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Abstract

The global recession triggered by the great financial crisis and the response to the
COVID-19 emergency have renewed the interest in connecting business cycle dynam-
ics to financial conditions. This paper proposes a simple macro-dynamic behavioural
model of the interaction between the stock market (SM) and the economy’s real sector
(RS). We innovate by studying the interaction between two alternative sources of per-
sistent fluctuations related to two different types of heterogeneity. The SM is modelled
as a market with two heterogeneous speculators — chartists and fundamentalists. On
the other hand, the RS is formalised as a simplified discrete-time version of Goodwin’s
growth cycle model, distinguishing between labour and capital incomes. The interac-
tion between the RS and the SM is the result of two assumptions: (i) investment
decisions depend on both profits and the stock price; (4i) the fundamental value of the
latter which is used by speculators in their demand functions is proportional to national
output. The overlap between financial and real dynamics results in a novel source of
economic fluctuations. We show that the dynamics generated by the resulting 2D map
depend crucially on the sensitivity of investment to the stock price and a parameter
entering the relation between the fundamental value of the stock price and national
output.

Keywords: Persistent fluctuations; Heterogeneous agents; Nonlinear dynamics;
Stock market; Real-financial interactions

JEL Codes: C02; D84; E32; G12

*A very preliminary version of this paper was presented at the IX Workshop on Dynamic Models in
Economics and Finance, University of Urbino, Italy. We thank all participants for their comments and
suggestions, which allowed us to improve the quality of the paper greatly. The usual caveats apply.



1 Introduction

In the past three decades, advanced countries have experienced an unprecedented expansion
of their financial markets, both in terms of new products and scale of activity, significantly
impacting the functioning of the “real economy”. While a well-developed financial system
is generally related to better economic performance, many are sceptical about its value,
particularly in light of the recent financial crisis (e.g. Crotty, 2009; Stiglitz, 2018; for a
meta-analysis of empirical studies on the finance-growth nexus, see Valickova et al., 2015).
The global recession triggered by the collapse of Lehman Brothers and the response to
the COVID-19 emergency have renewed interest in connecting business cycles to financial
conditions. A growing body of literature is investigating how turbulence in financial markets
gets transmitted to the real economy and whether or not real market developments feedback
on the financial sector.

Market economies alternate between periods of vibrant economic activity and recessive
downturns. The forces behind these fluctuations remain somehow controversial. Two main
frameworks are worth distinguishing. A more predominant approach views business cycles as
mainly driven by exogenous stochastic shocks. They are propagated through different mech-
anisms involving a set of frictions that amplify recessions and booms, such as the financial
accelerator (Bernanke et al., 1998; Fernandez and Gulan, 2015). The economy is funda-
mentally characterised by a locally stable equilibrium point, with fluctuations disappearing
without such shocks. Alternatively, the second approach conceives the economy as inherently
unstable. Boom and bust cycles are endogenous to the operation of a decentralised economy.
Periods of economic stability endogenously lead to moments of turbulence in systems where
decisions by one agent cause others to do the same while, at the same time, their sum has
a dampening effect on the initial choice (see Beaudry et al., 2020; Kohler and Jump, 2022;
Hommes, 2021). For example, an increase in output encourages firms and households to take
on more debt, but the resulting debt burden brings down economic activity.

The present paper aims to contribute to this second strand of literature. We innovate by
studying the interaction between two alternative sources of persistent fluctuations related
to two different types of heterogeneity. In the financial sphere, heterogeneity in trading
strategies — which change over time and are embedded in social interactions — is responsible
for creating a motion similar to Minsky’s (1982) financial instability hypothesis. Attention
is focused on the interplay of “chartists” and “fundamentalists” (e.g. Day and Huang, 1990;
Hommes, 2013; for a comprehensive review of the field, see Dieci and He, 2018). Chartists
base their trading decisions on the analysis of past trends: they are optimistic and buy stock
in a “bull market”, i.e. when prices are rising, whereas they turn pessimistic and sell stocks
in a “bear market”, that is, when prices are declining. Fundamentalists, in turn, expect
stocks to return in time to their fundamental value. Consequently, they buy when prices
are undervalued and sell them in the opposite case. The dominance of chartists favours the
emergence of bubbles, while fundamentalists are conducive to more tranquil market periods
(see also, Dieci et al 2018; Schmitt and Westerhoff, 2021; Gardini et al., 2022).

In the real sphere, we have heterogeneity in the source of income that either comes from
capital or labour. Similar to Goodwin’s (1967) original growth cycle model, during the ex-
pansive phase, as output increases, so does workers’ bargaining power. Thus, real wages grow
faster than labour productivity, reducing investment profitability. Firms respond by reduc-
ing capital accumulation and production. As output begins to fall, unemployment increases,
reducing the bargaining power of labour. Wages stop growing, and profitability recovers,
allowing firms to reinvest and increase production. At this point, the cycle starts again. A
distinguishable feature of our model is that we adopt a discrete-time setup with a nonlinear



bargaining relation, such that wages are “marked-up” on average labour productivity (see
Pohjola, 1981; Sordi, 1999).

We distinguish between two mechanisms connecting real and financial markets. First,
the investment function depends on profits and the stock price. In this respect, we depart
from previous efforts to incorporate the financial sector into the growth cycle model by
referring to private debt (as, for example, in Keen, 2013; Sordi and Vercelli, 2014; Giraud
and Grasselli, 2019). Instead, we focus on a sort of balance-sheet channel. A rise in stock
prices increases firms’ net worth, leading to higher investment spending because of decreased
adverse selection and moral hazard problems. Second, the fundamental stock value, which
enters the asset demand functions of both groups of speculators, depends on the current
national output. This last mechanism follows Westerhoff (2012) and Naimzada and Pireddu
(2014, 2015), having a similar rationale. The fundamental value of a firm corresponds to the
present value of the sum of expected profits. As long as profits per unit of output and the
interest rate are fairly constant, the fundamental price can be approximated as proportional
to national income.

It is shown analytically and through numerical simulations that the dynamics generated
by the model crucially depend on the degree of interaction between the stock market and
the real side of the economy as represented by two parameters: one measuring the sensi-
tivity of investment to stock price and the other the weight that current output has in the
determination of expected output. Depending on their values, we distinguish cases of “weak
interaction”— defined as states in which only one of the parameters is different from zero —
and “full interaction”, when both are different from zero. Our analysis reveals that the stock
market’s wealth effect on investment destabilises the system. On the contrary, a stronger
response of expectations to the current state of the business cycle is surprisingly related to a
more stable economy because it allows a smooth synchronisation between real and financial
dimensions.

