 @1 ——-+ c, )x ot

c . bcg
b ¢2xt-—2+"" T-b ?pxt—p+ Y

(A.III')i
= C1 Co
B) Py (=2 % = %s-1* = boxyp
Co
l +osot ?:3 épxt—p+ et

(1) The three equations system is:

a) Pt= vp2 5 Co%yt c1xt_1+ Pt

D) RP= Bkt Bux, it €,

¢) x= Q1xt_1+ szt pteeet g x4+ oaL.

It can be shown that equation a) is exactly identified sequa

tion b) is overidentified and equation ¢) is exactly iden

tified,




- 40 -

The maximization of the joint likelihood funetion, follow

ing the approach set forth above,allows to compute:

(A.III")[—(T/Z)ln(ZII )] + [-(T/2)1n6"121 - 1/(2 0‘2) E— (Pt -

. h. b b
B coxt-(c1+ 91 °1 )x X, - Tg% szt-z-"' °° @ ]

[ (T/2)lnd' -1/(20 )%(P - (—SLQ + L b )x,

o .- %o 2] 1 1, (1)
— §ox, oo = prt_P) =
From 1n L - i.,e.( A III%D) ) - we obtains

2
—_— T qf“ﬁ‘a —N ——~ —_~
(;%?1"'-‘](:—.:))’-‘:'-%@2,-..,1_010391) and thusﬂarld—cJ.,

T-b T<b
. ™ (2)
provided that @1,$;,...;§; are known.
From 1n L, ~-i.e. ( A.III'a) ) = we obtain:

—

Ot = bco @1 and ( §1 221 + o, ),and thus b,c  and c,.

The same result holds true if we want to evaluste (A.ITI b))

(1) We could as well add a third element,
=T 2 _ 2\ = 2
1n Ly= [-(1/2)1a07 - 1/(202) Z N Ay

for the estimation of the xt
(2) The price anticipations equation is overidentified S0

that p-1 consistent estimators of
co/(1-b) and of 01/(1—1)) will be obtained as

T;% §1/ Q1,..., o Qp/ QP and as ( Q1+ __l ) - S0 @1.

1=b 1=b

autoregressive structure.
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This will be the case if the order of the autoregressive.
component of the structure of the xttime series is higher

than the lag of the exogenous variables - appearing in the
(1)

equations.

(1) Consider the following model:

a
a) P= o(B)xt+ hPt + Wm0 X+ 0o X, L+ CoXy ot
+ hPa + u u NN(O 0-2)
t % t *“u
(A.IV) L c c
.} 1 _ o2 }
B) By i3 Yot T Faet ToE Zpen * €

€.~ N (0,02),

where x = Q1xt_1+ a, and where c(B) is a second order pol

“ynomial-in the lag operator (B),whereas x, has a firet (or

even a second) other autoregressive structure.
We haves

b°o'*l ey _S2
Py °oxt+[ %t - 1- ]‘t-1 1-b *g-2*

utNN(O,Gi)

IV
(A ) = 0001 01 A 2 " . €
t 1-h 1 t-1 =b Tt=~2 t

2
etfvn(o,O‘e)

The maximization of the corresponding joint likedihood
funotion' does not allow to obtain distinct estimates of the
bParameters of interest.
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Otherwise the rank conditions for identification ofthe )
quaions & the system will not be satisfied.Neither(a.IV.a))
nor (A.IV.b)) will satisfy the rank conditions for identifd
cation,

It should be noticed however that precisely because x,
has an ARIMA structure which includes an autoregressive com
ponent (i.e. x, is serially correlated),identification be
comes problematic for the system, (more specifically for e
quation (A.III'),even if the order of the autoregressie com
t is higher than that of the

lags of the exogenous variables in the reduced forms.

ponent of the structure of x

Substituting - in order to take account of collinearity
problems - for
in (A.III.a)),we obtain

b, °062]

xt= 1xt_1+ ﬁzxt 2+.-.+ pxt p at
b b b
(a) Ei= [ng ¢1+ Tg% t ot °oé1]x't-1+ [ng
Xy oteest [?g% Qp+ e, ép] Xep ¥ w
c c c
b) Py= [1—-% b, Tlﬂxtq‘“ T8 0p%, pteeet

e
L + T:% épxt-p+ €,y where W = CoBy* Uio

This means that a restriction is imposed on the eoefficients
of the first equation.It will not satisfy the rank condi

(A.V)‘<

tions for identification.
The maximization of the joint likelihood function with

2 2
respect to O‘u, d'e and the coefficients of xt_1,xt_2,...,‘%_%
does not allow to obtain estimates of co,c1and b. (A.V. &)
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is underidentified. (Indeed,if it is possible to obtain esti
mates of -—g and -—% -(p - 1) couples of estimates which
are not necessarily identical in finite samples - +this 1is
not sufficient to disentangle the parameters of interest.

The estimation of (A.II.b)) requires the evaluation of
the following aystem:

d d
@) vy= [a b e T4 0% <I>1]x gt @+ 729 4,
Xy pteeet (d°+ -—% D - p t

®) 2= [ 20 6+ 1—2%] Xt 7R Bz, ptener

c
¥ =2 prt-p+ €;» Where V.= d a.+ v

(A.VI)

£
The maximization of the joint likelihood function - using
the approach mentioned above - shows that if from equation
(A.VI.b)) it is possible to estimate —% and T‘% this i nat
sufficient to obtain estimates of d, d, and d,from(a.VI.a)),

Only estimators for (d + -—%) and for (d + —-%) can Dbe
computed,

Equation (A.VI.a)) is not identified because of the mul
ticollinearity problem mentioned above,

It can be shown that in the context of this model the
filtering methods set forth in section IV no -longer hold.

Ag a consequence Rational Expectations reduced forms
which include lagged exogenous values of the very variables
°on the basis of which Rational Expectations are made cannot
be properly estimated and are affected by multicollinearity
and thus by identification problems,

ooco
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