The emerging endogenous dynamics in our model have the following rationale. As in
Goodwin (1967), an increase in employment continues to raise workers’ bargaining power,
thus bringing down profits. Firms’ balance sheets deteriorate, and they are forced to reduce
investment. The result is economic contraction and layoffs, raising unemployment. Simul-
taneously, a recession decreases the fundamental stock price, reducing demand. Hence, the
price starts to fall, further deteriorating companies’ balance sheets. At this point, how-
ever, a weak labour market allows for the recovery of profitability and investment. As firms
start to accumulate capital again, output recovers. This further enables an improvement of
stock market prices and the correspondent balance sheets. Given that financial conditions
are improving, they can expand investment plans, with an additional positive impact on
employment, allowing the cycle to restart.

The remainder of the paper is organised as follows. In Section 2, we describe the real
sector and the financial market in general terms, constituting the two main equation blocks
of the model. Section 3 concentrates on the dynamics generated by the real and the finan-
cial markets when they are isolated. Section 4 shows the macrodynamic consequences of
different cases with “weak” and “full”’interaction of the two markets. We distinguish be-
tween three sub-cases of full interaction, numerically assessing the necessary conditions for
the emergence of endogenous dynamics. Section 5 focuses on a particular case that allows
us to find an economically meaningful closed solution for the system. Thus, we can study
its local stability properties analytically, confirming those findings numerically in a second
step. Some conclusions are finally drawn.
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Figure 1: A summarising diagram of the cyclical mechanisms embedded in the model.

2 The model

Economics is witnessing a paradigm transformation that increasingly recognises the limits to
agents’ informational and computational abilities and their behaviour heterogeneity. Under
the premise that modern economies are inherently unstable, our purpose is to study the
interaction between two sources of heterogeneity that have been documented as capable of
generating endogenous bounded persistent fluctuations in two different markets. First, we
refer to an extensive empirically grounded financial literature identifying chartists and funda-
mentalist traders (e.g. Franke and Westerhoff, 2012; Chiarella et al., 2014; Chen and Zheng,
2022; Gardini et al., 2022). Second, we differentiate between income from wages and profits
as in Goodwin’s (1967) predator-prey model. The latter has consolidated itself over the past
decades as a system for doing macro-dynamics with extensions contemplating the interplay
between fiscal and monetary policy (Chiarella et al., 2005; Asada et al., 2011), inequality and
private debt (see Keen, 2013; Giraud and Grasselli, 2019), and the induced-technical change
hypothesis (e.g. Velupillai, 2006; Flaschel, 2015), among other developments. Empirical
evidence of its primary underlying mechanism can be found in Grasselli and Maheshwari
(2018) and Barrales-Ruiz et al. (2022), who also provide an overview of related studies.

The overlap between financial and real oscillations results in a novel source of real-
financial instability, as depicted in Fig. 1. It could be interpreted as a financial-augmented
Goodwin cycle in contraposition to the pseudo-Goodwin cycles in Stockhammer and Michel
(2017) or the Goodwin-Minsky debt models in Keen (2013), among others. To the best of
our knowledge, we are the first to provide an in-depth investigation into these mechanisms
and their dynamic properties. We divide the presentation of the model into three parts. In
this session, we limit ourselves to building the real sector and the stock market blocks of
equations. We leave the study of the determination of equilibria and their local stability
properties when markets are isolated and interact for the following sections.



2.1 Real sector

In modelling the real sector (RS), we consider a formalisation in discrete time, which has
much in common with the growth cycle model by Goodwin (1967), originally formulated
in continuous time. The setup of the real side of the model economy can be described as
follows. At each time ¢, a given quantity of aggregate output (Y') is produced employing
labour (L) and capital (K). The technology is represented by two ratios, the average labour
productivity (a) and the output-capital ratio (u), both for simplicity assumed to be constant
over time and such that:

Y,
L >0, Wt 1
Kt /"L>’ ()
Y,

L—i:a>0, vt (2)

Under the classical assumption that all profits (II) are saved and invested, we suppose
that net investment (1) is also influenced by the functioning of the stock market (SM) through
a balance-sheet channel. The main idea is that higher asset prices improve firms’ net worth,
reducing problems of adverse selection and moral hazard. Therefore, they can invest more.
The studies by Carpenter and Guariglia (2008) and Melander et al. (2017) provide empirical
evidence supporting these assumptions for European countries. They show that firms’ cash
flows positively impact investment and that the effect is enhanced for companies more likely
to be financially constrained. We can then write:

Iy = Ky — Ky =1 + wP; — pK;
= }/t - WtLt +Cd.Pt - pKt (3)

where W is the real wage, P corresponds to the SM price, and 0 < w < 1 is a parameter
measuring the SM cash-flow effect on investment. It can be intuitively interpreted as a sort
of wealth effect at the firm level. Finally, 0 < p < 1 is the capital stock depreciation rate.
For simplicity, let us abstract for the moment from this last element by assuming p = 0.
Dividing both sides of Eq. (3) by K, and taking account of Egs. (1) and (2), we obtain:

I Wi B
where W;/a = W,L;/Y; is the wage share in total income. Just like investment, capital
accumulation has two main components. It responds to profitability, a function of the cost
structure, represented by the ratio between wages and labour productivity. Moreover, it also
responds to SM conditions, denoted by the ratio P/K. This last element shares similarities
with Tobin’s ¢ ratio, though we are not explicitly accounting for equity in our model (e.g.
Flaschel et al., 2018).

We then assume for simplicity that labour supply is constant and equal to N. Thus, the

employment rate (v) is given by:
Ly
Vs = ﬁ (5)

Regarding the real wage, we take it as ‘marked up’ on average labour productivity and
write:!

W, = f(v) I, f(v)a (6)

1Beside the change from continuous to discrete time, this assumption is what mainly distinguishes our
formulation of the real sector from Goodwin (1967), where it is assumed that the rate of change of the real
wage, rather than its level, depends on v. On this point, cfr. Kuh, 1967; Pohjola, 1981; and the discussion
in Sordi, 1999.
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Figure 2: Examples of graphs of the function f(v) with @ =0, § = 0.3 and three different
values for

where f(-) captures workers’ bargaining power as a function of the employment rate. To
consider the sharp improvement in labour’s negotiation position that happens as full em-
ployment is approached, we assume that f’(v) > 0 and f” (v) > 0.

An algebraically convenient specification of function f (v) is:

b
(1=’

which differentiates between the two forces behind wage negotiations. One captures struc-
tural elements beyond current labour market conditions and is represented by the parameter
0 < a < 1. The other refers to the institutions that shape bargaining processes, formalised
by the interaction between 5 > 0 and 0 < 6 < 1 for v € [0,1]. In the extreme case v = 0,
then f(v) = a+ . On the other hand, as the economy approaches full participation, v = 1,
the markup is maximum, i.e.

fv) =a+ (7)

f):]0,1] = [a+ 8, +00)

Fig. 2 is obtained by rearranging Eq. (6) and shows how the wage-productivity ratio,
i.e., the labour’s share of national income, responds to the employment rate for different
combinations of parameters. The first and second derivatives of f(v) defined in Eq. (7) are
positive and highlight the role of the parameters ¢ and § in shaping the bargaining process:

05

f’(v):m>0, Yv
L A
f (U):#>O, Yv

Given Egs. (1), (2) and (5), aggregate output, the capital stock, labour demand and the
employment rate all grow at the same rate. Thus, we can use Egs. (4) and (6) to write:

PN - ()] ®)



Finally, substituting Eq. (7) into Eq. (8) and rearranging, it follows that:

} v + (%) P, (9)

Variations in the employment rate depend on the difference between the output growth
rate and the sum between labour productivity and workforce growth rates. The last two
were assumed to be constant, while capital accumulation fundamentally determines the first.
Therefore, the labour market’s performance is tied to firms’ investment plans. They depend
on profitability, which is related to workers’ bargaining power and SM performance.

B

l—a———
(1-v)

Vg1 = {1+M

2.2 Stock market

To model the SM, we follow the tradition inaugurated by Day and Huang (1990) and consider
it as an abstract market for the exchange of shares of a single asset of the private sector,
populated by two types of speculators, “chartists”and “fundamentalists”, as well as a market
maker (e.g. Schmitt and Westerhoff, 2021; Cafferata et al., 2021; Gardini et al., 2022; for
textbook presentations, see Hommes, 2013 and Dieci and He, 2018). Chartists believe in
the persistence of “bull & bear” markets deciding their trading behaviour by extrapolating
past price trends. For example, when they observe a stock price higher than the value they
perceive as fundamental, they optimistically buy stocks. On the contrary, fundamentalists
expect the stock price to return towards its fundamental value and behave precisely in the
opposite way: they buy stocks when they observe a price below its fundamental value and
vice-versa. Once both traders have made their choices, the market maker determines excess
demand in the market and adjusts the stock price accordingly. Furthermore, we assume that
s/he does so cautiously, i.e. by allowing the price to vary only within given pre-determined
bounds.

From the short description above, it follows that the simplest way to distinguish between
the two types of speculators is to write their demand for stocks as D¢ and D/, respectively:

Di = c(P, — F) (10)
Dl = f <th — B) (11)

where ¢, f > 0 are two positive parameters describing the reactivity of each type of trader to
the gap between the observed stock price and the perceived fundamental value, F¢ and F”.

The economy’s so-called “fundamentals” are objectively unknown to the single agent.
Still, given that at the firm level, the present value of the sum of expected profits determines
them, at the macro level, they are related to the economy’s performance. Provided that
profits per unit of output and the interest rate are fairly stable, the fundamental price
can be approximated as proportional to national income (Westerhoff, 2012; Naimzada and
Pireddu, 2014; 2015). Thus, suppose that both chartists and fundamentalists perceive the
SM fundamental value to be proportional to the next period’s expected output:

F} = diB[Y,] i€ {c f} (12)

where d; > 0 Vi and E[-] is the expectations operator. To keep the exercise as simple as
possible, we take d. = dy = d > 0.

Output expectations are assumed to be divided into two main parts. First, they are par-
tially anchored to an exogenously given trend. Our assumption of no labour productivity or
population growth, i.e., zero natural growth rate, implies a constant Y. Such a simplification

7



allows us to understand better the interaction mechanisms over business cycle frequencies.
We will relax it later on in some of our numerical experiments. Finally, agents are also
influenced by the current state of the economy. Therefore, we have:

EiYia] = (1 —7)Y +7Y; (13)

where 0 < 7 < 1 is the respective weight coefficient. To some extent, it can be interpreted
as a measure of the influence that the RS has on the SM. When 7 = 0, expectations are well
anchored to the trend and the stock price fundamental is constant. On the contrary, having
7 = 1 implies agents’ perceptions of the fundamental price might be more volatile, being
determined by current economic performance.

To complete the model, we assume, as in Naimzada and Pireddu (2015), that the market
maker determines excess demands by speculators based on Egs. (10) and (11), and then
clears the market by adjusting the stock price according to the following:

Fron =P+ (D), v>0 (14)

where v is the weighting parameter of the response of P to the demand for stocks of both
types of traders, which, given (12) and (13), is equal to:

Dy =D;+Df =(c— f){P—d[(1-7)Y +7Y]}

Function 9 (-) embodies a smooth but crucial nonlinearity reflecting that price variations
are bounded in each period. Its interaction with + indicates financial markets’ response
to the interplay between the two behavioural heuristics in trading strategies. We adopt a
parsimonious and cautious representation of the market maker’s reaction. The latter consists
of limiting the adjustment of price between a negative minimum level (—ay) and a positive
maximum value (a;). The first element represents the ability of the market maker to stop
transactions in moments of high turbulence to avoid an investor panic wave. On the other
hand, the ceiling captures rigidities that impose an upper boundary limit price on a stock
that can be traded in a given period. For example, to prevent firms from manipulating
prices, American regulators set price ceilings for open-market share repurchases (Ye et al.,
2020). They aim to prevent firms from inflating their share prices by outbidding other
traders. Beyond that, financial actors acknowledge the existence of a sort of resistance
point, a recent high price that eventually will be followed by a sell-off. Hence, we choose the
following functional form:

ai; + ao
D,) = —1 15
v (Do) aj exp (—Dy) + ag 2 (15)
such that
wl (D) — ala/2 (al + a/2> eXp (_‘2Dt> > O
[CLl exXp (-Dt) + CLQ]
and

lim (D) = o Jim 0(D) = ay

Fig. 3 provides a graphical representation of the s-shape specification of ¢(-) in Eq. (15).
We allow for a realistic asymmetry in the upper and lower boundaries such that a; > ao.
Variations in the stock price are a positive function of D. Still, traders’ demand is zero when
prices equal the fundamentals and AP = 0.
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Figure 3: Cautious adjustment of the stock price as a function of total demand

Substituting Egs. (10), (11) and (15) into (14), we obtain a dynamic relation for prices
which is sensible to the performance of the RS. Recalling from Eqgs. (2) and (5) that Y; =
al; = aNwvy, then:

ai + as _ _ _1] s (
arexp (—(c— f){P—d[(1=7)Y +71aNuv]}) +as

Pt—i—lzpt_‘_'y 16)

2.3 Dynamic system

Considering jointly Egs. (9) and (16), the dynamics of the model is generated by the following
2D-map:

w
o) }””(W)Pt
a; + as
arexp (—(c— f){P—d[(1 =7)Y +7aNuv]}) +as

Py =PF+y — 1| a

where the two endogenous variables are the employment rate and the SM price.

Our model formalises two critical connections between the RS and the SM. Unfortunately,
given its nonlinearities, the map M doesn’t have a closed-form solution. Therefore, we
divide our study into three steps. First, we evaluate isolated RS and SM analytically and
numerically. Second, we address weak and full interaction cases, relying only on a numerical
approach. As we will see, these experiments allow us to acquire further intuition regarding
the emerging dynamic properties of the model. Finally, we provide a complete assessment
of a special case of full interaction compatible with a closed solution.



3 Isolated markets

A helpful strategy to better understand the interaction of the two sides of the economy is
to start by analysing the more straightforward cases in which the RS and the SM operate
isolatedly (e.g. Westerhoff, 2012). We do this below, in Subsections 3.1 and 3.2, respectively.
We begin with the RS, which is close to Goodwin’s (1967) original growth cycle structure. As
a second step, we leave the case of an isolated SM and postpone to Section 4, the dynamics
of integrated markets.

3.1 The dynamics of an isolated RS

The RS is isolated from the SM when we take w = 0 in Eq. (3). By muting the wealth
effect channel on the firm’s cash flows, the SM does not influence investment decisions in
fixed capital, and Eq. (9) becomes:

verr = {1+ p [l = f (o)} ve = h(v) (17)

Thus, capital accumulation only depends on the profit rate, which is inversely related to
workers’ bargaining power. We can state and prove results regarding the existence and local
stability of its steady states, summarised in the following two propositions.

Proposition 1 When the condition 0 < < 1 — « is satisfied, the map (17), besides the
trivial fized point vi = 0, has a unique economically meaningful positive fived point given by:

) B\
Ul:l_(l—a

Proof. See Mathematical Appendix A.1. =

Proposition 2 The trivial steady state v is unstable for all admissible values of the param-
eters whereas the positive steady state vy is locally stable when the parameters of the model

are such that: 5
po (1 — )
24w (1 —a)

ﬁ>(1—a){

Proof. See Mathematical Appendix A.2. =

From these two Propositions, it follows that the positive steady state v} is both econom-
ically meaningful and locally stable when the parameters’ values satisfy:

po (1 — )
24+ (l—a

(1—04){ )]6<ﬁ<1—a (18)

To provide a more concrete view of the stability properties of the nontrivial case, suppose
the following set of values:

such that

(1_04)[ 1o (1— a)

[
~0392<f<1l—-—a=038
2+u5(1—a)] p “

10
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Figure 4: Period-doubling bifurcation cascade for the employment rate: (a) locally stable
steady state when 5 = 0.4, (b) stable period 2 cycle when g = 0.39, (¢) stable period 4 cycle
when 5 = 0.366, and (d) chaotic dynamics when § = 0.347

Fig. 4 reports the occurrence of a Flip or period-doubling bifurcation as 8 = 0.4 decreases
from 0.4 to 0.347. The full cascade of period-halving bifurcations as (8 is increased from 0
to 0.8 is shown in Fig. 5. Recall that [ refers to the institutions that shape bargaining
processes. Thus, we document a trade-off between the level of the equilibrium employment
rate and its stability. In the absence of endogenous technical change, stronger labour unions
imply that small increases in employment are immediately translated into higher real wages,
reducing investment profitability. At this point, firms reduce capital accumulation, lowering
vi. However, weak labour bargaining power generates instability as it implies a reduction of
a balancing force to the profits-accumulation positive relation.

3.2 The dynamics of an isolated SM

We now consider the case where the SM is isolated, i.e. 7 = 0. This means output expecta-
tions are fully anchored, and current economic conditions do not affect agents’ perceptions
of the SM fundamentals. As a result, Eq. (16) becomes:

ai + as

ay exp (— (c—f) (Pt — dY)) + as

Pt+1:Pt+’)/ -1 CLQZQ(Pt) (19)
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Thus, we can turn our attention to the determination of the steady states of (19) and the
discussion of their local stability. The results are contained in the following Proposition.

Proposition 3 The map (19) has a unique steady state such that the SM price is equal to
its fundamental value, i.e.,

P*=dYy
which is locally stable provided that the following condition is satisfied:

0<f_c<2<i+i) (20)

7 \a1 a2

Proof. See Mathematical Appendix A.3. m

A numerical example might be helpful again to understand what happens when condition
(20) is satisfied or violated. Assume for the sake of simplicity that:

c=1, d=0.1, f=2  Y=100, a=2,  a=1  ~y=1

where we take Y = 100 as an index for equilibrium output, fundamentalists’ response to price
deviations are twice as strong as those of chartists, and the output ceiling is also significantly
greater than the floor.

Fig. 6 shows that leaving unchanged all parameters except v, we observe the period-
doubling route to chaos as it is increased from 1 to 5. The bifurcation diagram in Fig.
7 confirms the result. It also shows the emergence of two chaotic attractors for values of
v =~ 4.8 that merge as we continue increasing this parameter. Intuitively, what is happening
is that we are allowing the financial markets to be more responsive to the interaction between
chartists and fundamentalists. Although the fundamental price is being kept constant, these
two different trading strategies are a source of instability. Increasing ~ amplifies such a
source of endogenous boom and bust dynamics, thus resulting in instability in the form of a
sequence of Flip bifurcations.

12
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4 Interacting markets

We are finally ready to turn our attention to the investigation of the entire model and to
appreciate the consequences of the interaction of the two markets. A critical role in the
resulting 2D-map M is played by the parameters w and 7 as they measure the intensity
of such interaction. Recall that w stands for the SM cash flow or wealth effect on capital
accumulation. A high value of this parameter indicates the productive structure heavily
relies on financial markets when executing investment plans. On the other hand, 1 — 7
stands for the SM anchoring on RM fundamentals. A higher 7 implies minor fluctuations
strongly affect traders. In what follows, we assume they cannot simultaneously be equal to
zZero.
The steady states of M are found by solving the following system of equations:

. p AN —
v—{l—l—,ul a U—l—(N)P—hl(v,P,w)

(1—v*)° a
s _ pr a1 + G2 _
Fr=Fty arexp (—(c— f){P*—d[(1—7)Y +1aNv*]}) + as b a2
=g (v, P*;7)
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from which we obtain

B . W\ e
P—a—at;?/u+&ﬁﬂp._o (21)
P =d[(1-7)Y +1aNv* (22)

When both w and 7 are different from zero, it is impossible to find explicit solutions of (21)
and (22) due to the nonlinearity of the first equation. To overcome this difficulty and in
the attempt to obtain results which are as much general as possible, we use the following
strategy.

The analysis of an isolated RS and an isolated SM in the previous Section allows us to
distinguish four scenarios, according to whether one or both of the local stability conditions
(18) and (20) are fulfilled or not. First, we can imagine a situation where both conditions
are satisfied, and, as a consequence, the steady states of both the isolated RS and SM are
locally stable. A second possible scenario is the one in which condition (18) is satisfied
whereas (20) is not, so that the isolated RS is locally stable, though the SM is unstable.
Third, we have the symmetric setting corresponding to the case where the condition (20)
is satisfied, but condition (18) is not. Therefore, the isolated RS is unstable, while SM is
locally stable. Finally, the last situation is the one in which both conditions are not satisfied,
and consequently, the steady states of both isolated markets are unstable.

In what follows, we take the first scenario as the reference in our analysis. This means
that we first choose values of the parameters — for example, a = 0.2, p = 1, 6 = 1/3,
B =045 a=1fortheRSandc=1,d=01, f=2 N=1,Y =100, a; = 2, ap = 1,
v = 1 for the SM — such that both conditions (18) and (20) for local stability of their steady
states when isolated are satisfied:

o (1 —a)
2+ uo (1 —

d
(1—@[ J ~0392<B=045<1—a=038
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and

2 1 1
0<f—c:1<<—) (_+_>:3
v 3] Q2

We will then consider and analyse five cases of different degrees of interaction between
the RS and the SM, choosing values of w and 7 in the intervals 0 < w < 1land 0 <7 < 1,
but not both equal to zero simultaneously. As we will see, an analysis of this type will allow
us to give a characterisation as complete as possible of what happens to the stability of the
full dynamic system when starting from an initial situation in which both the RS and the
SM are locally stable when isolated, we increase either w or 7 or both simultaneously.

4.1 A first case of “weak interaction”: w=0,0<7 <1

We start by analysing a situation in which the two markets are weakly coupled, namely, such
that one market influences the other but not vice-versa. To do this, we first study the case
in which w = 0 so that the only interaction between the RS and the FM is through the
current aggregate output’s impact on the fundamental value of the stock price estimated by
speculators. The 2D-map M reduces to:

vt+1:{1—|—,u 1—0(—#]}% (23)
P =P, (24)

ai + as

alexp(_(c—f){Pt—d[(l_T)YJFTaNUt]})+a2 _1] h

+7

The results of a qualitative analysis of the dynamics for this case are described in the
following proposition.

Proposition 4 When the condition 0 < f < 1 — « is satisfied, the dynamic system (23)-
(24), besides the trivial fized point (vy, P}) = (0,0), admits a unique economically meaningful
positive fixed point with coordinates:

(v}, Py) = (1— <1fa>1/6, d(1—m‘/>

The trivial steady state (vo, Py) is a saddle point whereas (vy, Py) is a locally stable node.

Proof. See Mathematical Appendix A.4. =

Summarising, with values of the parameters such that the steady states of both the
RS and the SM, when isolated, are locally stable, the consideration of a “one-direction ”
interaction from RS to SM has no consequences on the qualitative dynamics of the whole
system: the positive steady state remains locally stable for all admissible values of 7. This
is illustrated numerically by the two bifurcation diagrams of Fig. 8, where both v and P
converge to their steady-state values for all values of 7. The weak interaction implies that
the stock price’s steady-state value decreases as 7 increases. The parameters values we have
used in the simulations are indeed such that P} /01 = —dY + aNv} < 0.

15
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Figure 8: Bifurcation diagrams for v{ and Py} in the case of “weak interaction” with w = 0
and 7 >0

4.2 A second case of “weak interaction”: w >0, 7 =0

The other possible scenario of weakly coupled markets is the one in which the SM influences
the RS — through the impact that the stock price has on investment decisions — but not
vice-versa. Such an environment captures the extreme situation in which the stock price
fundamental is a constant known to both types of traders. In this case, the dynamic system

M reduces to:
w
8 } v+ (a—]‘\;) P, (25)

l—a——2
(1—7.),5)5

Vpy1 = {1‘1‘#

aj + ao
Pi=PFP+ = -1 26
t+1 t T a1 exp (—(c—f) (Pt—dY))+a2 ] a2 (26)
whereas equations (21) and(22) become
16 w
l—a-——— v+ (o) PP =0 27
[ TR RV 0
P =dy (28)
Substituting (28) into (27), we obtain the following nonlinear equation

54 ( wd > _
l—-a——|v"+(—= )Y =0 29
[ a—oy) "\ )

which determines the equilibrium employment rate. However, unlike the isolated markets
scenarios, we cannot solve explicitly for v*. Still, going back to the dynamic system (25)-(26)
and by resorting to numerical simulation, we can understand what happens to v} as w is
increased. As shown by the bifurcation diagram of Fig. 9 (a), the consequences for the RS
are evident. It turns out that, although the locally stable steady state continues to exist for
low values of w as in the case of an isolated RS, the attractor becomes chaotic through a
period-doubling cascade as w increases. In other words, the impact the SM performance has
on investment decisions is a destabilising factor for the RS.

16
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Figure 9: Bifurcation diagrams for v7 and P* in the second case of “weak interaction” (w > 0,
7 =0)

To sum up, the analysis carried out for the two cases of “weak interaction” leads us to
conclude that using parameters values such that the local stability conditions (18) and (20)
are satisfied, the consideration of the influence of the RS on the SM, as measured by the
parameter 7 > 0, has minor consequences for the local stability of the complete system.
On the contrary, the influence of the SM on the RS as measured by a high enough w > 0
destabilises it.

4.3 Some cases of “full interaction” (w, 7 # 0)

To obtain results for the case of a full interaction of the RS and the SM, it is useful to start
from the second case of weak interaction we have just analysed. Fig. 9 (a) shows clearly
that the interval of admissible values of w for which we have drawn the bifurcation diagram
can be divided into three sub-intervals, each of which contains values of w which generate
the same kind of qualitative dynamic behaviour. These sub-intervals are highlighted in Fig.
10, where I indicates the sub-interval of values of w for which v] converges to a steady state,
IT, the sub-interval of values of w for which v] undergoes a period-doubling cascade and III,
the sub-interval of values of w for which v] converges to a chaotic attractor.

Given that all values of w in a given sub-interval generate the same dynamic behaviour,
a complete qualitative characterisation of the entire interaction between the two markets
can be obtained based on the study of just three cases. For this reason, we now proceed by
choosing a value of w in each of the three sub-intervals and then checking, with the help of
bifurcation diagrams, what happens to the resulting dynamics as the other parameter 7 is
increased from zero to one. The cases we distinguish and study are the following:

e w=0.005€I 7€ (0,1]: this is a value of w such that in the case of weak interaction
with 7 = 0, v} and P} converge to a locally stable steady state. In the present numerical
example, from (28), we obtain

Pr=0.1x 100 = 10

whereas, from (27), it follows that v} is determined by solving

[0.8 045
(

*)1/3

vt +0.05 =0
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Figure 10: Three sub-intervals of values of w in the bifurcation diagram for v} of Fig. 7(a)

from which

v~ 0.856

The bifurcation diagrams of Fig. 11 then show that in this case, the only consequence
of a full interaction of the RS and the SM is that the steady-state values of both v and
P decrease as T increases.

e w=0.01 € II, 7 € [0,1]: this is a value of w such that when 7 = 0, v} follows a
two-period cycle whereas Py is a locally stable steady state. Fig. 12 (a) shows that for
v*, the interaction of the two sectors in this case has a stabilising effect. As 7 increases,
at first, the amplitude of the two-period cycle decreases and then, for 7 high enough,
v* starts to converge to a steady state, the value of which decreases with 7.

e w=0.013 € II1, 7 € [0, 1]: this is a value of w such that, when 7 = 0, v* is a chaotic
attractor. As illustrated in Fig. 13(a), the interaction of the two markets also in this
case stabilises the dynamics. Indeed, what happens is that, through a period-halving
cascade, v* starts to converge to a steady state as 7 becomes high enough.

A counter-intuitive yet critical result emerges based on the analysis we developed by re-
ferring to these three sub-intervals. Parameter 7 plays a stabilising role in the economy. At
first, it might seem more likely that its increase results in persistent fluctuations as expecta-
tions become less anchored and the current state of the economy changes the perceived stock
price fundamentals for both types of traders. Still, our model challenges such reasoning. In
the extreme case 7 = 0, the fundamental price remains constant, making synchronisation
between RS and SM impossible. The mismatch between the two is, in itself, a source of
instability. At the other extreme, when 7 = 1, integrating the two dimensions leads to
smoother dynamics of the economy. Additionally, w continues to be a destabilising element.
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5 A special case with a closed-solution

The model developed so far explores the interplay between two sources of endogenous dy-
namics, adopting a numerical approach to study cases of full interaction between real and
financial markets. This qualitative characterisation of the dynamic system was instrumen-
tal in distinguishing between certain sub-intervals in the parameter space. Still, the reader
might wonder whether it is not possible at all to find a closed solution. The present section
relaxes two of our initial assumptions to provide further insights into the properties of the
system.
We begin by rewriting Eq. (7) as:

flo)y=a+

1—wv (30)
such that we maintain the shape of function f(-) while setting § = 1. As before, there is a
strong increase in workers’ bargaining power when we approach full employment. The first
and second derivatives characterise a convex relationship between the wage markup over
labour productivity and v.

Though Eq. (30) is sufficient to find an explicit non-trivial steady-state solution, a second
modification might be convenient. Recall that output expectations, which feed perceptions
of the fundamental stock-market price, stand as one of the bridges connecting the real and
financial sides of the economy. Given that our model does not admit a growing output, let
us assume 7 = 1, implying that:

EiYiri] =Y (31)

so price fundamentals reflect the current state of the economy. While the expression above
allows us to simplify the algebra significantly, it also highlights the role of this channel in
the emergence of endogenous business cycles.

Replacing these two behavioural equations into the model, our new 2D map is given by:

I6; w
Ut+1:l1+u(1_a_1—vt —p Ut+<£)Pt

ai + as 1l a
arexp ((f —¢) (P, — daNw;)) + as ?

MQi =

Py =P+~

As before, the two endogenous variables are the employment rate and the SM price. Given
that parameter ¢ previously smoothed the impact of the labour market in ¢ on its ¢t + 1
performance, we reintroduce a non-zero capital depreciation rate to obtain a similar effect.

In steady-state vy = v, 1 = v* and P, = P, 1 = P*. Therefore, the equilibrium conditions
are such that:

v—{l—i—,u<1+oz T pv+<W>P—h2(U,P)

|: ai + as
7 arexp ((f — ¢) (P* — daNv*)) + ay

P =P+ — 1] as = go(v*, P*)

It is pretty clear that the trivial point (v, Py) = (0,0) is a solution of M,. Moreover, we can
also state and prove the following Propositions regarding the existence of a unique nontrivial
equilibrium point and its local stability properties.
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Proposition 5 As long as f < 1 + a + wd — p, the map Ms has a unique economically
meaningful positive fized point (v, Pf), defined and given by:

vy =1-— b
l+a+wd—p

Pr=(1- P daN
l+a+wd—p

Proof. See Mathematical Appendix A.5. =

Proposition 6 The positive fixved point (vi, Py) is locally stable provided that:

A - ~yajas(f — c) - 44 2A
A+ 1+ wpd ay + as A+ 2+ wud

(32)

A< —wpd (33)
where 5
o
A:ﬂ(l—a)—[)—m
1

Proof. See Mathematical Appendix A.6. =

When a single inequality in (32) and (33) does not hold while the other two are still
satisfied, we might have a Neimark-Sacker, a Flip or Fold bifurcations, respectively. Given
that we are assuming 7 = 1, it does not appear in (v}, P}). Still, the partial derivatives
Ovy /0w > 0 and OP;/0w > 0 are worth noting. The first captures the idea that a well-
developed financial system is positively related to RS economic performance indicators. The
story is that well-functioning financial markets have become a crucial investment element,
allowing firms to rely less on retained profits. To some extent, a higher w can be understood
as a relaxation of a financial constraint that permits increasing capital accumulation. Thus,
firms increase production and can hire more workers. Moreover, a higher level of output
signals stronger economic fundamentals, thus being related to a higher equilibrium stock
price.

Maintaining a similar strategy to the one adopted throughout the paper, let us rely on
a qualitative numerical example to get a more concrete sense of the dynamic properties of
this version of the model. Assume for the sake of simplicity that:

=025 a=02  B=021, a=1, —a=2 =1

as =1, p =02, w = 0.3, vy=1, c=1, f=2

which corresponds to the baseline calibration adopted so far with minor adjustments in «,
B, and p to obtain meaningful values for v and P.

Fig. 14 depicts the bifurcation diagram for vy and Py in terms of w, showing a sequence
of period-doubling bifurcations that results in persistent, bounded, and irregular dynamics.
While it confirms the results of the previous Section, we document an important trade-
off between equilibrium values and their volatility. A higher w means higher employment
rates and stock prices for the reasons previously explained. However, this result comes with
an increase in the magnitude of the fluctuations. Modern economies with robust financial
systems and complex real-financial market interactions are likely to perform better but must
inevitably deal with Minskyan-type dynamics.
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Figure 14: Bifurcation diagrams for v{ and P* in terms of the parameter w

6 Conclusions

Market economies alternate between periods of increasing economic activity and recessions.
The forces behind such fluctuations — or whether they should be primarily understood as
resulting from exogenous shocks or endogenously generated — remain controversial. This
paper develops a macrodynamic model that contributes to the literature on endogenous
economic dynamics. We innovate by differentiating between two sources of fluctuations
related to two distinct types of heterogeneity. In the real sector, capital and labour earnings
capture heterogeneity in the income composition. On the other hand, financial markets were
assumed to be populated by chartists and fundamentalist traders.

Our model formalises the interaction between the RS and the SM. The strength of such
an interaction is measured by two parameters, w and 7. The former captures a cash-flow
or wealth effect on investment, namely, how financial conditions affect capital accumulation
decisions. Our analysis reveals that it is a destabilising element of the system. On the
contrary, parameter 7 turns out to be stabilising. This counterintuitive result implies that
less anchored expectations are related to a more stable economy. Its rationale is deeply inte-
grated into the nonlinear approach adopted here. When expectations about the stock price
fundamentals strongly respond to the current state of the economy, there is synchronisation
between RS and SM that stabilises the system.

The economic rationale of the resulting endogenous persistent dynamics is the following.
Increases in employment raise the bargaining power of labour, damaging profits. Firms
respond by reducing capital accumulation, which in turn reduces output. While such a
result balances the initial disequilibrium in the labour market, it simultaneously decreases
the perceived fundamental stock price, creating a mismatch between demand and supply
for stocks and further deteriorating companies’ balance sheets. Still, the previous increase
in unemployment allows for a recovery in profitability. Firms can expand their investment
plans, recovering output. The response from the financial side of the economy is positive as
stock market prices increase following an improvement of the perceived fundamentals. At
that point, employment rates increase, allowing the cycle to restart. It could be interpreted

22



as a financial-augmented Goodwin cycle in contraposition to the pseudo-Goodwin cycles in
Stockhammer and Michel (2017) or the Goodwin-Minsky debt models in Keen (2013), among
others.

Furthermore, we document the existence of a trade-off between economic performance
and volatility associated with the importance of the financial sector to capital accumulation.
When the SM matters little to investment decisions, the economy is more stable, but the
level of employment and output is also reduced. The increasing importance of the wealth
effect generates instability because the economy becomes more susceptible to divergences
in trading strategies between chartists and fundamentalists. Nonetheless, access to finance
allows for an increase in production, raising the equilibrium employment rate. Thus, we
observe higher output accompanied by endogenous fluctuations.

A realistic model of the macroeconomy should allow for the possibility of endogenous
dynamics rather than leaving them unexplained and dependent on exogenous shocks. Fur-
thermore, a multi-agent complex macro-system cannot be reduced to a single representative
agent. The present paper combined elements from the Goodwin-Minsky literature to provide
new insights into the interplay between different sources of heterogeneity in an intrinsically
nonlinear environment. Real-financial interactions are too complex to be fully understood,
and toy models like the one developed here are valuable tools for investigating different trans-
mission mechanisms. Future work should explore the policy implications of this framework,
feeding stylised as well as computationally more advanced setups for more realistic policy
analysis.

A Mathematical Appendix

A.1 Proof of Proposition 1
The fixed points of (17) are found by solving

v*:h(v*):{1+u

p .
1—a——(1_v*>5]}v

s .
M[l—a—mlv =0

from which it follows that there exists two of them: the trivial one, v = 0, and v =

1— (i)l/é. In order v} to be economically meaningful, we must have

11—«
1/6
O<1—(16a) <1

0<fB<l—a (A.1)

1.e.

or

A.2 Proof of Proposition 2
The map h (v) in (17) is such that

(o pv
st ltu

h(v)=—————
(v) )

B
l—-a— ——— A2
(1—1))6] (A2)
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Thus, at v = v, given (A.1), we have:
R (vg) =14+ p(l—a—p) > 1, always true

so the trivial steady state is unstable for all admissible values of the parameters.

At v = v} we have
o\ 1/6
h'(v’{)zl—,ué(l—oz)[(lﬁa> —1]

from which it follows that v} is locally stable if

1—p5(1-a) [(1;‘)1/5—1]

1—a 1/6
()<,u6(1—04)[( B) —1]<251/5

<1

i.e.:

a condition that, given (A.1), reduces to:

po (1 —a) r

f>(1=a) [2+M5(1—a)

A.3 Proof of Proposition 3

The fixed point of the map in equation (19) are found by solving

ai + as
P =Pr — -1
+ arexp (— (c— f) (P*—dY)) +a ]a2
o a; + as o
arexp (— (c— f) (P*—dY)) + a
Simplifying

l=exp(—(c— f)(P*—dY))
from which
P*=dY >0
The map ¢ (P) in (A.3) is such that

(c— f) (a1 + ag) ajaz exp (_ (c— 1) (P - dY))

"(P)=1 - i A3
g () " [alexp(—(c—f) (P—dY))+CL2] (A-3)

Thus, at P = P*
g =170 (1) (A4)

Thus, local stability of P* requires that

'l—v(f—C) (aff;)‘ <1

0<f—-c< (2) (l+l>
Y ap  Qa
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A.4 Proof of Proposition 4
The Jacobian matrix J of the 2D-map M is:

J— {J“ T2 } (A.5)
J21 J22
where
. Ohy 15} v
Jn =5 1% a (1- v)‘;] ﬁ,u(l — o)
= Ol wn
T2 =9p T uN
S
J21 QU ) )
_ Nadryaiaz (f — ¢) (a1 + az) exp (—(c=H{P-d[(1-=7)Y +TaNv]})
[arexp (—(c= /){P—d[(1—7)Y +TaNv]}) —|—a2]2
S/}
J22 9P

_ aay (f—c¢) (a1 +ax)exp (= (c— f){P—d[1—7)Y +TaNv]})
larexp (= (c= /){P—d[(1—=7)Y +1aNv]}) —i—agf

=1

The fixed points of the dynamic system (23)-(24) are found by solving
_B
(1-v)
P =d[(1-7)Y 4 raNv*] (A7)

l—a—

vt =0 (A.6)

From (A.6), it follows that there are two solutions in v

1/5
vy =0 and UI=1—< b )

-«
and, substituting them in (A.7), we find the corresponding solutions in P:
Pi=0 and Pf=d(1-71)Y
At (vg, F}) , the elements of the Jacobian matrix (A.5) become
jll(w=0)|(vg;,Pg) =l+pu(l—a-p)
j12(w=0)|(vsvpg> =0
B Nadrvyayas (f — c)

Fe=0lirr) = Ty 10
. | 1 yaiaz (f - C)
J22(=0) (v6:15) QqS + a2

such that the two eigenvalues are easily determined as
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Given that conditions (18) and (20) for the local stability of the isolated markets are assumed
to hold, we have
>\1|(US,P5‘) >1
—-1< A2|(”37P5) <1

so that we can conclude that (v§, P}) is a saddle point. On the other hand, at (v, P;) the
elements of Jacobian matrix (A.5) become

Il (yg,pp) =1 =10 (1 =) [(1 ; a)w - 1]

ju(w:o)}(%pf) =0

, Nadrvyayas (f — ¢)

L R P

~ymas (f —¢)
a1 + as

so that both A; and Ay are real and such that

1 < Al (g pr) = jll(wio)‘@{,Pf) <l
—1 < Xof (g pr) = j22(w:0)‘(v;,Pl*) <1

implying that the positive steady state (v, P) is a locally stable node.

A.5 Proof of Proposition 5

In steady state, the fixed point of map M; is found by solving:

o) e (o) = )
ay + as
ajexp ((f —¢) (P* — daNv*

vt = {1+u(1+a—

+/Y|: ))+a2 :|(I2 92(U7 )

Simplifying, we obtain:

_ ﬂ) [ I - R W
(aN {u ( e 1—vo* PIY

P* = daNv* (A.8)
Thus, the system admits a trivial equilibrium (v*, P*) = (0, 0). Moreover, by substituting the

second expression into the first one, we obtain that the economically meaningful steady-state
employment rate is such that:

U*:1+o¢+wd—p—5:1_ 16
! l+a+wd—p l+a+wd—p

Further substituting v} into Eq. (A.8), we find the equilibrium value of the stock price:

P ={1- P daN
l+a+wd—0p
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A.6 Proof of Proposition 6
The Jacobian matrix J of the 2D-map M is:

J= [J” T2 } (A.9)
J21 J22
where
. 8h2 ( ﬁ ) v
n= - =l+tp(l-a———)—p—fp—s
S v e L (1—v)’
Bu >
—1+p(l—a)—p— 20
i ( )—p o) =
o Ol _wn
T 0Py gy aN
i = g5 _ Nadyayay (f — ¢) (a1 + az) exp ((f — ¢) (P; — daNv))
21 = S = -
v (vE,Py) [al exp ((f —0) (Pl* - daN”ui‘)) + a2]2
N Nad’)’alaz (f —¢)
N ay + ag -
iy — g5 | Jmas (f —¢) (a1 +az)exp ((f — ¢) (P} — daNv))
2= 75 =1- -
OP [ (e pr larexp ((f —¢) (Pf — daNwvy)) + aQ}Q
_q_Yma(f—c

a1+a2

For two-dimensional maps, the necessary and sufficient conditions guaranteeing that the
eigenvalues of the Jacobian matrix are less than one in modulus:

1+ trJ + det.J >0 (A.10)
1—trJ +det.J >0 (A.11)
det J < 1 (A.12)

Through direct computation, we have that (A.10) is satisfied provided that:

14+tr+det > 0= 14 j11 + Joo + J11J22 — Ji2Jo1 > 0

1+{1+u(1—a)—p—i}+1—w

(1—2}{)2 ai + as
B yayaz (f —c)
+ [1+u(1_a>_p_—(1—vf)2} ll_—aﬁ—ag }

wp Nadyayas (f — ¢)
aN ay + as

>0

(1_UT) (1—7}1{) a1 + as
2 d
(a1 + as) o1+ Wi '
/Yala’Q(f_C) 2+M(1—@)—p—(1—*L)2
ot
24+ pu(l—a)—p— L&
S (= BT
24 pu(l—a)—p— 2y +wpud a + as

(1-07)°
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A violation of this condition while the other two hold is associated with a Flip bifurcation.
The fixed point loses stability, and a stable period-2 cycle may arise as the new limit is set.
Further increasing the bifurcation parameter leads to a series of period-doubling bifurcations,
a well-known route to more complex dynamics.

On the other hand, (A.11) requires that:

1—trJ+detJ >0=1—ji1 — Joo + J11Jo2 — J12Jor > 0

1_[1+M(1_a)_p_ﬁ_ﬂ]_1+w

(1 —v})? a + az
B yaas (f — ¢
+ [1+M(1_&)_p_—(1—vi‘)2] {1_—a1+a2 }

_ wp Nadyayas (f =)

>0
alN ap + as
yaiaz (f — ¢ _ [1+M(1—04) —p— 5/1* 2] yaras (f —c)
ai + ap (1 —o7) a + ap
_pdd2 =9
ay + ag
p+6—u*2>,u(1—a+wd)
(1 —7)

Not satisfying the condition above while the other two hold is related to a Fold bifurcation.
Finally, from (A.12), we have that:

det J <1 = ji1J992 — J1oJo1 < 1
B }[ 7a1@2(f—0)]
Ttp(l—a)—p— —E | 1 - T2 =0
s - (1= i) a1 +as
wp Nadyayas (f — c)
alN ay + ao

<1

{1+wud+u(1—a)—P— (1—{%)2}%1@(}‘—@

M(l_a) - P (1_1){)2 )

1<

a1 + as

1 +wpd yaaz (f —¢)
p(l—a)—p- (1,6“*)2 ar + az

1

1< 1+

and it follows that its violation while (A.10)-(A.11) hold leads the fixed point to lose stability,
and a Neimark-Sacker bifurcation occurs.
Combining conditions (A.10) and (A.12) allow us to write:

24 nu(l—a)—p— B
1 BN Y O (1
14+wpd al + a — — B
1+ p(1—a)—p— B 1 2 2+ILL(1 Oé) p W‘i‘wud

(1)’
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l—a)—p— L2 442 (1 —a) —2p — 224
p( )—p (1-v7)” _ Jma (f —¢) _ A )—2p (1-v7)”
1+p(1—a)—p_(1fﬂ*)2+wud a + as 2+u(1—a)—p_(1fﬂ*)2+wud
(A.13)
Define the following two auxiliary variables:
B
A=p(l—a)—p- L (A14)
(1—-v)
B:1+u(1—a)—p—ﬂ—u2+wud
(1-v)
so that
B=1+wud+ A (A.15)
Substituting Eqs. (A.14) and (A.15) into inequality (A.13), it follows that:
A — 2A+4
Lmalf=o) il (A.16)
A+ 1+ wud ay + as A+2+wud
Furthermore, we can also write (A.11) in terms of A, so that:
A< —wpd (A.17)

Therefore, the economically meaningful equilibrium solution of M, is locally stable provided
that conditions (A.16) and (A.17) are fulfilled.
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